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PREFACE 

Hardy in liis thirties held the view that the late years of a mathe¬ 
matician’s life were spent most profitably in writing books; I remember a 
particular conversation about this, and though we never spoke of the 
matter again it remained an understanding. The level below his best at 
which a man is prepared to go on working at full stretch is a matter of 
temperament; Hardy made his decision, and while of course he con¬ 
tinued to publish papers his last years were mostly devoted to books; 
whatever has been lost, mathematical literature has greatly gained. All 
his books gave him some degree of pleasure, but this one, his last, was his 
favourite. When embarking on it he told me that he believed in its value 
(as he well might), and also that he looked forward to the task with 
enthusiasm. He had actually given lectures on the subject at intervals 
ever since his return to Cambridge in 1931, and had at one time or another 
lectured on everything in the book except Chapter XIII. 

The title holds curious echoes of the past, and of Hardy’s past. Abel 
wrote in 1828: ‘Divergent series are the invention of the devil, and it is 
shameful to base on them any demonstration whatsoever.’ In the 
ensuing period of critical revision they were simply rejected. Then came 
a time when it was found that something after all could be done about 
them. This is now a matter of course, but in the early years of the cen¬ 
tury the subject, while in no way mystical or unrigorous, was regarded 
as sensational, and about the present title, now colourless, there hung 
an aroma of paradox and audacity. 


August 1948 


J. E. LITTLE WOOD 



NOTE 

Professor Hardy, who died on 1 December 1947, had sent the galleys 
of Chapters I-X to the press, and read the remaining galleys, before he 
felt unable to continue the work. Dr. H. G. Eggleston and I. who had 
also been reading the proofs, completed their revision in both galley and 
page form. Professor W. W. Rogosinski read the manuscript of Chapters 
I—II and XI-XII, and Miss S. M. Edmonds that of Chapter X; and I also 
read the book in manuscript. Dr. Eggleston checked all the references, 
drew up the lists of authors and definitions, and drafted the general 
index; and I added the note on conventions. My own task has been 
greatly lightened bv Dr. Eggleston’s help, and also by the care and 
consideration of the Clarendon Press. 


August 194$ 


L. S. BOSANQUET 
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NOTE ON CONVENTIONS 


A few conventions and familiar results, not emphasized in the text, 
are stated here. 


Stirling’s Theorem 

It is proved in § 13.11 that, for large real x> 

logr(aH-l) = (z-bi)loga;—.r-f Jlog 2'ir-\-0(x~ 1 ) i 

and generally 

l°g r(ar+l) = (z+|)loga:— x+\\o%2tt-\- 

NT' (—lY^S 

+ 2 

These formulae are used freely in the earlier chapters. The second is 
assumed in § 6.10 for complex x (cf. Whittaker and Watson, 251-3). 

Binomial Coefficients 
For n — 0,1,..., 


/a\ _ a(a— l)...(a—tt+1) 

W n! 

(»+PJ = Q8+l)(i8+2)...(g+n) = ^n+l 3j 

It follows from Stirling’s theorem that, if 0 ^ — 1, _2,..., then 

\ p ) - r(/ 3 +i) + 

Summation Conventions 


Z/M denotes J f ( n ); 
if 0 < a this is zero. “ 

2. written without limits, usually denotes f, or f if a term of zero 
rank is not defined, but other conventions are sometimes used. Con- 

sszfsr pp ' * 2, “■ i3i_2 ’ i39 ' i62 ' **■ !i5 - 239 - 4 °’ 


Differences 


Aw n — u n —u n+1 , A°u n = u n , 
4\ = AA‘-\ (ft = 1,2,...). 
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NOTE ON CONVENTIONS 


Integration Conventions 

‘ Integrable in (a, by means ‘integrable in the Lebesgue sense in 
{a,b)\ 

All functions that occur are assumed to be measurable. Thus, if (a, b) 

is a finite interval, ‘/ = 0 ( 1 ) in (a, by implies ‘/ is integrable in (a, b)\ 
°o x 

J denotes ^Um J , if this limit exists, i.e. if the integral is convergent. 

J co 

, written without limits, usually denotes J, but other conventions 

o 

are sometimes used. Conventions are given on pp. 12, 50, 98, 110, 115 , 
135, 156, 166, 215, 235, 257, 285, 296, 327, 330, and 338. 

The Classes L and L r (r > 0) 

7 is L r {a,by means ‘[/is measurable and] |/| r is integrable in (a, b)\ 

f is L means ‘/ is L x \ Thus ‘/ is L{§, co)’ is equivalent to ‘ J f dx is 
absolutely convergent’. 0 

Constants 

Capital letters, such as are used to denote numbers indepen¬ 

dent of the variables under consideration, but are not necessarily the 
same at each occurrence. 

O, 0 L , 0 R ,o and 
If (f> > 0, then 

7= 0(<f>y means t \f\<H<f>\ 

7 = 0 L {<t>)' [or 0 R {<f>)] means > — H<j>' [or < 

7 = means *//(/> O’, 

7 ~<£’ means l f/<f> 1 \f 

The symbol ^ is also used for ‘has the asymptotic series’, ‘has the 
Fourier series’, and ‘is the Fourier transform of’. 

Sign of x 

sgn* = (*/l*l<l*l *°) 

1 0 (1*1 = 0). 

Integral Part of x 

[.t] denotes the algebraically greatest integer not exceeding x. 

f Here, of course, <f> may be negative. 
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INTRODUCTION 


1.1. The sum of a series. The series 

co 

2 = a 0"!“••• 

0 

is said to be convergent, to the sum s, if the ‘partial sum’ 

s n = a o4“ a l + — ~\~ a n 

tends to a finite limit s when n ->■ oo; and a series which is not con¬ 
vergent is said to be divergent. Thus the series 


( 1 . 1 . 1 ) 

1 — 1 + 1 — 1 + ..., 

( 1 . 1 . 2 ) 

1-2+3—4+..., 

(1.1.3) 

1 — 2 + 4— 

(1.1.4) 

1 —1!+2!-3!+..., 

(1.1.5) 

1 + 1 + 1 + 1 + ..., 

( 1 . 1 . 6 ) 

1 + 2 + 4+8+..., 

are divergent. The series 



(1.1.7) 

l+e f 0 +e 2t ' 0 +..., 

( 1 . 1 . 8 ) 

J+cos 0 +cos 20 +..., 


are divergent for all real 9, and 

(1.1.9) sin0+sin 20+sin 30+... 

is divergent except when 6 is a multiple of 7 r, when it converges to the 
sum 0 . 

The definitions of convergence and divergence are now commonplaces 
of elementary analysis. The ideas were familiar to mathematicians 
before Newton and Leibniz (indeed to Archimedes); and all the great 
mathematicians of the seventeenth and eighteenth centuries, however 
recklessly they may seem to have manipulated series, knew well enough 
whether the series which they used were convergent. But it was not 

until the time of Cauchy that the definitions were formulated generally 
and explicitly. 

Newton and Leibniz, the first mathematicians to use infinite series 
systematically, had little temptation to use divergent series (though 
Leibniz played with them occasionally). The temptation became 
greater as analysis widened, and it was soon found that they were 
useful, and that operations performed on them uncritically often led 
to important results which could be verified independently. We give 
a few simple examples in the next section; in Ch. II we shall give others, 
of greater importance, from the work of the classical analysts. 

4780 ji 
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1.2. Some calculations with divergent series. 


( 1 . 2 . 1 ) 


\-\-x-\-x 2 -\-... 


1 

l-x 


We know that 


if \x\ < 1 . It seems plain that, if we are to attribute a ‘sum’, in some 
sense, to the series for other x, this sum should be formally the same. 
For (i) it would be very inconvenient if the formula varied in different 
cases; (ii) we should expect the sum s to satisfy the equations 

s = l+;r+:r 2 +:c 3 + ... = 1 +z(l +x+x 2 +...) — l+.r<s; 

and (iii) the left-hand side of ( 1 . 2 . 1 ) is the result of performing the 
division implied by the right, so that there is certainly one sense of ‘ = * 
with which ( 1 . 2 . 1 ) may be said to be true for all x. 

( 1 ) Let us assume then that (1.2.1) is, in some sense, true for all x 
(except perhaps for x — 1 , which plainly presents special difficulties), 
and operate on the formula in an entirely uncritical spirit. 

Putting x = e id , where 0 < 0 < 2h (so that x ^ 1 ), we obtain 

(1.2.2) \+ e i( >+e 2id +... = (l-e^)-i = J+Jicot J0, 
and so 

(1.2.3) -£ + cos0+cos20+... = 0, (1.2.4) sin 0+sin 20+... = £cot£0, 

for 0 < 0 < 2 - 77 -. Changing 0 into 0 + 77 , we obtain 

(1.2.5) J — cos0+cos 20—... = 0, (1.2.0) sin0—sin20+... = | tan 
for —77 < 0 < 77 . For 0 = 0, (1.2.5) gives 
(1.2.7) 1-1 + 1-... = 

( 2 ) We now differentiate (1.2.5) and ( 1 . 2 . 6 ) repeatedly with respect 
to 0. We thus obtain 


( 1 . 2 . 8 ) 

(1.2.9) 


( 1 . 2 . 10 ) 


( 1 . 2 . 11 ) 


CO 


2 ( — l) ,l “ 1 n 2A: cosw0 = 0 (k = 1,2,...; —n < 0 < 77 ), 
1 

2 (—l) /,_1 w 2A:+1 sin 7i0 = 0, 


CO 


d\ 2k 


2 (— l)"- 1 ™ 5 *sinw0 == (—1)*(_) £tan£0, 


00 


2 (— 1 ) 1l -hi 2k+1 cos 


fd \ 2k +1 

n6 = (—1)^/_ j £tan £0, 


the last three formulae for k = 0, 1,..., —77 < 0 < 77 . In particular, 
putting 0 = 0 in (1.2.8) and (1.2.11), and 0 = \n in (1.2.9), and re¬ 
membering that the Taylor’s series for \ tan»£0 is 


\ tan 10 = V — - 0 2k+1 

2 - Z, (2Jfc+2) k+1 


0 
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where B k is Bernoulli’s number, we obtain 

(1.2.12) l 2 *-2 2 *+3 2 *-... = 0 (k = 1,2,...), 

(1.2.13) i»+i_22*+i-f-... = (-1 >* f 2*+2 4+1 {k = °’ 1 ’- ) ’ 

(1.2.14) l“+i—3 2t+1 +5 2 *+ 1 —... = 0 (k = 0,1,...). 
Similarly, starting from 

(1.2.15) = £” 2(S = £ sec 0, 

I “pc 


,10 


and remembering that 


sec0 =. ■ ***«“ 


= 1+ 2 


(2k) \ ’ 


where E k is Euler’s number, we obtain (1.2.14) and also 

(1.2.16) 1 2 *-3**+5 2 *-... = 4(— 1 )*E k (k = 1 , 2 ,...). 

We observe in passing that (1.2.13), for k = 0 , is 

(1-2.17) 1-2 + 3-4+... = J, 

which is also the result of squaring (1.2.7) by Cauchy’s rule 

1 + 1 •••)(! 1 + 1 •••) = 1.1 ( 1.1 + 1 . 1 )+( 1.1 + 1.1 + 1 . 1 ) —.... 

(3) If we integrate (1.2.5) from 9 = 0 to 9 = <j), and then write 9 
again for <f>, we obtain 

(1.2.18) sinfl—£ sin 20+£ sin 30—... = \9 ( — n < 9 < n). 

This series is convergent. A Second integration gives * 


(1.2.19) 


1 - COS e - 1“ c ° s _i 9 , 1-cos 30 __ _ 

l AO • • • ^ V • 


2 2 ' 3 2 

Here we may include the limits,f and 9 = v gives 


( 1 . 2 . 20 ) 

Since 


^+Q2+k2+ — I+22+ 22+*** 


1 + 32 + 52 + — = ‘i 7r2 - 


1 1 


3 2 1 5 2 
we deduce 

(1.2.21) = + r 2 j 

and so 

(1.2.23) nns 0 _ , cos 59 

2 2 T 3 2 


2 2 4 2 


[ l 4)( 1 + 2 2 + 3 2+ "‘)' 


(1.2.22) l-.I4.J-_ _ 1 _2 

2 2 ' 3 2 *** — I5?r 9 


= A w2 -i^ 2 ( —7T ^ 9 < tt). 


t The series being uniformly convergent for all 6. 
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Further integrations lead to the summation of 2 (—l) n-1 7i -2A: cos n6 
and 2 ( — !)”" 1 ?i~ 2k ~ 1 sin nd by means of the Bernoullian functions. 

(4) Alternatively, we could, by a more daring calculation, deduce 
(1.2.19) from (1.2.7) and (1.2.12), arguing that 


GO 


1 —cos nd 


CO 


1 n = l 


_1 \n-l 


(-i) 


CO 


n 


2 ( - 1} 

0 


(n0) 2k + 2 

(2A:+2)! 


CO 


= 2 

fc-0 


( ijkgik+2 “ )«-!»» = £0 2 (1-1 + 1 -...) = je 2 

(2ifc+2)! Z, v ' * ' ' * 


ri“l 


Indeed we could generalize this argument. Suppose that 

/( 0 ) = 

is convergent for all 0. Then the argument suggests that 
(1.2.24) 

y ( _i)-»/^ = y {=!py «,(«*)«= f oifl* I (-i) n - 1 » 2 '- 2 

71 2 Zw n* 1-0 n —1 

1 n=l 1 — 0 

= a »(r*-^ + T* - -”) +ai ® l(1-1+1-, " ) = 

This is plainly not true generally; for example, it is false when 
f(Q) = e~ Qt \ but it is true for quite extensive classes of functions. Thus, 
if f(6) is the Bessel function 

0 2 04 

«w) = i-4+ 


2 2 ‘ 2 2 .4 2 


it gives 

( 1 . 2 . 25 ) j a( e)- J Jgl 


- = —7T 2 - 


T2 


■J0 2 (—7r < 0 < tt) 


(5) From (1.2.4) we deduce 

co .1 sin <f> 

2 cos n0 sin n<f> = £{cot £(<£+0) + cot|(<£—0)} = g C os0—cos^’ 

and so 

cos m9 cos m<f> = 2 y !^ co s„0( cosm 0_ c o s m<£) 
cos 0—cos <f> sin 

^ n«l 

for any positive integral m. If we integrate this equation from 0=0 
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to e = it (ignoring any difficulties about the range of B over which it may 
be expected to be validf), we obtain 

cos mO —cos nuf> ^ si n m<f> 


(1.2.26) 




cos 6 —cos (/> 


sin <f> 


which may be verified in various ways. 

(6) It follows from (1.2.4) and (1.2.6) that 

sin0+sin30-{-... = £ cosec 0, sin 20+sin 40+... = i cot 0. 

If we multiply these equations by 0, integrate from 0 = 0 to 0 = Irr, 

and observe that 

Jtt / * \t% l 7 * 


je S in(2n+i)ede = ^^ 


J e sin 2nd do = 


we obtain 


(1.2.27) 






(1.2.28) 


J 0 cot 9 d6 = \it log 2. 


These formulae also may be verified independently. 


1.3. First definitions. The results of the formal calculations of 
§1.2 are correct wherever they can be checked: thus all of the formulae 
(1.2.18)-(1.2.23), (1.2.25), and (1.2.26)-(1.2.28) are correct. It is natural 
to suppose that the other formulae will prove to be correct, and our 
transformations justifiable, if they are interpreted appropriately. We 
should then be able to regard the transformations as shorthand repre¬ 
sentations of more complex processes justifiable by the ordinary canons 
of analysis. It is plain that the first step towards such an interpreta¬ 
tion must be some definition, or definitions, of the ‘sum’ of an infinite 
series, more widely applicable than the classical definition of Cauchy. 

This remark is trivial now: it does not occur to a modern mathe¬ 
matician that a collection of mathematical symbols should have a 
‘meaning 5 until one has been assigned to it by definition. It was not 
a triviality even to the greatest mathematicians of the eighteenth 
century. They had not the habit of definition: it was not natural to 

f W© have to expect trouble with (1.2.4) for 6 = 0 or 6 = 2n, since the left-hand side 
vanishes identically and the right-hand side has an infinity, and here for values of 6 
for which cos 0 *= cos <f>. But it is not unreasonable to suppose that these difficulties 
will disappear when we multiply by the faotor cos m0 — cos m<f>i and the result seems to 
justify our expectation. 
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them to say, in so many words, ‘ by X we mean Y\ There are reservations 
to be made, to which we shall return in §§ 1.6-7; but it is broadly true 
to say that mathematicians before Cauchy asked not ‘ How shall we define 
1 —1 + 1 — ...?’ but ‘What is 1 — 1 + 1 —...?’, and that this habit of mind 
led them into unnecessary perplexities and controversies which were 
often really verbal. 

It is easy now to pick out one cause which aggravated this tendency, 
and made it harder for the older analysts to take the modern, more 
‘conventional’, view. It generally seems that there is only one sum 
which it is ‘reasonable’ to assign to a divergent series: thus all ‘natural’ 
calculations with the series (1.1.1) seem to point to the conclusion that 
its sum should be taken to be We can devise arguments leading to 
a different value,f but it always seems as if, when we use them, we are 
somehow ‘not playing the game’. 

The reason for this is fairly obvious. The simplest argument for 
(1.2.7) i 3*8 = 1-1 + 1 — ... = 1 —(1-1 + 1 —...) = 1-5, and so 5 = £’: 
we thus obtain the value whatever our definition, provided only 
that it satisfies certain very natural conditions. 

Let us suppose, for example, that we have given any definition of 
the sum of a series which satisfies the following axioms: 

(A) if 2 a n = s then 2 & a n — 

(5) if 2 a n = 5 and Z b n = t, then £ ( a n+ 6 J = s + l ‘> 

( C ) if a 0 +a 1 +a 2 +... = 5 then a 2 + a 2 + a 3 +... = 5— a 0 , and con¬ 
versely. 

Actually, all definitions which we shall use satisfy (A) and ( B ), and 
most, though not all, satisfy (C). Then, if 1 — 1 + 1 — ... = 5, we have 

5 = 1-1 + ... = l + (—1 + 1 —...) = 1 —(1 — 1 + -.-) = l-s: 

here we have used only (A) and (C). Similarly, if 1 —2+3 —4 + ... = s, 
we have 

5 = 1-2 + 3-... = 1 + (— 2+3—4+...) = 1 — (2—3+4—...) 

= 1 — (1 — 1 +1 — ...) —(1 — 2 + 3 —...) = 1 -{-s, 

and so 5 = J, in agreement with (1.2.17). Here we have used all of 
(A), ( B ), and (C). 

We pick out here four of the large number of useful definitions which 
we shall have occasion to use later. We shall make systematic use of 
the following notations. If we define the sum of 2 a n> some new 


t Soo § 1.6(2). 
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sense, say the ‘Pickwickian’ sense, as s, we shall say that 2 a n 
summable (P), call s the P sum of £ a n< an ^ write 

I«n = 5 (P). 

We shall also say that s is the P limit of the partial sum s n , and write 

(P)- 

Our choice of letters to be associated with different definitions will be 
determined mainly by convenience, but sometimes also by historical 
considerations. 

(1) If * n = a 0 -i-a 1 +...~j-a n and 

(1.3.1) lim J o+«i+-+fn = s 

n+1 

then we call s the (C, 1) sum of J a n and the (C, 1) limit of s n . 

(2) If 2 a n x n is convergent for 0 < x < 1 (and so for all x, real or 
complex, with \x\ < l),/(:c) is its sum, and 

(1-3.2) lim f(x) = s, 

*—*■1 — 0 

then we call s the A sum of J a n . 

(3) If J a n x n is convergent for small x, and defines a function f(x) of 
the complex variable x , one-valued and regular in an open and connected 
region containing the origin and the point x = 1; and/(l) = s ; then 

we call s the (E sum of 2 The value of s may naturally depend on 
the region chosen. 

(4) Our fourth definition requires a little more explanation. Suppose 
that the series £ a n x n converges for small x, and that 


(1.3.3) 


__ y 


i-V 


y — 


X 


1 -J-z’ 


so that y = £ corresponds to x = 1. Then, for small x and y, we have 
*/(*) = 2 a n x n+1 = a a r~ —(-a,——-La,— 

» °1 -y^ *(i -»)* + 2 (l-yf + - 

- =2*4, (-->*'• 

Inverting the order of summation, we find that 


*/(*) = 


for small y, where 


(1.3.4) 


6 0 —a 0 . b n — a 0 +^Joi+|”ja 2 -)-.,.+a„. 
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If the y-series is convergent for y = to sum s , i.e. if 

(1.3.5) = ^ 2~ n_1 6 n — s > 

then we call s the (E, 1) sum of J a n- 

The letters (E and E both stand for Euler, A for Abel, and C for Ces&ro. The 
reasons for these choices, and for the figures in (C, 1) and (E, 1), will appear later. 

The ‘(C, 1)’ definition was used by D. Bernoulli in 1771, but only in the special 
case when the series is a periodic oscillating series, i.e. when a„ +v = a n for a fixed 


p, and 


G o“f a i'!'••• — 0. 


It had been applied to the special series (1.1.1) by Leibniz as early as 1713. But 
neither Leibniz nor Bernoulli said in so many words that they were giving a 
definition. In modem times it was used implicitly by Frobenius and Holder in 
1880 and 1882; but it does not seem to have been stated formally as a definition 
until 1890, when Ces&ro published a paper on the multiplication of series in which, 
for the first time, a ‘theory of divergent series’ is formulated explicitly. ‘Lorsque 
s n , sans tendre vers line limite, admet. une valeur moyenno s finie et d6termin6e 
[i.e. when (1.3.1) is true] nous dirons que la s6rie a 0 + a i + a 2 + ••• ^ simplement 
ind6termin6e, et nous conviendrons de dire que 8 est la somme de la sirie.' Ces&ro 
goes on to consider series ‘r-fois ind6termin6es’, and proves a general theoremf 
which will be prominent in Ch. X. Ces&ro’s paper has become famous, and his 
language now seems almost absurdly modest: ‘ il r^sulte de Ik une classification 
des series ind6termin6es, qui est sans doute incomplete et pas assez naturelle . . . 


In fact his classification is entirely natural. 

The ‘A’ definition is sometimes called the ‘P’ definition, after Poisson, who 
used it, in effect, for the summation of Fourier series. It also can bo traced 
through Euler back to Leibniz. The justification for the 4 A’, which is usual with 
English writers, lies in Abel’s theorem on the continuity of power series, which 
establishes the ‘regularity’ (§ 1.4) of the method, and will be proved, as a special 
case of a much more general theorem, in Ch. IV. 

The (E method embodies, in modem language, Euler’s famous principle summa 
cujusque seriei est valor expressionis illius finitae, ex cujus evolutione ilia series 
oritur’. We shall have more to say about this in §§ 1.6-7: for the moment we 
observe only that Euler was obviously thinking in terms of power series, and that 
no mathematician of his period could possibly have expressed himself on such a 


subject without very serious ambiguity. 

Finally the ‘(E, 1)’ method is derived from ‘Euler’s transformation’, which was 
primarily a weapon for transforming slowly convergent into rapidly convergent 
series, but which he applied to divergent series also. 


It is plain that all these methods satisfy our axiomatic requirements 
(^4) and ( B ), and it is easy to verify that the first three also satisfy (C), 
provided that the (E method is associated with a definite region of 
continuation. We denote the partial sums of a 0 -\-a l -\-a< 1 -]r ... and 

«l + a 2 + a 8■!■••• by S n an d ^n> 80 ^at t n = $ n +l~ a 0*> an( * WI *^ e 


f\{x) = oq-f-fl 


so that xf x (x) = f{x)—a 0 . 


f Theorem 41. 
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(1) If a 0 +a 1 -}-a 2 +... is summable (C, 1) to s , then 

—-Hn _ «-+2fa-|- < g 1 -|-...+^n+i a 

n -\-1 w-Mv ft-J-2 



so that ai+aaH---- is summable (C, 1) to s—a 0 , 

(2) If a 0 -faj+... is summable (A) to 5, then 

fi( x ) = aj-H/f*)—a 0 } -» 5-a 0 , 


and a 1 +a 2 +... is summable (A) to s—a 0 . 

(3) If f(x) is one-valued and regular in a region including 0 and 1, 

and /(1) = s, then f^x) is also one-valued and regular in the region, 
and/j(l) = s—a 0 . 

Thus the direct statement in ( C) is true of each of the three methods, 
and the arguments are plainly reversible. It is less obvious that the 
(E, 1) method satisfies ( C ), and we postpone the proof to § 8.3. If we 
take this for granted for the moment, then it becomes plain that all 
four methods, if they sum (1.1.1), must give the sum J. It is easy to 
verify this directly, since s n is 1 for even and 0 for odd n, so that 
s 0 -\-s 1 + ...+*» is i( n H" 2 ) or J(7i+1); since f{x) = (1-fx) -1 ; and since 
6 0 — 1 and b n — 0 for n > 0. 

We shall see later (or the reader may verify as an exercise) that all 
four methods also yield the equations (1.2.2)—(1.2.7), and that the last 
three yield all of (1.2.8)—(1.2.17). The (C, 1) method fails with (1.2.17), 
since the values of s n are 1, —1, 2, —2, 3,... and + is 

\{ n ~f 2) for even and 0 for odd n. It will be observed that in this case 
a repetition of the averaging process would give the limit J. 

Methods (1), (2), and (4) give oo as the sum of (1.1.5): in the last case 
fy) = &i = 2, b 2 = 4,..., so that the series (1.3.5) is 
Method (3) is inapplicable, since f(x) = (1—a;) -1 is not regular at x — 1. 

Methods (1) and (2) fail for (1.1.3): the values of s n are 1, —1, 3, —5, 
11,...; and J a n x n is not convergent when x > Method (3) gives the 
sum J. In method (4), b n = (1 — 2) n = (—l) n , and so 

i&o+i&i+i&2+-- = i—}+i —••• = b 

so that this method also gives This is plainly the ‘right’ sum, since 
it satisfies s = 1—2s. 

It is also instructive to consider (1.1.6). Here method (1) gives oo. 

Method (2) is inapplicable for the same reason as in the last paragraph. 

Method (3) gives (1-2.1)-* = -1. Finally, with method (4), we have 
*n = (l + 2) n = 3", 

£M-i6i+J6 2 +... = Hi+-+£(i) n +..., 
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which diverges to oo, so that the method gives co. It will be observed 
that in this case there are two suggested ‘sums’, viz. co and —1, and 
that the second has an air of paradox, since it does not seem natural 
to attribute a negative sum to a series of positive terms. 


1.4. Regularity of a method. It is easy to state in general terms 
some of the qualities required for a useful method of summation of 
divergent series. It should be simple , as, for example, the first two 
methods of § 1.3 are simple; and it should be reasonably general, in the 
sense of being applicable to a good variety of important series. There 
is another requirement which can be stated more exactly, that of 
consistency or regularity. 

A method will be said to be regular if it sums every convergent series 
to its ordinary sum. Thus the (C, 1) and A methods are regular, since 
2 a n = s implies both 



7Z — | — 1 


S 


and f(x) = ^ a n x n -> s, the first by a well-known theorem of Cauchy, 
the second by Abel’s theorem on power series. 

These methods are regular in an extended sense. If a n is real and 
s n -> co (for example, if 2 a n is a divergent series of positive terms), 
then S n -+co, and the (C, 1) method gives s = co. For the A method 
there are two possibilities. Either 2 a „ x " di ver g es f° r some x = x 0 < 1, 
in which case it necessarily diverges to oo in the interval (x 0 ,1), and 
f(x) = oo in such an interval; or J a, ( converges for 0 ^ x < 1, in 
which case f(x) ->co when x -> 1. In either case we can say that the 
A method gives s = oo. When a regular method has this additional 
property, we shall say that it is totally regular. We shall see (§§ 3.6 and 
4.6) that the (E, 1) method is also totally regular. It is obvious that the 
(E method is not totally regular, since it sums 1 + 2 + 4+ 8 + ... to — 1. 
In fact it is not even regular, since f(x) need not be regular at x = 1 

when 2 a n converges. 


1.5. Divergent integrals and generalized limits of functions of 
a continuous variable. It is natural to give similar definitions apply¬ 
ing to functions of a continuous variable x. Suppose that a(t) is 
integrable in every finite interval (0,x), that 

X 

s(x) = J a(t) dt, 

n 
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and that we have given some ‘Pickwickian’ definition of the limit s of 
8(x) when x -> oo, or, what is the same thing, of 


CO 


j* a(x) dx. 


Then we shall say that a{x) is P integrable in (0,co), that s(x) has the 
P limit 5 , that s(x) -> s (P), and that 


CO 


J a(x) dx = s (P) 


Thus the definitions corresponding to the first three of §1.3 are as 
follows. 

(1) If 


(1.5.1) 


l J dt 


or, what is the same thing, if 


i J (x—t)a(t) dt -> s, 


we shall say that 

(1.5.2) 

(2) If 

(1.5.3) 


o 


OO 


J a(x) dx = s (C, 1). 


CO 


f(w) = j e~ wx a(x) dx 


is convergent for tv > 0, and/(w>) -> s when w -> -j-0, we shall say that 


CO 


(1.6.4) 


J a(x) dx = s (A). 


6 

(3) If there is a function f(tv) of the complex variable w y defined by 
(1.5.3) for large positive w y and one-valued and regular in an open and 
connected region containing the origin and the distant part of the 
positive real axis; and if /(0) = s ; then we shall say that 


(1.5.5) 


CO 


J a(x) dx = 8 ((E).f 


We can modify all these definitions, if we please, by a change in the 
lower limit. There is no useful analogue of the (E, 1) definition. 

does not correspond exactly to the *(£’ definition of § 1.3, since ftw) 
will not usually be regular at infini ty, J ' ' 
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Thus if a(x) = e mix , where m > 0, we have 


-S(z) = —(1—c m «), 
m 


IU)<a=i+ 1 - emiI ' 

x J m 


m 2 x 


so that 


CO 


oo 


CO 


(1.5.6) f e mxx dx — —, f cos7nx dx = 0, f sinma; dx = — 

J m J J in 

o o 


o 


CO 


all (C, 1); and 


/ 


0 


e -(w-mi)x fa — 


1 


w—mi m 


so that the A and (£ methods give the same results. Also 

s(x) = im~ 1 (l—e mix ) -> im,- 1 (P), 


: mix -> 0, cos mx -> 0, sin mx -> 0 (P), 


so that 
(1.5.7) 

where P may be (C, 1), A, or (t. We have thus defined various senses 
in which ‘cosoo = 0 and sin oo = O’. 


It will be observed that 


1 

x 



c °9 2 . 1 , 

o 7M dt =■■ ^ ± 
sin- 2 


sin 2mx 
4 mx 



so that cos 2 inx — > J, sin 2 mx —> \ (C, 1); 

and it is easy to show that the A and G methods give the same limits. It is not 
to be expected that the P limit of tho square of a function should usually be the 
square of its P limit. 


We add some examples of formal calculations with integrals analogous 
to those of § 1.2. All the integrations are over (0,co). Differentiation 
of (1.5.6) with respect to m gives 


(1.5.8) 

(1.5.9) 



J x 2p cos mx dx = 0, J x 2p+1 sin tux dx = 


J x 2p sin mxdx = (—l) p 
J x 2p +1 cos mx dx = (— 1)p+ 1 ^ 2 ^+ 2 " 



= a 0 +a 1 x 2 +a 2 x 4 - 
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and we integrate term by term, then we obtain 
(1.5.10) J <f>(x)cosmxdx = a 0 j cos mx dx -\-a x J a: 2 cos mx dx +... 

-^ + 4! °' 

m 


= 0 , 


(1.6.11) f <j>(x)&\nmx dx = a 0 f sin mx dx -j-... = — — ^4 ~ + ^r~ 
J J m m? m? 


• • 


As is to be expected, these formulae are sometimes correct and some¬ 
times not. Thus if <f>(x) = J Q (x) they are 

f J 0 (x]co$mx dx = 0, f J„(*)sin mxdx = I + 1 J- +... = 1 , 

J J m 2 m z *J(m 2 —l) 

and they are correct when m > 1. But they are false when m < 1, 
and (1.5.10) is obviously false when (j>(x ) = e -x \ 


1.6. Some historical remarks. In the next chapter we shall give 
substantial examples of the use of divergent series by Euler and other 
early analysts. It will be convenient to lead up to them by a few more 
miscellaneous remarks. 

(1) The earliest analysts were, on the whole, rather severely ‘ortho¬ 
dox’: their work had the arithmetical spirit of that of the Greeks. What 
is lacking in the work of Cavalieri, Wallis, Brouncker, Gregory (who 
first used the word ‘convergent’), and Mercator is not rigour but 
technique. In particular they were handicapped by the lack of service¬ 
able criteria for convergence. Newton was the first analyst who was 
the master of a really powerful technique: he regarded infinite series 
primarily as a tool for quadratures, and there was so much for him to 
do in this field that the rewards of orthodoxy were sufficient. He was 

no doubt aware that many of his formulae could be interpreted in 
different senses, for example, that 


( 1 . 6 . 1 ) 


m 

9(x) 


°o+ a i x+a 2 x*+..., 


where / and g are polynomials, could be interpreted either in the 

arithmetical sense which demands convergence or in the algebraical 
sense m which it means that 


f( x )—(%+ a 1 x+...+a n x n )g(x) 
is divisible by a: n+1 for every value of n. 

ThUS th6re “ Uttle aboUt diver g cnt series before Euler except in 
rtarn passages m the correspondence of Leibniz and the Bernoullis; 

oonortnnT Pr T° n Whi0h th6Se leave that missed a great 

f 6 W “ ° D th6 teack of at one of the standard 

with metanhv 8aV *° temptation of seasoning the discussion 
wath metaphysics. The sum of 1-1 + 1 -... is to be J on grounds of 
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‘probability’: ‘porro hoc argumentandi genus, etsi Metaphysicum magis 
quam Mathematicum videatur, tamen firmum est: et alioqui Canonum 
Verae Metaphysicae major est usus in Mathesi, in Analysi, in ipsa 
Geometria, quam vulgo putatur.’ Such language from so great a 
mathematician invited confusion in weaker minds;f and Leibniz’s ‘lex 
continuitatis’, ‘unde fit, ut in continuis extremum exclusivum tractari 
possit ut inclusivum’—the principle, so often appealed to by the British 
mathematicians of the early nineteenth century, that ‘what is true up 
to the limit is true at the limit’—was still more unfortunate. It was 
nearly 100 years later when Lagrange (referring to an observation of 
Callet which we shall quote in a moment) remarked that ‘ les geometres 
doivent savoir gre au cit. Callet d’avoir appele leur attention sur 
l’espece de paradoxe que presentent les series dont il s’agit, et d’avoir 
cherche a les premunir contre l’application des raisonnements meta¬ 
physiques aux questions qui, n’etant que de pure analyse, ne peuvent 
etre decidees que par les premiers principes et les regies fondamentales 
du calcul’. 

Callet’s remark refers to Euler’s principle ‘summa cujusque seriei. . 
which we quoted in § 1.3, and which was the subject of a correspondence 
between Euler and N. Bernoulli in 1743. Bernoulli had objected that 


the same series might ‘arise’ from two different ‘expressions which 
yielded different values, and Euler had committed himself to the 
assertion that this could not happen. Writing to Goldbach in 1745, he 
says ‘ Dariiber hat er zwar kein Exempel gegeben, ich glaube aber gewiss 
zu sein, dass nimmer eben dieselbe series aus der Evolution zweier 
wirklich verschiedenen expressionum finitorum entstehen konne’. 
Callet, forty or fifty years later, observed that 1 —1 + 1 — ••• arises, when 
we put x = 1, not only from (1+a;) -1 = 1— x-\-x 2 —..., but also from 

(1 6 3) l +g+.-.+g™" 1 = l ~ x ™ = \—x m +x n —x n + m +x 2n —..., 

for any m < n, and that Euler’s principle might thus be made to give 


any sum m/n for 1 — 1 + 1 — — 

The explanation is fairly obvious (and was given by Lagrange him¬ 
self). The series (1.6.3), considered as a power series, has gaps: thus 


when m = 2, n = 3, it is 


1+0.x— l.x 2 +l.a: 3 + 0.a: 4 — l.z 5 + ...; 

Euler’s principle does not assign the sum § to 1 — 1 + 1 — ... but to 
1_|_0— l-fi-f-O— 1 + ...; and there is no a priori reason for expecting 

■f Even Euler appealed to metaphysics when he could think of nothing hotter per 
rationes motaphysicas . . . quibua in analysi acquiescore queanms . 
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the two series to have the same sum. And, in fact, Euler’s assertion, 
when properly interpreted, is correct, since a convergent power series 
has a unique generating function. 

It is a mistake to think of Euler as a ‘loose’ mathematician, though 
his language may sometimes seem loose to modern ears; and even his 
language sometimes suggests a point of view far in advance of the 
general ideas of his time. Thus, in the very passage in which he 
formulates his principle, he refers to the series (1.1.4). The principle, 
as we formulated it in § 1.3, does not apply to this series, since 
1 — l\x-\-2\x z — 3... is not convergent for any x but 0. Even so, 
says Euler, ‘ich glaube, dass jede series einen bestimmten Wert haben 
musse. Um aber alien Schwierigkeiten, welche dagegen gemacht 
worden, zu begegnen, so soilte dieser Wert nicht mit dem Namen der 
Summe belegt werden, weil man mit diesem Wort gemeiniglich einen 
solchen Begriff zu verkniipfen pflegt, als wenn die Summe durch eine 
wirkliche Summierung herausgebracht wiirde: welche Idee bei den 
seriebus divergentibus nicht stattfindet. . . . ’ This is language which 
might almost have been used by Cesaro or Borel. And in another place, 
referring more generally to the controversies excited by the use of 
divergent series, he suggests that they are largely verbal: ‘quemad- 
modum autem iste dissensus realis videatur, tamen neutra pars ab 
altera ullius erroris argui potest, quoties in analysi hujusmodi serierum 
usus occurrit: quod gravi argumento esse debet, neutram partem in 
errore versari, sed totum dissidium in solis verbis esse positum.’ Here, 
as elsewhere, Euler was substantially right. The puzzles of the time 
about divergent series arose mostly, not from any particular mystery 
in divergent series as such, but from disinclination to give formal 
definitions and from the inadequacy of the current theory of functions, 
t is impossible to state Euler’s principle accurately without clear ideas 
about functions of a complex variable and analytic continuation. 

(3) It is essential to remember that Euler was thinking of power 

senes; as soon as we admit other kinds of development, all sorts of 
mmculties appear. Thus 

(I-2z)-i = l + 2z+4a;2-t-8:r 3 +... 
glV6S 1 + 2+4+8+... = — l j 

and (1.2.1) gives (the complex) oo as the sum of 1 +1 +1 + But 

—g_2 4 8 

—1 e 2 * 1 -)-! ”^eii/-)_4 _ ^ 6 8 i/_j_j ••• (y > 0)t 

t This is a corollary of 1 __ * , 2 

x ~ 1 
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gives 1 ~j~ 2 —J— 4 —j— 8 —f—... = oo 

for y = 0, and 

£(*) = 1-M-2-*+3-*+... (s > 1) 

gives 1 + 1 + 1 + ... = f(0) = — \ 

for 5=0. On the other hand, 

x+(2a: 2 -a:) + (3x 3 -2a; 2 ) + (4x 4 -3^)-f... = 0 
and z+(3z 2 — x) + (7x*- 3a: 2 ) + (15a^-7a^) + ... = 0‘ 

for 0 ^ x < 1, and these give 

1 + 1 + 1 + -• = 0, 1 + 2+4+.. . = 0 

for 2 = 1 . 

There are also difficulties, even for power series, with many-valued 
functions. It is natural to say that 

f—1+|—... = log(l + 2) = log 3, 

since log 3 is the value of log(l+a;) when x moves to 2 in the obvious 
way. But we might also argue that 

I+Z+I+... = log(l —2)- 1 = log(— 1) = (2&+l)fli, 

and here iri and —nri seem equally natural values (though either has 
an air of paradox). 


The following example might have puzzled Euler. The series 

2x \ 4 


(1.6.4) 


+ 2ll+:r 8 / ' 2.4V1 


+x*/ 


+ ... 


is convergent for small and also for large x, but to different sums, viz. 

(1 +*»)/( l-X*), (3*+1 )/(*’-1) 

respectively. If x = 2i we obtain 

. 1 16 1.3/16\ a . 

1— 2 t + oIt/ ±s - 

Which sign shall we choose ? 

(4) It is interesting in this connexion to look at a transformation of the 
geometric series which is due to Goldbach and which may be regarded as an 
eighteenth-century essay in ‘analytic continuation’. We have simplified and 
generalized Goldbach’s actual analysis. 

The idea is to transform 1 — x+x 2 —...» by formal multiplication by a series of 
th ° tyP ® l+A l -A 1 +A,-A,+... = 1 , 

into a series of negative powers of y = ax-\-b. We write A n == a n y~ n and arrange 

the product as 

1 —x x 2 — x 3 

0 L x y~ l — ajy -1 — (x x xy- 1 a 1 xy~ 1 + a l x 2 y~ 1 —a l x 2 y- 1 —(x 1 x 3 y- 1 . 

<x t y~ 2 —a t y- 2 -a t xy- 2 a t xy- 2 +ac 2 x 2 y- 2 




— a 3 y ~ 3 — a 3 xy~' 




1.6J 


INTRODUCTION 


17 


If now we take a„ = (b-a) n ~ l {a—y) t then it will be found f that C n , the sum of 
the nth column, is a(b — a) n ~ x y~ n t and we obtain 

= ay~ l -\-a(b~a)y~ 2 -\-a(b — a) 2 y~ 3 -\-..., 

which is the expansion required. The first series is convergent for [x| < 1, the 
second for \ax-\-b\ > |6 a\. If, for example, b > a > 0, then the second region 

includes the first. Since both series are convergent, and the transformation valid, 
for \x\ < 1, the second series gives the continuation of the first. 


(5) Mathematics after Euler moved slowly but steadily towards the 
orthodoxy ultimately imposed on it by Cauchy, Abel, and their suc¬ 
cessors, and divergent series were gradually banished from analysis, to 
reappear only in quite modern times. They had always had their 
opponents, such as d Alembert, J Laplace,§ and (in his later days) 
Lagrange: after Cauchy, the opposition seemed definitely to have won. 

The analysts who used divergent series most, after Euler, were Fourier 
and Poisson (who was almost Cauchy’s contemporary). We shall see 
specimens of their work in Chs. II and XIII. The most impor¬ 
tant for us here is Poisson, since he so nearly formulated definition 

(2) of § 1.3. Poisson, in effect, defines the sum of the trigonometrical 
series 

^ 0 + X (a n cosw#-f- 6 n sintt 0 ) 

as the limit when r -> 1 of the associated power series 


i a o+ 2 ( a n cos nd-\~b n sin n6)r n . 


Thus, speaking of the series (1.1.9), he says ‘cette serie n’est ni con- 
vergente ni divergente|| et ce n’est qu’en la considerant ainsi que nous 
le faisons comme la limite d’une serie convergente, qu’elle peut avoir 
une valeur determinee. ... Nous admettrons avec Euler que les sommes 
de ces senes considerees en elles-meme n ’ont pas de valeurs determines; 
mais nous ajouterons que chacune d’elles a une valeur unique et qu’on 
peut les employer dans 1 ’analyse, lorsqu ’on les regarde comme les limites 
es series convergentes, e est a dire quand on suppose implicitement 
ieurs termes successes multiplies par les puissances d ’une fraction infini- 
ment peu different* de l’unite.’ This is practically the ‘A’ definition, 
but we must not exaggerate the clarity of Poisson’s views. His ideas 


t By eduction from C„ = 

ne aont ^ ^ ^ raisonnements et calculs fondds sur des series qui 

SluTtets d^r 8 ’ ' ’ “ e paraitront W* suspects, mSme quand los 

5 • Je m IT ra ‘ SOnnements o'—rderaient avec des viSritfc eonnues d'ailleurs.' 

ont faiL du cal Tt ,llua '° n8 r*PPK»tion que Leibniz et Dan. Bernoulli 

II He m. r 8 P ro ^ a ^ l iU ‘S ... (to the summation of such series as 1 — 14-1 — ) » 
II He means, of course, -proper* divergent’ to co or -oo. 




18 


INTRODUCTION 


[Chap. I 


about repeated limits are often by no means clear: thus he writes 
Fourier’s theorem as 




cos n(t—x)\f(t) dt, 


when, of course, he means 



cos n(t—x)f(t) dt. 


1.7. A note on the British analysts of the early nineteenth century. 

We end this chapter with a few remarks about British work on these subjects 
during the years 1840-50, which has been analysed very carefully by Burkhardt 
in the article from which we have quoted. It was a long time before the writings 
of the great continental analysts were understood in England, and these British 
writings show a singular and often entertaining mixture of occasional shrewd¬ 
ness and fundamental incompetence. 

(1) The dominant school was that of the Cambridge ‘symbolists’, Woodhouse, 
Peacock, D. F. Gregory, and others. They represented what may be described 
as the l f(D)' school of analysis. They started from ‘algebra’, and had something 
of the spirit, though nothing of the accuracy, of the modem abstract algebraists. 
They dealt in ‘general symbols’, on which operations were to be performed in 
accordance with certain laws: ‘the symbols are unlimited, both in value and in 
representation; the operations upon them, whatever they may be, are possible 
in all cases; . . .’ But the foundations of their symbolism were both inelastic 
and inaccurate. They insisted on a parallelism between‘arithmetical’and‘general’ 
algebra so rigid that, if it could be maintained, it would effectively destroy the 
generality; and they never seem to have realized fully that a formula true with 
one interpretation of its symbols is quite likely to be false with another. They 
were also very much at the mercy of catchwords like ‘what is true up to the 
limit . . .’, and it is not surprising that their permanent contribution to analysis 
should have been negligible. 

Occasionally, however, they arrived at formulae which are still worth examining. 
Thus Gregory’s formulae 

(1.7.1) 2<£(x + n) = 0, (1.7.2) £(-l)"<£(x + n) = 0, 

— 00 —00 

CO 

(1.7.3) ^ b l3 j": 1 (^ (:c+ n)-,ft(x-n)} - 

1 

are true, or true with modifications, when interpreted properly, for interesting 
classes of functions. 

(2) There is one volume of the Transactions of the Cambridge Philosophical 
Society (vol. 8, published in 1849 and covering the period 1844-9) which contains 
a very singular mixture of analytical papers and gives a particularly good picture 
of the British analysis of the time. It contains Stokes’s famous paper ‘On the 
critical values of the sums of periodic series’, in which ‘uniform convergence’ 
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appears first in print; papers by S. Eamshaw and J. R. Young which are little 
more than nonsense; and a long and interesting paper by de Morgan on divergent 
series, a remarkable mixture of acuteness and confusion. 

De Morgan, as Burkhardt recognizes, was no ‘blosser Algorithmiker’ like 
Peacock. He was a prolific and ingenious writer, both on logic and on mathe¬ 
matics; he invented the ‘logarithmic scale’ of convergence criteria; and his 
Differential and integral calculus, which is the best of the early English text-books 
on the calculus, contains much that is still interesting to read and difficult to find 
in any other book. In this paper he attempts a reasoned statement of his attitude 
to divergent series, ‘the only subject yet remaining, of an elementary character, 
on which serious schism exists among mathematicians as to absolute correctness 
or incorrectness of results’. He talks much excellent sense, but the habits of the 
time are too strong for him: logician though he is, he cannot, or will not, give 
definitions. 

‘The modems’, he says, ‘seem to me to have made a similar confusion in regard 
to their rejection of divergent series; meaning sometimes that they cannot safely 
be used under existing ideas as to their meaning and origin, sometimes that the 
mere idea of anyone applying them at all, under any circumstances, is an absurdity. 
We must admit that many series are such as we cannot safely use, except as means 
of discovery, the results of which are to be subsequently verified. . . . But to say 
that what we cannot use no others ever can . . . seems to me a departure from all 
rules of prudence. . . Would analysis ever have developed as it has done if 
Euler and others had refused to use — 1) ? 

He refuses to distinguish between different types of divergent series: if some 
are to be used, all must be. ‘I do not argue with those who reject everything 
that is not within the province of arithmetic, but only with those who abandon 
the use of infinitely divergent series and yet appear to employ finitely divergent 
series with confidence. Such appears to be the practice, both at home and 
abroad. They seem perfectly reconciled to 1 — 14-1 —... = £, but cannot admit 
* = — 1. It is very odd that it should never have occurred to him 

that there might be interpretations (for example, Poisson’s) which apply in the 
one case and not in the other. 

Later, when he recurs to this point, he is a little inconsistent. There are cases 

ui which 1 + 2 + 4 + ... seems to represent -1, others in which it seems to repre¬ 
sent corf thus the limit of 


1 +2x + 4a; 4 + ... + 2 n ;r n * + ..., 


as 1, is oo (a well-chosen example). This he can tolerate, but ‘let it come 
out anything but -1 or oo, and as a result of any process which does not involve 
integration performed on a divergent series ... and I shall then be obliged to admit 
that divergent series must be abandoned’4 There is something in his view - 1 is 

r 1 i 2z \ and there iS a - SOnSe in which 00 can be “ id be also. 

Z“' e . °. ° r , 1 cer ‘ a ; n 'y cannot - Wo found 0 in (3) of § 1.6. but de Morgan would 

altooet/ la '° feIt T that the exam P le was unfair, and would not have been 
altogether wrong. It is true that -land® ore the only ‘natural’ sums 

Similarly with 1-1 + 1-...; it would be fatal if this came out to be anything 


t See § 1.6(3). 

t The emphasis on integration 
tion as an ‘essentially arithmetic 1 


is odd, but de Morgan seems to have regarded integra- 
process liable to destroy any more ‘symbolic ’ reasoning. 
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other than ‘The whole fabric of periodic series and integrals . . . would fall 
instantly if it were shown to be possible that 1 — 1 + 1 —... might be one quantity 
as a limiting form of A 0 — A 1 -+-A 2 —... and another as a limiting form of 
B 0 —B l + B 2 — ...'; and here there is some quite mistaken criticism of Poisson. 
De Morgan implies that to define ^ a n as lim E a n x11 is to assume that ‘what is 
true up to the limit is true at the limit’; whereas it is just this distinction which 
is seized upon by, and embodied in, the definition. 

He gives curious examples of paradoxes resulting from integration. Here and 
elsewhere he shows a good deal of formal ingenuity, but other paradoxes 
rest merely on confusion about many-valued functions. He forgets that the 
integral of x~ l is log|a*|, not log a:, when x is negative, and concludes that 

2tr 

J tan x dx — 2iri 

0 

and that ‘tan 2 .z has —1 for its mean value’—a conclusion which he tries to 
reinforce on other grounds. There is also some discussion of the formulae 
(1.7.1)—(1.7.3), and of alternating asymptotic series of the Euler-Maclaurin type. 
‘When an alternating series is convergent, and a certain number of its terms are 
taken . . . the first term neglected is a superior limit to the error of approxima¬ 
tion. . . .f This very useful property was observed to belong to large classes of 
alternating series, when finitely or even infinitely divergent: I do not remember 
that anyone has denied that it is universally true. . . .’ De Morgan shows by 
examples that it is not, but without making any substantial contribution to the 
subject. Indeed these supplementary discussions merely confirm the impression 
left by the earlier sections of the paper, of astonishment that so acute a reasoner 
should be able to say so much that is interesting and yet to miss the essential 
points so completely. 

(3) It is only fair to quote a few instances of British analysts who got nearer 
to actuality. F. W. Newman protested against the dogma ‘what is true . . .’ and 
pointed out that, in the case of the trigonometrical series 

cosx —Jcos 3;r-f £cos 5x —..., 

it is plainly false. His analysis is unsatisfactory, but he makes his point sub¬ 
stantially, and his paper is interesting because it led Wilbraham, a little later, 
to the discovery of what is now called the ‘Gibbs phenomenon’. Stokes, in his 
famous paper mentioned already, remarked that ‘of course we may employ a 
divergent series merely as an abbreviated way of expressing the limit of the sum 
of a convergent series’, and observed that it did not seem possible ‘to invent a 
series so rapidly divergent that it shall not be possible to find a convergent series 
which shall have, for the limits of its first n terms, the first n terms of the divergent 
series’. | Finally, Homersham Cox, referring to the ‘equivalence’ of the symbolists, 
used language entirely modern in spirit: ‘it is said that the symbol “ = ” here 
designates symbolical equivalence. The truth of this assertion depends on the 
definition of this phrase, and without doubt many arbitrary definitions might be 
given, in accordance with which the binomial theorem might be considered to 
hold for divergent series.’ 

t Of course this is not true without reservation. 

| Consider E where <f>(n) -► oo rapidly. 
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NOTES ON CHAPTER I 

§1.1. Many writers, particularly in England, have used ‘divergent’ in narrower 
senses. Thus Bromwich, Hardy, and Hobson, in their text-books, call 2 a n diver¬ 
gent only when s n —*■ co or s n —»• — ao, describing other non-convergent series as 
‘oscillatory’. In his first edition Hobson had called 2 a n divergent if |a n | —> co: 
thus 1 — 2-j-3 —... was divergent. 

The narrower use of‘divergent’ has its advantages in elementary teaching, but 
the wider use is almost necessary here. The ‘theory of divergent series’ is essen¬ 
tially a theory of oscillatory series, theorems about series which diverge ‘properly’ 
to oo or —co being usually of the same type as those about convergent series. 
See, for example, § 3.6, and the remarks in Hobson, 2, 4. 

Cauchy’s Analyse algtbrique (Paris, 1821) was the first standard treatise on 
analysis written in a genuinely modem spirit. A good deal of his work on the 
foundations is to be found, sometimes even in a sharper form, in a series of memoirs 
published by Bolzano in Prag in 1817. See Stolz, MA, 18 (1881), 255-79. 

§ 1.2. For justification of the results in (l)-(3), (5), and (6) see Appendix I. 
As regards (4), if 

a 

f(x) = J cos xtx(t)dt, 
o 


where 0 < a < I, *(<) is any integrable function, and — n < 0 < tt, then 


2 -- J (2 <- 

1 o 1 o 

which is *rr ! /(0) + i<?y'(0), in agreement with (1.2.24). Many other formulae of 
the same kind may be proved similarly. The limitations a < 1 and 101 < n are 
essential. 

For the Bemoullian and Eulerian numbers, and the Bemoullian functions, see 
Bromwich, 297 et seq., 370, and Chapter XIII. 

The series (1.2.18) seems to have first been summed by integration by Euler, 
Now Commentarii Acad. Petropolitanae, 5 (1760), 203. [Opera (I), 14, 542-84.* 
He gives another method in Opera (I), 15, 435-97.] 

§ 1.3. More detailed information about the early work of Bernoulli and others 

on divergent series will be found in Reiff, Oeschichle der unendlichen Reihen 

( ’ubmgen,^ 1889), in a paper by Burkhardt in MA, 70 (1911), 169-206, and in 

Burkhardts article ‘ Trigonometrische Reihen und Integrale’ in the Enzykl d 

Math. Wn (IU12). Reiff’s book is useful but uninspiring and not alwavs 

B ^ rkha ^ dt ’ 8 ™ tin g s much more interesting, and contain a mass 

anSlW r difficult to find elsewhere. The historical discussions here 
and in §§ 1.6-7 are based mainly on these sources. 

• HU l t0n ; T J a f1, ' m math ' ami Philosophical subject* (London, 1812), cave what 
.m effect the following definition of the limit of a divergent sequence,(£) dILo 

* n ior k = i, by 

< k> = WW+K*- 1 ’ 


4®. — a n. 




f 


with 


(n > 0), 
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Thus sg* and sg’ are 

£ 5 0’ +4 5 2*’“* i 5 n—1 + £$,»>•••» 

i^o, i5 0 +^!, i«o+i 5 l + i 5 2*”'» i^n-2 + i 5 n-l +i 5 n>—' 

Then s n -+'s (Hu, A:) means ag* -> 8. 

It is easily verified that 

1-1 + 1-... = i (Hu, 1), 1 —2-f 3 —... = i (Hu, 2); 

and we can show, from the general theorems of Ch. Ill, or those about Norlund 
means in Ch. IV, that any series summatie (Hu, fc) is summable, to the same 
sum, by the corresponding Cesaro mean. 

For examples of the use of Euler’s transformation in numerical computation 
see Bromwich, 62-6. 

§ 1.4. For Cauchy’s theorem see Hardy, 167, or Bromwich, 414. It is a case 
of Theorem 44. Abel’s theorem is included, for example, in Theorems 27 and 55. 

§ 1.5. For (1.5.10) and (1.5.11) see Appendix I, § 4, where some errors in a 
paper in TOPS, 21 (1908), 1-48, are rectified. 

§ 1.6. The first criterion for convergence formulated explicitly seems to have 
been Leibniz’s familiar criterion for the convergence of an alternating series 
{Zo — a | H- a 2 —... with positive decreasing a n . 

(3) The series (1.6.4) converges in two regions bounded by the circles 
w 2 _j_( U; £ ijs _ 2 , where u + iv = x, the lune inside both and the infinite region 
outside both; and diverges in the two remaining lunes. The point 2i is in the 
upper of these last two lunes. The series represents a single two-valued function of 
2 = 2x/( 1 -fx 2 ), but two different one-valued functions of x. 

(4) For Goldbach’s actual statement of the transformation see M. Cantor, 
V orlesuyxgen iiber Geschichte der Math., 3, ed. 2 (Leipzig, 1901), 641. The account 
in Reiff, 89, is incorrect. 

§ 1.7 (1). A reader acquainted with the elements of the theory of Fourier series 
will easily verify the truth of (1.7.1)-(1.7.3) for <f>{x) defined by appropriate trigo¬ 
nometrical integrals. 

(2) Burkhardt analyses the papers of Eamshaw and Young with more care 
than they deserve. He also says a good deal about minor German work of the 
same period, but this is on the whole less interesting. 

(3) The papers of Newman, Wilbraham, and Homersham Cox appeared in the 
Cambridge and Dublin Alath. Journal, 3 (1848), 108 and 198, and 7 (1852), 98. 
F. W. Newman, Professor of Mathematics in University College, London, was a 
brother of Cardinal J. H. Newman. 



II 

SOME HISTORICAL EXAMPLES 

2.1. Introduction. In this chapter we give the examples of the 
work of Euler and others which were promised in § 1.6, starting in each 
case from a passage in the original writings of the analyst in question. 
The subject-matter of these passages is still important, so that they 
have more than an historical interest; and we shall therefore analyse 
them in some detail, and add the explanations needed to show their 
connexion with more modern work. 

A. Euler and the functional equation of Riemann s zeta-function 

2.2. The functional equations for £(s), 77 ( 5 ), and L( 5 ). The 
Riemann ^-function £( 5 ), defined by the series 

(2.2.1) {(*) = 1-+2-M-3-+... 

when 5 = a-\-it and a > 1, is a one-valued analytic function of s , regular 
all over the plane except for a simple pole at 5 = 1. It satisfies the 
functional equation 

(2.2.2) £( 1 — 5 ) = 2(27t)- 8 cos \stt r(5)£(5). 

Near 5 = 1 , 

( 2 - 2 - 3 ) £W = -L+v+-.. 

5—1 

where y is Euler’s constant. 

The functions 77(5) and L{s) y defined for o > 0 by 

(2.2.4) V ( 8 ) = 3“ 8 -..., (2.2.5) L(s) = l-*_3-®+5~ s -..., 

are integral functions of 5 ; 77 ( 5 ) = (1 — 2 1 -•)£(*), but L(s) is an inde¬ 
pendent transcendent. They satisfy 

(2.2.6) (2®- 1 1 ) 77 ( 1 — 5 )= — (2 s — l)7T -s cos J57r r(s)rj(s), 

(2-2.7) L(l— 5 ) = 2®7r-®sin J57T r( 5 )L( 5 ). 

These results have usually been attributed to Riemann, Malmsten, 
and Schlomilch. It was comparatively recently that it was observed! 
first by Cahen and then by Landau, that both (2.2.6), which is equiva¬ 
lent to (2.2.2), and (2.2.7) stand in a paper of Euler’s written in 1749, 
over 100 years before Riemann. Euler does not consider complex values 
of s, and does not profess to have proved the equations even for real s. 
He states them, and verifies them in such a number of cases as ‘ne plus 
laisser aucun doute sur la v4ritc de notre conjecture’. Incidentally his 
verifications throw much light on his views about divergent series. 
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2.3. Euler’s verification. Euler states (2.2.6) in the form 


(2.3.1) 


1 — 2 s - 1 +3*- 1 —... 
1 —2- a -f-3~ a —... 


(s— 1 )!( 2 8 — i) 

( 2 s - 1 —1)7^ 


COS £<S7T, 


and proceeds to verify this equation (a) for all integral s and ( b ) for 
s = \ and s = §. It will be observed that s = £ is the only one of these 
values of s for which both series are convergent. 

He needs the formulae 


(2.3.2) 

(2.3.3) 

(2.3.4) 

(2.3.5) 


l_2- 2 *+3 


-2k _ _ 


22*-l_l 

~mr 


7 T 2k B k , 


1 — 1 + 1— .. = i (A), 

1 —2 2fc -f 3 2fc -... = 0 (A), 


l_2 2 *-i-f 3 2 *-i-... = 


02 k I 

(_1) ‘~ 1 ++ (A) 


Here A: is a positive integer. Of these formulae (2.3.2) is familiar, and 
the others, apart from the (A), are (1.2.7), (1.2.12), and (1.2.13). 

It is important to observe that, here at any rate, Euler is quite 
explicit about bis use of divergent series: the series are to be summed 
by the A definition of § 1.3(2). It is easy to verify their truth in this 
sense. For from 


(2.3.6) 

it follows that 


e-v—e-tv+e -*''—... = (e"-f l)- 1 {y > 0) 


(2.3.7) 


/ d \ m 1 

irn e -y—2»«e~ 2 i / 4-3 m e- 3l/ —... = (— l) m h- ■ r 

\dy] ev-\-\ 


for m — 0, 1, 2,.... Now 


1 


^ —Jtanh \y = \ 


® 02 k 1 

1 


(2Ic)\ 


so that the limit of (2.3.7) is 

02 k _1 

J (m= 0), 0 (m = 2k>0), (-1) k ~' B k (m = 2A:-1 > 0) 


It follows that the series (2.3.6) and (2.3.7) have the limits required 
when y -> 0 or x = e~ v 1. 

This proves (2.3.3)-(2.3.5), and also shows that the series are sum- 
mable ((£) to the same sum: Euler might equally well have used this 
definition. We can naturally prove the truth of (1.2.8)—(1.2.11), 
(1.2.14), and (1.2.16), in the same senses, in the same way. 
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From (2.3.4) tj(1 —5) — 0 (5 — 3,5,7,...); 

and from (2.3.2) and (2.3.5) 

ag=j) = (-1)1 ^— (s = 2,4, 6,...). 
v (s) (2«-1-1)t^ 

If we observe that cos %$rr is 0 when s is odd and (— l) is when 5 is even, 
then these two formulae verify (2.3.1) for s = 2, 3, 4, 5,.... 

Secondly, if we take 5=1, and interpret cos J57 t/( 2 8_1 — 1), for 5=1, 
as its limit when 5-> 1, i.e. as —7r/(21og2), then (2.3.1) becomes 


1-1 + 1 — ..- _ 1 
1 — J+J—... 21og2 

in agreement with (2.3.3). 

Thirdly, if we write ( 5 — 1)!(2*— 1) = s!(2®—1)/5, and interpret this 
as l.log2 for 5=0, then (2.3.1), for 5 = 0, becomes 


1—1 + 1 —... 


2 log 2, 


again in agreement with (2.3.3). 

Fourthly, replacing ( 5 —1)! by T(5), and using 


r(5) cos \stt — 


7 T 

2r(l—5) COS £( 1 - 5 ) + 


we find that the truth of (2.3.1) for general 5 > 1 implies its truth for 
5 < 0. We may then regard the formula as verified for all integral 5 . 
Fifthly, if 5 = £, and we interpret (—J)! as !"(£), then 


( 5 —1)?(2*—1) 

(2 a_1 —1)77* 


cos \stt 


r(j)(2*-l) 

(2-1—1)VttV2 


so that (2.3.1) is true for 5 = J. This completes Euler’s programme 
except for the value 5 = For this he has only a numerical verifica¬ 
tion. He sums the divergent series with the help of the Euler-Maclaurin 
sum formula, and finds the value *380129.... This gives *496774 for 
the value of the left-hand side of (2.3.1), in agreement with the right to 
5 figures. ‘Notre conjecture est portee au plus haut degre de certitude, 
qu’il ne reste plus meme aucun doute sur les cas oh l’on met pour 
l’exposant a des fractions.* 

As Landau remarks, Euler’s computation of 1 —V2 + V3—... may easily be 
transformed into a rigorous determination of its Abel sum. It is worth observing 
that the sum may also be calculated by Euler’s transformation of § 1.3(4). In 
* ° n = ^~ W+D and > calculating the successive differences of *J(n+ 1), 


6 0 — 1, &!-4142, 6, = — *0964, b 9 = — 0465, 6 4 = — 0286, b s = —0197, 
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so that Euler’s series is 

1 -4142 -0964 0465 -0285 0197 

2 4 8 16 “ 32 ~ 64 

which is -380 to 3 figures. Our calculation is of course much rougher than Euler’s. 

Euler does not discuss (2.2.7) in the same detail, but implies that 
he has made similar verifications. He ends by remarking that ‘cette 
derniere conjecture renferme une expression plus simple que la pre- 
cedente; done, puisqu’elle est egalement certaine, il y a a esperer qu on 
travaillera avec plus de succes a en chercher une demonstration par- 
faite, qui ne manquera pas de* repandre beaucoup de lumiere sur 
quantite d’autres recherches de cette nature’. 

B. Euler and the series 1 — 1! #+2! x 2 —... 

2.4. Summation of the series. The series 

(2.4.1) f(x) = 1 — l\x-\-2\x 2 —3!^+..., 

which reduces to (1.1.4) for x = 1, is not convergent for any x except 
x = 0 , or summable by any of the methods of § 1.3. For example, when 
x = 1, the series (1.3.5) diverges almost as rapidly as the original series. 

Euler, however, succeeded in summing the series as follows. If we 
suppose x positive and write, formally, 

<j>(x) = xf(x) = x— 1 !x 2 + 2 !x 3 —..., 
then term-by-term differentiation gives 

(2.4.2) x 2 <j>'{x)+4>{x) = x\\\ — 2\x+V.x 2 —...)+x—\\x 2 +... = x. 

This differential equation has the integrating factor x~ 2 e~ llx , and 

f e-W •, 

(2.4.3) <f>{x) = e llx I — dt 

o 

is a solution which vanishes with 

If we make the substitution t = x/(l-\-xw), we obtain 

( 2 .4.4) /(*) = = J Tf^cw dW ’ 

0 

and it is natural to attribute this sum to the series (2.4.1), the more so 
because we come back to the series by expanding (1 -{-xw) 1 in powers 
of xw and integrating formally term by term. 

| It is easily verified by partial integration that 4>{x) = 0(x) for small x. 
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Since x > 0, we have also, from (2.4.3), 


CO 


(2.4.5) /(*) = V J e -^* = J 6 -“ <*« = 

0 1 /* 

where liu, the ‘logarithm-integral’ of v, is defined for 0 < v < 1 by 


CO 


H— f * f ^ 

J log t J U 


du. 


Iok(1/c) 


Then 


li(e 


CO 


CO 


f —du = 

1 

l -°- U du 

^+ f 

J U 

J U 

J u 

} U J 


—e 


—u 


du 


u 


v 


y 2 y 3 

— — y-logy+y — 7^1 + ^r, —...» 


2.2! 1 3.3! 


and it follows from (2.4.5) that 


(2.4.6) 
where 

(2.4.7) 


S(y) 


/ ( *)=_Ie* log I + fig). 




is an integral function of y. These equations give the analytic continua¬ 
tion of f(x) all over the plane. It is a many-valued function with an 
infinity of branches differing by integral multiples of 27 rix-W 1 , and has 
one branch which tends to 1 when x -> 0 through positive values. 

If we take x = 1, we obtain the equation 


(2. 


4.8) l-l!+2!-3!+... = 


2.5. The asymptotic nature of the series. If x = re id , where 

—77 < 6 < 7r, then 


CO 


(2.5. 


i) /w = J 


—ID 


\-\-xw 


dw = 


CO 

J e -u, {l— xw+xhu 2 —...+(— \) n x n w n }dw -f- 

0 


+(-l) n +Vn-i J dw = 1 — 1! x-\-2 !a; 2 —... -f-(— l)"7i!72 n (a;), 

0 

say. Now 11 = ^/(l-|-2r^cos0H-r 2 w 2 ) has the minimum 1 if 

cos0 > 0, and the minimum |sin0| if cos0 ^ 0. Hence |i? n (a;)| does 
not exceed (tt-f 1)! r n+1 if |01 < or (n+l)!r"+ 1 |cosec0| if Jtt < 6 < tt, 
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and is 0 (r n+1 ) uniformly in the angle — 7 r+S < 6 < n— S, for any 
positive 8. In particular 

(2.5.2) f{x) = 1 — 1! 2! x 2 —... -f- (— 1 ) n n ! x n + 0(x n+1 ) 

for small positive x and given n. 

A series a 0 -j-a 1 a;-|-a 2 a; 2 +... 

is said to be an asymptotic series for f(x ), near x = 0, if 

(2.5.3) f(x) = a Q -\-a l x-\-...-\-a n x n -\-0(x n+1 ) 

for each n and small x. We are interested here primarily in positive x , 
but the definition applies to complex x also; thus (2.4.1) is an asymp¬ 
totic series for our f(x) in any angle — 77 --f-S ^ 6 < rr—8, i.e. in any 
angle issuing from the origin and omitting the negative real axis. There 
is therefore one sense at any rate in which the series ‘represents’/(a;). 

The definition of an asymptotic series is interesting only when the series is 
divergent. If f(x) is regular at the origin, then its Taylor’s series 2 a n xfX I s 
convergent for small x and satisfies (2.5.3); but in this case there is no novelty 
in the idea. Divergent asymptotic series occur in the works of most of the older 
analysts, but the first mathematicians to make a systematic study of them were 
Poincar6 and Stieltjes, and the first general theory is contained in a famous 
memoir of Poincard on differential equations. 

There will usually be an infinity of different functions represented asymptoti¬ 
cally by the same series a n x n . Thus if g(x) = e~ a l x , where a is positive, then 
x~ n ~ l g{x )-> 0 for every n , uniformly in any angle — A-7T-f 8 < 6 < \tt— 8 (and in 
particular for positive x); so that, for example, the series (2.4.1) gives an asymp¬ 
totic representation of each of the functions f(x)-\-Cg(x). To say that a series is 
an asymptotic series for f{x) is not to ‘define its sum’ in the sense of § 1.3. There 
are ‘uniqueness theorems’ for asymptotic series, due to Watson, F. Nevanlinna, 
and Carleman; but these depend upon the knowledge of exact bounds for the 
error terms such as the R n {x) of (2.5.1), valid for all n and all x of an appro¬ 
priate region. 

We shall often use the phrase ‘asymptotic series’ in a slightly extended sense, 
saying that 2 a n xn+a * s an asymptotic series for f(x) if 2 a n xn an asymptotic 
series for x~ a f(x), and we shall sometimes express this by writing 

(2.5.4) /(i)~2a n i n +«. 

2.6. Numerical computations. Euler calculated a numerical 
value for the sum of (1.1.4) in various ways. First, we may use (2.4.8). 
Secondly, we may use (2.4.5), calculating the integral, for x = 1, by 
numerical quadrature. These methods give 

(2.6.1) s = 1 — 1 ! + 2! — 3! + ... = -5963.... 

There is a more remarkable, though less precise calculation (also due 
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to Euler) in Lacroix’s treatise. Lacroix writes S for l—s= 1!—2! + ..., 
and transforms S as in § 1.3(4), obtaining 

a series which diverges a little less rapidly than the original series. He 
then writes S = J+£', and a repetition of the transformation on 

S' gives 

w 3 5 21 99 615 

^ — 2 4 2 6 + 2 8 2 10 ‘ 2 12 '* 


Finally, he writes >S" = 3.2- 4 ~5.2- 6 +S", and a third transformation 
on S" gives 

c „ 21 15 , 159 429 5241 
A “ 2» 2 12 * 2 15 2 18 ' 2 21 


Eight terms of this series lead to the values *4008 and *5992 for S and 
s, correct to two figures. It seems at first very remarkable that we 
should get so good a result, since all of the series used are divergent 
(and in the end nearly as rapidly as 6*). We shall see later (p. 196) why 
the method should be so successful. 


C. Fourier and Fourier's theorem 

2.7. Fourier’s theorem. By ‘Fourier’s theorem’ we mean here the 
theorem that, ii f(x) belongs to an appropriate class of functions, and 
is ‘representable’ by a trigonometrical series 

00 

(2.7.1) 3 ^ 0 + 2 ( a n cos ftx-f b n sin nx), 

i 

in the sense that the series converges to/(x) in the open interval (— 7 r , tt), 
then 

7T 7T 

(2.7.2) a n = - J f(x)cosnx dx, /(a;)sin nx dx. 

— 7T —7T 

Thus the theorem asserts that, if a trigonometrical series converges to 

f(x) for “7 t < x < 7r, then it is necessarily the ‘Fourier series’ of f(x). 

The formulae (2.7.2) are older than Fourier. Thus Burkhardt, in his 

article in the Enzyklopadiey traces the formula for a n back to Clairaut 

(1757). They were familiar to Euler, who gave the ordinary deduction 

of them, by term-by-term integration, in 1777. 

It is to be observed that ‘Fourier’s theorem’, as we have stated it, 
m € m 

is a uniqueness’ theorem, and is true or false according to the class of 
functions considered and the sense of‘representation’. Thus it is true, 
after du Bois-Reymond and de la Vallde-Poussin, when f(x) is finite 
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and integrable and representation implies ordinary convergence. If we 

assume only that the series is summable by one of the standard methods 

of the theory of divergent series, then the theorem may be false even 
when f(x) is always 0. Thus 


sinz-f 2 sin 2xH-3sin Sx -f-... 

is summable (A) to 0 for all x, but is obviously not the Fourier series 

of 0. In any case the theorem is a sophisticated one, which it would 

have been quite impossible for Fourier to prove strictly: the simplest 

case of it, in which /(*) is 0 and representation implies convergence, 
was first proved by Cantor in 1870. 

There is a remarkable passage in Fourier’s Theorie de la chaleur in 
which he attempts to prove a special case of the theorem. Let us 
suppose that f(x) is an odd analytic function regular for \x\ < tt, so that 

(2.7.3) 

for |ar| < tt; and that 

f(x) = J 6„sinnx 

i 

for — tt < x < tt, the series being convergent in the classical sense.f 
These are in effect Fourier’s assumptions; and his object is to prove 
that b n is given by the second formula (2.7.2). 


CO 


2 


0 


/(**+«(0) 
( 2 *+ 1 )! 


x 2k+x 


2.8. Fourier’s first formula for the coefficients. The ‘natural’ 
method for the proof of (2.7.2) is that of term-by-term integration, 
which had already been followed by Euler, and would have led Fourier 
at once to a proof satisfactory according to the canons of the time. 
Fourier, who does not seem to have known Euler’s work, follows a quite 
different and very surprising course (though he refers to the proof by 
integration later). He replaces every sine in (2.7.4) by its Taylor’s 
series, and equates the coefficients of powers of x to those in (2.7.3). 
He thus obtains an infinite system of linear equations 

(2.8.1) 6 1 + 2 2/ ‘+ 1 6 2 -f-3 2 ^ 1 6 3 -j-... = (-1 )*/(»+«(<)) (h = 0, 1,2,...) 

in an infinity of unknowns. It will be observed that all these series 
are divergent even in the simplest cases: thus f(x) = x has the Fourier 
series 

(2.8.2) 2(sinx— \ sin 2a:-f- Jsin 3.r—...), 

| Its sum for x = — n or it is naturally not f(x) but £{/( — *)+/{■")} = 0. 



SOME HISTORICAL EXAMPLES 


31 


2.8] 


and in this case they reduce to 

1-1 + 1 -... = i, 1 —2 2 A +3 2A —... = 0 (h = 1,2,...). 

We know that these equations are actually true with appropriate 
definitions, for example, the A definition. But the fact that they are 
divergent, and that (as we saw in §2.7) a slight intrusion of divergent 
series will make ‘Fourier’s theorem’ false, will give an idea of the diffi¬ 
culties in Fourier’s way. Judged by modern standards, he was setting 
himself a hopeless task. 

None the less, Fourier’s argument is more than an historical curiosity 
and is still well worth study. Considerable sections of it are correct, 
or easily restatable so as to become so; it contains ideas important for 
other purposes; and there are by-products which may still suggest 
interesting problems. 

Let us write (2.8.1) as 

(2.8.3) b x -f- 2 2 *~ 1 6 2 -f- 3 2A-1 &3+... = A h (h = 1,2,...). 

Then Fourier’s leading idea is to suppress all but the first r equations 
and all but the first r unknowns, thus obtaining a finite system 

(2.8.4) i = A h (h = 1,2.r), 

n = 1 

to calculate the corresponding values b n r of the b n , and to investigate 
the limit of b n r when r co. This is now the dominant idea in the 
theory of the solution of an infinite system of linear equations, and it 
is in Fourier’s work that it appears first. 

Fourier, however, does not do exactly this. He varies the A h as well 
as the 6 n , replacing ( 2 . 8 . 4 ) by 


(2.8.5) 


2 n 2h ~'b 


n 


n 9 r 



(h = 1,2 





We call this the system (r). Fourier’s idea is that we can, by an 
appropriate choice of the A h ri secure both that A hr ->A h and that 
^n,r tend to limits b n . 

He tries to showf that if we choose the A h r so that 



a flotnote^r, 0 ^^^' argUm6nt is restated in a mor ® accurate form by Darboux in 
footnote to p. 191 of the reprint of Fourier’s works. 
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and generally 

(2.8.8) A Kt 
then we shall have 

(2.8.9) 



Ah+\,r+l 

(r+ 1) 2 





) • • • y 



( 2 . 8 . 10 ) 
and generally 
( 2 . 8 . 11 ) 






— 1 , 2 ,..., 



It will follow that, if the A h r satisfy (2.8.8), then b n r b n , where 


( 2 . 8 . 12 ) 


bj 1 


n 


(n+ 1) 2 


1 — 


n 


(n+ 2) 2 '- 


when r ->oo. We have then to calculate b x l , b 22 ,... in terms of the A h 
(which are ex hypothesi the limits of the A hr ). 

Now 6 U = A 1V by the first of (2.8.5). We express this first in terms 
of A 12 , A 2 2 , by (2.8.6), next in terms of A 13 , A 2 3 , A 3 3 , by (2.8.7), and 
so on. We find that 


= A \ A ~ ^2.4^22 ^“32“^ 42) ^ 3 ' 4 (3242 4^ 


+ 0909.1 


A 4,4 _ 


4 2 2 2 • 2 2 3 2 / 2 2 3 2 4 2 


• • • 


and in the hmit 


(2.8.13) 6 W = A lfl = A^-A^+A^-..., 

where 


(2.8.14) P u = 1 , P 2>1 = 2 mf 2 , P 3>1 = 2 mf 2 ™, 2 ,..., 

and the summations are extended over unequal values of m lt m 2 ,... 
other than 1 . This and (2.8.12) give b 1 in terms of the A h . 

We can calculate b 22> 6 33 ,..., and so b 2 , b 3 ,..., similarly. We express 
b 22 in terms of ^4 1>2 , A 22 from the system ( 2 ), then in terms of A 13 , 
A 2t3 , A 33 from ( 2 . 8 . 7 ), and so on. Thus we obtain b 2 \ and we may 
obtain b n similarly by starting from the system ( n ). The results may 
be written 


(2.8.15) 

(2.8.16) 



= ^1 

• • • * * 
= A 1 P ln — A 2 P 2n -\-A 3 P 3n 


y 


y 



33 


2.8] 


SOME HISTORICAL EXAMPLES 


where 

(2.8.17) P hn = 1, = 2 «f 2 , Pin = 2 

and the summations are now extended over unequal m a , m 2 
than 7i. These equations may be simplified because 

Thus (2.8.16) becomes 

(2.8.18) (-l)n-i^ n = 

It is easy to find P hn for all h and n. If we write 

= P x -P^+P^-..., 


• 99 


other 


fr L _ z*\ _ sin 7 tz _ 

\ m 2 ) 7TZ 


then i^ +1 = 7r 5yi /(2A-f' 1 )- , » and the identity 

= P^P^+P^-... 

gives the P hn in terms of the P h . Finally, making these calculations 
and substituting in (2.8.18), we obtain 

{lem •••• 

This completes the first and most complex stage of Fourier’s argument. 

Thus if f{x) = x,A 1 = 1, A 2 ~A 3 ~ ... = 0, we obtain \nb n = (— l) n_1 
and 

x= 2(sina:—£sin2a;-f-£sin 3z—...). 

2.9. Other forms of the coefficients and the series. If we 
remember that A h = (_ 1 )A-i/( 2 A-d (0)> so that 

/( tt ) = irAt-A^..., /» = + 

and rearrange (2.8.19) in powers of n~ 2 , we find that 

(2.9,1) 6 n = (^i)n-iA//(^)_0^ + 0^__ ) 

n 2 ^ n 4 *•*/• 

this series for b n in ^ b n sin nx, and rearranging the result¬ 
ing double series by associating together the terms in /(tt), fin ),..., we 
obtain ' 


(2.9.2) \nf(x) = y (— 1 jy<**>(flr)/sin x —— 

h^o \ 2 


sin 2x sin 3x 


22A+i ' 32A+1 


•••j 1 


Eaoh of these formulae is interesting in itself, and valid under fairly 
wide conditions. J 

4760 
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We shall have more to say about (2.9.2) in Ch. XIII. Here we are 

concerned with Fourier’s further transformations of (2.9.1). He observes 
that 

X(*) 

satisfies the differential equation 

n ~ 2 x"( x )+x( x ) =/(*), 

whose general solution is 

X X 

x( x ) = c cosnx+Dsinnx+namnx j f(t)cosntdt —ncosnx j f(t)sinntdt. 

o 0 

Since/is odd, * is odd and C == *(0) == 0. Hence, putting x = tt, and 
using (2.9.1), we obtain 


TT 


b n = (— l) n 1 — xM = ~ f f(t)smntdt, 

Tin 7 r J 

0 

which is the second formula (2.7.2). Thus at last Fourier has arrived 
at the ordinary formula for the coefficients. 


2.10. The validity of Fourier’s formulae. It would no doubt be 
possible to determine conditions on f(x) sufficient to justify all Fourier’s 
elaborate transformations, but a very careful analysis of his argu¬ 
ment would be required. Here we shall consider two questions only: 
(a) whether (2.9.1) is in fact a correct formula for 6 n , and (b) whether 
the b n actually satisfy (2.8.1). The second question naturally pre¬ 
supposes some definition of the sums of the divergent series involved. 

(1) First, if f(x) is odd and regular along the stretch — tt < x < tt of 
the real axis,f we have, since /(0) = f"( 0) = ... = 0, 

TT 

\nb n = f/(x)sin nx dx = (— 1 ) n ~ 1 tfW _ f"M , , 

o \ n n 3 

+ - ~F 1 +J f i2h+1) (*)°osnx dr), 

0 

by repeated partial integration. Since the last term in the bracket 
is 0(n~ 2h ~ 2 ) for large n, we see that the series (2.9.1) is an asymptotic 
series for b n . 

Next, if |/ (2 /,) (tt)I < CK 2 * (h = 0, 1,...) 

for some C and K , then the series is convergent for n > K. In particular 
this will be true if f(x) is an integral function of order 1 and finite type, 

f This is, of course, a more general hypothesis than Fourier’s: ho assumes that the 
Taylor’s series of J(x) is convergent for |x| < tt. 
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i.e. if \f{x)\ < De L]xl for some D and L. If L < 1, in which case also 
K < l, then the series is convergent for n > I. In these circumstances 
(2.9.1) is true in the ordinary sense. 

We can also prove that the series is summable, under wider condi¬ 
tions, in various senses, but this demands some knowledge of the 

definitions of the sum of a divergent series associated with the name 
of Borel. 

(2) We shall now prove that the equations (2.8.1) are correct if the 
divergent series which they contain are summed by the A method of 

§ 1.3 (2). We again suppose only that/(*) is odd and regular on the stretch 
— 7r ^ x ^ 7r of the real axis. 

Since f(x) is regular for — tt < x < tt, we have 


7T 

b n = ^ J f(x)e™ dx =-l J f(x)e”‘* dx. 

Cl 

where C x is a curve from — tt to tt a little above the real axis. Hence 


2 b rfi hn = j f(x) 2 e nix -^ dx 

Cl 



e ix-S 
1.— g£r-S 



respect to 8 , and 

then replacing the derivative under the integral sign by the correspond¬ 
ing derivative with respect to x, we obtain 


2 n“+i6 n e-8» = . ( ^ J /(*) 

c. 

When S 0, the right-hand side tends to 

r^fdW tf* , /_ 


TT 


/ 


/ 




cot \x dx. 


Ci 

Since f(x) is odd. this is half the same integral round C. a complete 

SCZTl ° rtein in ““ neg “ ive dire “ i "" ; “>• * 


(- 1)*- 1 
2 m 


J / (2A+1, (*)i 


which is accordingly the A sum of T n™+'b Actually th 

~ a by th Ce ^ ro i methods> 2 ^ 

ut the A method is the simplest which will sum all of them. 


t See § 5.4. 
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D. Heaviside s exponential series 

2.11. Heaviside on divergent series. Our last example is one of 
a different kind, since it comes from quite modern times and from the 
work of a man who was not a professional mathematician. 

Heaviside, in the second volume of his Electromagnetic theory 
(London, 1899), has a long chapter on divergent series. He is plainly 
not aware that, at the time when this volume was published, a scientific 
theory of divergent series already existed ;f and his work is always 
unsystematic and often obscure. He does not attempt to develop any¬ 
thing which can be called a ‘theory’ of divergent series, his attitude 
towards them being, at bottom, that of Euler 150 years before: indeed 
Euler had the clearer ideas. But Heaviside, whatever his merits as a 
mathematician, was a man of much talent and originality, and what he 
says (if often irritating to a mathematician) is always interesting. 

It may be advisable to substantiate these assertions by quotations from 
Heaviside’s writings. 

‘I must say a few words on the subject of generalized differentiation and 
divergent series. ... It is not easy to get up any enthusiasm after it has been 
artificially cooled by the wet blankets of rigorists. ... I have been informed that 
I have been the means of stimulating some interest in the subject. Perhaps not 
in England to any extent worth speaking of, but certainly in Paris it is a fact 
that a big prize has been offered lately on the subject of the part played by 
divergent series in analysis. ... I hope the prize-winner will have something 
substantial to say. . . . 

‘In O.P.M.% I have stated the growth of my views about divergent series up 
to that time. ... I have avoided defining the meaning of equivalence. The 
definitions will make themselves in time. . . . My first notion of a series was that 
to have a finite value it must be convergent. ... A divergent series also, of 
course, has an infinite value. Solutions of physical problems must always be in 
finite terms or convergent series, otherwise nonsense is made. . . . 

‘ Then came a partial removal of ignorant blindness. In some physical problems 
divergent series are actually used, notably by Stokes, referring to the divergent 
formula for the oscillating function J n (x). He showed that the error was less than 
the last term included. Now here the terms are alternately positive and negative. 
This seems to give a clue. . . . 

‘There are certainly three kinds of equivalence... .§ Equivalence does not mean 
identity. . . . But the numerical meaning of divergent series still remains obscure. 

f Borel’s memoirs on divergent series were published during the years 1896-9, his 
book in 1901. Poincar6’s theory of asymptotic series dated from 1886. 

X ‘On Operators in Physical Mathematics’: a series of three papers presented to the 
Royal Society during 1892-4 but never printed in full. 

§ Numerical, analytical, algebraical. Heaviside means, of course, that 

1 -\-x-\-x*+... = (1—x) _1 

may mean (a) that 1 -far-f ... converges to (l—*) -1 , (6) that it is a ‘representation’ 
of the function (1 — x)~ l , (c) that it is the result of the algebraical process of ‘ long division’ 
of 1 by l—x. Euler would have said the same. 
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. . . There will have to be a theory of divergent series, or say a larger theory of 
functions than the present, including convergent and divergent series in one 
harmonious whole. . . (Electromagnetic theory , 2, 434—50.) 

The ‘rigorists’ whom Heaviside disliked so much had provided what he asked 
for, even at the time when he wrote. 


2.12. The generalized exponential series. There is one particular 
series which Heaviside uses freely, and which he seems to have been 
the first to use, though it is a special case of one stated many years 
before by Riemann. This is the series 


( 2 . 12 . 1 ) 


00 


S=S(x,c)= ^ 


X 0 -' 


— co 


r(c-r+l)’ 


where x > 0, c is real, and the coefficient is to be taken as 0 if c is an 
integer n and r > n: in this case S reduces to the ordinary exponential 
series. Otherwise S is divergent for all x; but, since it reproduces itself 
when differentiated formally, it is natural to suppose that it should 
have the sum e*, in some sense, for all c. 

We suppose that c is non-integral, B integral, and B > c. Then it 
is easily verified by partial integration, or by differentiation of the 
result, that 

f dt = \—e~ x f _ *~ R+n _ 

T(c-iJ)J ^V{c-R+n+iy 

Hence 



x?~ r 

r(c-r+l) 



tf-R+n 

T{c—R+n+\) 


CO 

X 

say. The sign of Q R is that of —T(c—R), and 




1C* 


< ff(c 


/ 


dt = 


x 


C-R 


| T(c-i?-f 1)1 • 


The signs of the terms in S with r > c alternate in sign. If, for 
example, u R , the last term in S R , is positive, then T(c—B) < 0, 

^ ^ ^ U R> eX < S R < eP+Uft. If u R is negative, then 

e*+u R <S R <e*. 


Thus the senes S represents e* asymptotically in a sense analogous to 
that of § 2.5; its terms, from a certain point on, alternate in sign; and the 
error involved in stopping at any term is of the same sign as, and 
numerically less than, the last term retained. 
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2.13. The series 4> {r) ( x )- Heaviside’s series is a special case of the 
series 


(2.13.1) 


CO 


8 = S(x) = 2 4> {r) (x), 


— 00 


where <f> (r) {z), the rth generalized derivative of <£(:c), is defined for 
r = —s < 0 by 

O X X 

' dt ) * {t) = (^ZTiyr J (*-0*"V(0 dt ■ 

u 0 

and for r == — s-\-N as the iVth differential coefficient of <f> 8 (x ). If (j>{x) 
is a multiple of x°, and c > — 1, then (2.13.1) reduces to (2.12.1). 

If 

(2.13.3) S=(2 + 2 W (r) (*) = 

'r<0 r^O 1 

say, then 

X x 

(2.13.4) 5 (1) = 2{^TT)! J (*-<)*-W)* = | e x -*<Ht)dt 

s>0 o o 

for any integrable <j>. 

Let us assume for simplicity that </>(t) is indefinitely differentiable 
throughout any finite interval of positive t, and that 


CO 


J e-W) 


dt 


is convergent for r — 0, 1,..., in which case e V> (r) (0 -> 0, when t -> oo, for 
r = 0, 1,.... Then 

CO CO 

j dt- j e~'<f> (R+1) (t) dt = e-* 

x x 

by partial integration; and so 

S$ = f 4P>(x) = € x \ c-^(f) eft- fV+ l V)4 

£ 1 } 

Combining this with (2.13.4), we find 


co 


(2.13.5) S R = 2 ^ (r, (a:) = e x ( dt— e* f e-ty <fl+1, (<) dt. 

r=-« j x 

If now ^ (, ' +1) (x)| < Xb+i(*). and x* + i(*) -* for ever y B > when x ^ co > 
then (2.13.5) gives 


CO 


S R = e x J e- ( (f>(t) dt + 0{xn+\( x )} = •4e*+0{x«+i( a O}» 


0 


and in this sense S is an asymptotic series for Ae x . 
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2.14. The generalized binomial series. Heaviside has also a 
‘generalized binomial series’, viz. 

^ . Hn+l) 

(2.14.1.) (1+X) n - 2 *" m r(TO-«+l)r(»+s-m+l)’ 


8 — — CO 


where m and n are not usually integral. This series, unlike the 
exponential series, appears explicitly in Riemann’s earlier work. 

If m and n are integral and n positive, then (2.14.1) reduces to the 
elementary binomial theorem; if m only is integral, to the ordinary 
infinite series, 



/gn-m+s 


r<*+i) 

r ( m—s -f- 1) r (n -}- s—m +1) 


V T(n+1) 

^ F(r+l)r(n—r-f1)’ 


which converges to x n (l+x -1 ) n = (l-fa;) n if |a:| > 1. Generally the 
series is infinite at both ends, and convergent at one end, divergent 
at the other, according to the value of x. 

If we separate the positive and negative values of s, and write the 
two resulting series at length in the notation usual for hypergeometric 
series, we obtain 


(2.14.2) 


F(m-f-1 )T(n—m-f-1) 

T(n+1) 


z m - n (l-fa;) n 


= ^(1,—m,n—m+l,— x)F (1, ~ n-fm+l.m+2, — 

(m-\-l)x \ x) 

If, for example, 0 < x < 1, then the first series on the right is con¬ 
vergent; the second is divergent, but summable in various ways, and 
represents the analytic continuation of the function which it defines 
when convergent. The formula may be proved directly or deduced 
from known theorems concerning the relations between different hyper- 
geometric functions. 


NOTES ON CHAPTER II 

§ 2.2. Euler, ‘Remarques sur un beau rapport entre les series des puissances 
tant directes que r6ciproques’, Histoire de VAcadbnie des Sciences et Belles-lettres 
(M6moires de 1 ’Academic ), 17 (Berlin, 1768), 83-106 [Opera (I), 16, 70-91]. The 
volume covers the year 1761, and the paper had been read in 1749. 

Cahen, AEN (3), 11 (1894), 76-164 (75-6), seems to have been the first modem 
VT-iter to call attention to Euler’s paper. Landau, Bibliotheca Math . (3), 7 (1906), 
9-79, gives a full account of it, with the appropriate references to other writers. 
It seems that no one before Riemann (1859) gave a satisfactory proof of (2.2.2), but 
that Schlomilch had stated (2.2.7) in 1849 and proved it in 1868. The standard 
proofs of (2.2.2) are given in Landau, Handbuch, 281-98: see also Ingham, 41-8, 
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Whittaker and Watson, 268-9. Many other proofs have been given by other 
writers. 


§ 2.3. For (2.3.2) see, e.g., Bromwich, 298. 

§ 2.4. Euler’s discussions of the series (2.4.1) seem to have begun in his corre¬ 
spondence with N. Bernoulli: see in particular Opera (I), 14, 585. Other references 
will be found in Reiff’s book quoted in the note on § 1.3. The summability of the 
series by various methods is discussed by Hardy, POPS, 37 (1941), 1-8: see § 8.11. 

There is a systematic account of the theory of lie _z in Nielsen, Theorie dee 
Integral-logarithmus und verwandter Tran&zenderUen (Leipzig, 1906). 

§ 2.5. Poincare’s memoir was published in AM, 8 (1886), 295-344. There are 
accounts of the theory of asymptotic series in Borel, ch. 1 ; Bromwich, ch. 12; 
Knopp, ch. 14; and Ford, Studies. 

For the theorems of Watson and Carleman see Watson, PTRS(A), 211 (1912), 
279-313; Carleman, Les fonctions quasi-analytiques (Paris, 1926); and § 8.11. 

§ 2.6. Lacroix, Traite du calcul , 3, ed. 2 (Paris, 1819), 346-8; Bromwich, 336. 

§ 2.7. There are short accounts of the relevant parts of the theory of Fourier 
series in Hardy and Rogosinski and in other books there referred to, and a very 
full one in Zygmund. 

The fullest account of the early history of the formulae (2.7.2) is that in 
Burkhardt’s Enzyklopadie article quoted under § 1.3. 

§ 2.8. Fourier, ThAorie analytique de la chaleur, ed. 2 (Paris, 1822), 187 et seq. 
(reprinted in vol. 1 of his (Euvres ). There are short accounts of Fourier’s analysis 
in F. Riesz, Les systemes d'iquations lineaires d une infinite d'inconnues (Paris, 
1913), ch. 1, and Hardy, Annals, 36 (1935), 167-81; but both are condensed, and 
neither author quite does justice to Fourier. 

Dr. Bosanquet observes (1) that it is at any rate doubtful whether it is always 
possible, under Fourier’s conditions, to choose Af,, r so as to satisfy (2.8.8) and 
A htT —>■ A h ; (2) that we can deduce directly from (2.8.5) that 


*n = l- ' m = 1 ’ 




where the dash implies the omission of the value m = n, EA htf = A^^, and 

P £n =I - P i r .n = 2>r 2m ^ 2 - m /T-l (*>!)• 

the summation extending over unequal to,, to,,... from 1 to r other than n. If 
we then make r —*■ oo, and suppose that A}, tT —> A h , we obtain (2.8.16) without 
using the special relations (2.8.6)-(2.8.12). 

§2.10(2). The argument here may be generalized: see Hardy, l.c. under §2.8, 
172. Very general theorems concerning the Ces&ro summability of derived series 
of Fourier series, of which the series considered here are special examples, were 
proved by W. H. Young, PLMS (2), 17 (1918), 195-236. Still more general 
results, and full references, will be found in Zygmund, 257 et seq, and in Bosan¬ 
quet, PLMS (2), 46 (1940), 270-89. 

§ 2.12. Heaviside’s exponential series, and the generalized binomial series of 
§ 2.14, are both special cases of a generalized form of Taylor’s series which occurs 
on p. 335 of Riemann’s posthumous fragment ‘Versuch einer allgemeinen Auf- 
fassung der Integration und Differentiation’ ( Werke , 331—44). Riemann s expan¬ 
sion is 


f{x + h) = ^ 


h m+r 


r(TO + r+l) 


D m + r f(x), 



Notes] 
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where r is fixed, and in general non-integral, m runs from — co to co, and D m+r is 
a symbol of generalized differentiation. Riemann does not write down the 
exponential series explicitly, and makes no attempt at a rigorous discussion. For 

this see Hardy, JLMS, 20 (1945), 48-57. 

The fragment is taken from a manuscript dated 14 Jan. 1847, when Riemann 
was a student. As the editors (Dedekind and Weber) remark, it was never 
intended for publication; but it contains the first definition of ‘Riemann-Liouville’ 
integrals, and no doubt marks the beginning of Riemann’s work on hyper- 

geometric series. 

The asymptotic character of the series (2.12.1) was proved by Barnes, TOPS, 
20 (1908), 253-79. Barnes’s proof is valid for complex x with |argx| < tt. 

§ 2.13. P61ya has proved that if the series (2.13.1) is convergent for any x for 
which <f>{x) is regular, then (f>{x) is an integral function, and the series is uniformly 
convergent in any bounded region of x (so that its sum is necessarily a multiple 
of e*). See P61ya and Szego, 1, 133 and 314. 

Hardy, l.c. under §2.8, discusses the summability of (2.13.1) by methods 
of Borel’s type. 

§ 2.14. The binomial series occurs, as formula (3), on p. 336 of Riemann *s 
fragment. He comments on its failure for negative integral n. 

The formula (2.14.2) occurs, for example, in Barnes, PLMS (2), 6 (1908), 
141-77 (146, formula I). It may be proved directly by integrating 

round an appropriate contour. 
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3.1. Generalities concerning linear transformations. The 
theory of divergent series is concerned with generalizations of the notion 
of the limit of a sequence (s n ), which are usually effected by an auxiliary 
sequence of linear means of s n . Thus in § 1.3 we defined the (C, 1) limit 
of (s n ), or the (C, 1) sum of ]£ a n , as the limit of 


(3.1.1) 



*0 + ^ 1 + — + *: 
m-f-1 


when m ->oo; and the A limit of ( s n ), or the A sum of 2 a n> as the 
limit of 

(3.1.2) t(x) = 2 a n x n = 2 ^ n (!— x)s n 

when x -> 1 through values less than 1. In each case the auxiliary 
means are of the form 


(3.1.3) t m — ^ £/n,n 1> 2>...) 

or 

(3.1.4) t(x) = 2 C n(^) 5 n> 

where x is a continuous parameter, f Thus in (3.1.1) 

c m>n = (m+1)" 1 (0 < n < m), c^ = 0 (n > m), 

and in (3.1.2) c n (x ) = x T ‘(l— x). In one case they depend on an integral 
parameter m, in the other on a continuous parameter x; but, as we shall 
see, this distinction is not very important. For the moment we consider 
means of the type (3.1.3). 

We call the system of equations (3.1.3), which we may write shortly as 

(3.1.5) t = T(s), 

a linear transformation T; t m the transform of s n by T; and the matrix 

|T| = (c^ n ), 

in which c„ „ is the element in the mth row and nth column, the matrix 

Til f 7* 

of T. 

■f Summations are over 0, 1, 2,... when there is no indication to the contrary. The 
variable of summation will not bo shown explicitly unless this is necessary to avoid 
ambiguity: it is obvious, for example, that in (3.1.3) and (3.1.4) the summation must 
be with respect to n, so that, for example, 2 c m>n means 
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3.2. Regular transformations. The most important transforma¬ 
tions are regular. We say that T is regular if 

(3.2.1) ( m -*°°) 
whenever 

( 3 . 2 . 2 ) s n^ s (n-><*>)■ 

We regard the first assertion as including that of the existence of t m 
for every m, i.e. the convergence of all the series (3.1.3). Thus, after 
Cauchy’s theorem quoted in § 1.4, the transformation (3.1.1) is regular. 

There is an important 'theorem, due to Toeplitz and Schur, which 
states necessary and sufficient conditions for the regularity of T. We 
prove this theorem (Theorem 2) in §3.3: it is convenient to associate 
it with two other theorems of a similar character concerning different 
classes of transformations. We call the class of linear transformations 
%, the class of regular transformations X r . The class X c is the class 
of transformations which transform all convergent sequences into con¬ 
vergent sequences, i.e. transformations such that the convergence of s n 
to s implies the convergence of t m to some limit t. Thus X r is the subclass 
of X c in which t is necessarily the same as s. The class X* is the class of 
transformations which convert all bounded sequences into convergent 
sequences, i.e. transformations such that s n = 0(1) implies t m -+t. It 
is plain that X* is also a subclass of X c \ but X* and X r are, as we shall 
see, mutually exclusive. We shall prove the following three theorems. 

Theorem 1. In order that T should belong to X c> it is necessary and 
sufficient (i) that 

(3.2.3) Ytn = I |Cm,nl < H, 
where U is independent of m; (ii) that 

(3-2-4) Cm , n -> S n , 

for each n , when m -> oo ; (iii) that 


(3-2-5) c m = 2 - s 

when 7?i -> oo. In these circumstances 2 8 n is absolutely convergent , and 

(3.2.6) t m ^t = S8+ 2 = S(8- 2 SJ+ 2 

when m -> oo, whenever s n -> s . 

Here, of course, the limits 8 n and S are finite. 

Theorem 2. In order that T should belong to X r (i.e. that T should be 
regular ), it is necessary and sufficient that the conditions of Theorem 1 
should be satiffied 7 that 8 n = 0 for each n t and that 8=1. 
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Theorem 3. In order that T should belong to %*, it is necessary and 
sufficient that c m n -> 8 n for each n, i.e. that the second condition of Theorem 
1 should be satisfied , and that the series 2 !<=«,„ I should converge uniformly 
in m. In these circumstances the first and third conditions of Theorem 1 
are necessarily satisfied , 2 S n = 8, and 



for all bounded sequences (<s n ). 


2 8 n 


3.3. Proof of Theorems 1 and 2. (1) We prove first that the 

conditions of Theorem 1 are sufficient. Since s n -+ s, s n is bounded, 
and it follows from (3.2.3) that all the series (3.1.3) are absolutely 
convergent. 

Next, the series (3.2.5) are absolutely convergent. Also, by (3.2.4), 

2 l 8 nl = lim£ |Cm,nl < H 
0 m —ko o 

for every N, so that 

(3-3.1) 2 l*»l 

Thus 2 8 n> 2 8 n s n> an ^ the other series in (3.2.6) are absolutely con¬ 
vergent. 

Suppose first that 5 = 0. Then we can choose N = N(e) so that 


(3.3.2) 

Now 


5 n | < c/4 H (n > N). 


t m -2Ks n = 2 (c m , n ~KK = 2 (Cm.n -KK+jZ(c^n-KK = u+v. 


00 


say. Here 


|F| <4^2, (l C m,nl + |8 nl)<K 

N + l 


by (3.2.3), (3.3.1), and (3.3.2); and U 0 when N is fixed and m->co 
by (3.2.4), so that \U\ < Jc for m ^ M{e,N) = M(e). Hence 


I t m— 2 8 n S n\ < € 

for m > M(e), and t m -^ 2 s n . Thus the conditions (3.2.3) and (3.2.4), 
without (3.2.5), are sufficient when 5 = 0. 

In the general case we write 

s n — s n S > ~ 2 C m,n S n • 

Then s' n -> 0 and therefore 

C-*2 S n*n- 

Hence, now using (3.2.5), 

= 2 c m, n (*n + «) = C+SC m -> 2 8 n*'n + 8 'S = s( 8 “ 2 8 J + 2 8 » s n = <• 

Thus the conditions of the theorem are sufficient in any case. 
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( 2 ) We have now to prove the conditions necessary. We suppose that 
T belongs to % c . 

(а) Take s* = 1 , = 0 when n =£ k, so that s n -> 0. Then t m = c^ 

and therefore c^ tends to a limit 8 k when m->oo. Thus (3.2.4) is a 
necessary condition. 

( б ) Take $ n = 1 for all n, so that s n -> 1. Then 



and therefore c m tends to a limit 8 . Thus (3.2.5) is necessary. 

(c) It remains to prove (3.2.3) necessary. This is the main point of 
the theorem. 

First, y m is finite for every m. For if y m = oo we can choose (e n ) so 
that 

e„>0. 5>nl<wl =«>-t 

If then we take s n — e n sgn c^ n , we have 3 n -> 0 and 

l m =2«n|c m .nl = «. 

in contradiction to our hypotheses. 

Thus y m is finite for every m, and we have to prove y m bounded. 
If not then, given O, we can find an m such that y m > O. We write 


(3-3-3) Ym.n = 2 KJ, (3.3.4) d n = ± |SJ. 

*'“0 v=0 

We know already that y^ -> y m when n -+ oo, and that c^ v ->■ 8 V (so 
that y^ n d n ) when m->co. 

Starting from an arbitrary n ly we construct two increasing sequences 

%, m 2i m 3> ... and n 2) n 3 ,.... We suppose that m lt m 2> ..., m r _ ly n Xi 

***>•••» have been determined already, and choose m r and n r+1 as 

follows. Since y m > Q for any O and some m, we can choose m r > m r , 
so that 

( 3 3 - 5 ) Ym, = I, Ic^nl > 2ro!„ r +r ! +2r+2. 

SiDCe |lVnl^||8„|=d„ r 

when m~>oo, we can suppose also that 


(3.3.6) 




t For example, we may, with Abel, take c B = ( % |c w jY"\ where is 

w * 0. ymmN 


the first 
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Since y mr Tl -> y^ when n oo, we can then choose n r+1 > n r so that 

< 3 - 3 ' 7 ) Ymr Ym r> n r+ \ = 2 IWl < l - 

Tlr + l + 1 

It then follows from (3.3.5)-(3.3.7) that 

( 3 - 3 - 8 ) 2 \ c m r .n I > <, r +r 2 +2r. 

n=n,+1 

We now take 

5 n = 0 (n < Wj), 5 n = r -1 sgn c mr Jl (n r < n < n r+1 ) 

for r = 1, 2,.... Then |s n | < 1, s n -> 0, and 

J n r +1 n, CO 

l^mj ^ ~ ^ I l c m r ,nl 

«r + l 0 nr+i + 1 

> = r. 

Hence -> oo when m-> oo through the sequence (m r ), and T is not 
a transformation of X c . The contradiction completes the proof of 
Theorem 1. 

The only point of the proof which presents difficulty is that of the necessity 
of the condition (3.2.3). This may be elucidated as follows. Suppose that we 
wished to prove (3.2.3) a necessary condition for the truth of the implication 

Kl <K-»\t m \ < HK , 

a theorem about uniform boundedness instead of about convergence. We should 
take a fixed m and define s n by s n = Ksgnc m>n . Then 

*m = K- 2 l c m.n| = ^Ym' 

and (3.2.3) follows. The proof of Theorem 1 depends (at the critical point) on 
a combination of this device with the use of‘rapidly increasing’ sequences. Such 
proofs are common, for example, in the theory of the ‘convergence defects’ of 
Fourier series. 

It is now easy to prove Theorem 2. First, the conditions are 
sufficient because they include those of Theorem 1, so that 

t m ->t = 8s+ J 8 n( s n— s ) = 5 - 

Secondly, the proof of their necessity is the same: the proof of (3.2.3), 
indeed, is a little simplified because 8 n = 0 and so d n = 0. 

3.4. Proof of Theorem 3. If the conditions of Theorem 3 are 
satisfied, and 8 n is bounded, then 2 c m,n> 2 c m,n s n are uniformly con¬ 
vergent. Hence 

lim t m = lim 2 C m,n S n = 2 ( limc m,n) 5 n = 2 S n s n 

when m->oo, and the conditions are sufficient. In particular, taking 
* n = 1( 8 = lim 2 <W = 2 S »- 
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The conditions (3.2.4) and (3.2.5), being necessary in Theorem 1, 
are a fortiori necessary here. It remains to prove that 

(3.4.1) Ym = 2 km.nl 

(which is certainly bounded) must be uniformly convergent. 

We show first that it is sufficient to prove this in the special case in 
which S n = 0 for every n. If T belongs to X* it belongs to X c , so that 
2 I s -1 < oo. The equations 

4 = 2 ( C m,n- S >» = 2 c m.n 

define a transformation T' for which c' m n -> 0 when ra oo. If T belongs 
to X* and s n = 0(1), then t m t and 


ijn t 2 ^n s n> 

so that T' also belongs to X*. Hence, if the conclusion has been estab¬ 
lished in the special case, £ |<4,„| is uniformly convergent, and therefore 
2 \ c m,n\ = 2 \ c 'm.n + K I is uniformly convergent. 

We observe next that the condition of uniform convergence may be 
stated in a different form by use of (3.2.4). If (3.4.1) is uniformly con¬ 
vergent then 

< 3 - 4 - 2 ) Vm = 2l<Wl^2|S n |; 


and the converse is also true, by a well-known theorem of Dini, because 
\ c m,n\ ^ O.f Thus we may replace the condition of uniform convergence 
by (3.4.2); and, in the special case which it is sufficient to consider, this 
condition reduces to 

(3 - 4 - 3) ym = 2 km.nl 0. 

t The substance of the theorem, at any rate, is Dini’s, but he stated it in a rather 
dmerent form {for uniform convergence over an interval of values of a continuous 
variable) It may therefore be advisable to insert an explicit proof of what is actually 

zr“:^ viz - that if um - > °’ ^ ^-- »■ 2 **.« s - 

2 «m.n - 2 U n 

when m-+ co, then £ u m>n converges uniformly in m. 

In fact 

r| i UmM = (f “'”•’*“1 C7n ) + J¥ ? 1 C/ " _ f v «) = P+Q+R. 


N+l 

say, so that 


N +1 

0 < 1^*1 + |4?1 + |-R|. 


CD 


that 8 LP| t ^ fc when we can choose 

) so that |R| < c and |J*| < * form > M(e). Thus 

(a) 00 

° < 3e 

whmtfw*^ > ^^r c fl < i’“ dt w e r5 orB ^ ince “ n '" > ° )form> But 

and# ^ N (*\ ft nH fU C 0086 ^ 80 that ( a ) ie also true for 0 < m < A/(<) 

" > and therefore true for N > N l(e ) and all m. 
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We have therefore to prove that (3.4.3) is a necessary condition for 
a transformation T, with S n = 0, to belong to £*. 

If (3.4.3) is false, there is a number y > 0, and a sequence (ra (,) ), such 
that 

(3-4.4) y m = J ICm.nl -*y 

when m = and i ->oo. We shall then define a bounded sequence 
(s n ) such that t m does not tend to a limit when m-> co through (m (1) ). 

We construct increasing sequences ( m r ) and (n r ), the first a subse¬ 
quence of (ra (l) ), as follows. Suppose that m ly m 2 ,..., m r _ ly and n 1} n 2 ,..., n r 
have been determined. Since y m -> y and c m ^ n ->■ 0 when ra oo, we can 
choose an m r > m M , in (77i (f) ), so that 

(3.4.5) \vm-V I < 2- r , (3.4.6) | |c„| < 2- 

Since 2 l^nl convergent, we can then choose n r+1 > n T so that 
(3.4.7) f 1^1 < 2 -r ; 

rir + l + l 

and it follows from (3.4.4)-(3.4.7) that 


(3.4.8) 


"r + l 

2 \^mr,n I y 

rtr + 1 


< 3.2 -r . 


We now define by 
(3.4.9) = 0 (n < nj), 


«„ = (— l) r sgn Cm ^„ (to, < to < TO r+1 ) 


forr = 1, 2,.... Then |s n | < 1, and 


(3.4.10) 


by (3.4.6) and (3.4.7). Also 


nr 


00 

2 ^ rrb t n 

0 

< 2- r , 

2 ^TTlr.n s n 
n, + i + l 


< 2 -r , 


n r4-l ^4-1 

2 C /n„n 5 n = (“*) r Z l C mr,n 
n r +1 «r + l 


by (3.4.9); and so 
(3.4.11) 


W>*n-(-i) r r 

n, +1 


< 3.2 _r 


by (3.4.8). Finally, by (3.4.10) and (3.4.11), 

and therefore t mr does not tend to a limit. This completes the proof 
of Theorem 3. 
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3.5. Variants and analogues. There are many variants of the 
theorems of §3.2, which we shall not attempt to enumerate systema¬ 
tically. We mention only a few which will be useful to us later. 

(1) The first concerns sequences which tend to zero. 

Theorem 4. In order that s n —> 0 should imply t m -> 0, it is necessary 
and sufficient that condition (3.2.3) of Theorem 1 should be satisfied and 
that c^ should tend to 0 for each n. 

The sufficiency of the conditions follows from the argument of § 3.3 (1), 
with S„ = 0 and 5=0. In this case the condition that c m should tend 
to a limit is not wanted. The argument of§ 3.3 (2), (a) and (c), also shows 
that the two conditions retained are necessary, but that of (6) is 
inapplicable. 

(2) There are analogues in which m is replaced by a continuous 
parameter x. Thus the analogue of Theorem 2 is 

Theorem 5. Suppose that x is a continuous parameter which tends to 
infinity , and that 

( 3 * 61 ) *( X ) = 2 C n (*)5 n . 

Then the conditions (i) that 2 |c n (x)| should be convergent for x ^ 0, and 

( 3 - 5 - 2 ) 2W*)I <#> 

where H is independent of x, for x > x 0 ; (ii) that 
(3.5.3) c n ( x ) 

when x -> go, for every n ; and (iii) that 

( 3 -6.4) J c nW “> 1, 

when x -> co; are necessary and sufficient that t{x) should be defined by 
(3.5.1 ) for x ^ 0, and tend to s when x oo, whenever s n -> s. 

In this case also we call the transformation T defined by t(x) regular. 

The theorem may be proved by an argument like that of §3.3. But 

it is a corollary of Theorem 2. For, first, the conditions ensure that 

t(x) -+ 5 when z co through any sequence (x m ) tending to oo, and so 

generally. Secondly, if condition (i) is not satisfied, then either the 
series 2 c n (x m ) diverges for some x m ^ 0, or 

^ZKn\ = ^2\c n (x m )\=oo 

when x->oo through some sequence (x m ) tending to oo. But then, by 
iheorem 2, there are sequences (s n ) for which s n tends to s and 

t( x m) = 2 C m,n S n 

S 


4780 
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is either not defined for some x m or does not tend to s. This proves 
the necessity of (3.5.2), and that of (3.5.3) and (3.5.4) is obvious. 

There are obviously similar theorems in which x tends to a finite limit 
a (or a+0ora-0). These are derivable by trivial transformations, and 
we shall regard them as included in Theorem 5. There is also an 
analogue of Theorem 4 with a continuous parameter x, which we do 
not state explicitly. 

(3) There are similar theorems concerning integral transformations 


(3.5.5) 


t{x) = J c{x,y)s(y)dy;-f 


but they are a little less symmetrical, since the kernel c(x, y) may behave 
in a more complex way for finite x and y than a function of integral 
variables. We therefore confine ourselves here to the statement of 
sufficient conditions (which are all that we shall actually need), and 
suppose s(y) bounded for all y. 


Theorem 6. In order that 


(3.5.6) s{y)^s {y ->oo) 

should imply 

(3.5.7) <(x)->5 (x-+co) 

for every bounded s(y), it is sufficient that 

(3.5.8) J \c(x,y) \ dy < H, 

where H is independent of x, that 

Y 

(3.6.9) J \c(x,y) \ dy-> 0 

o 

when x -> oo, for every finite Y, and that 


J c(x, y) dy 


(3.6.10) 
when x co. 

The proof is like the sufficiency proof in § 3.3. We suppose first that 
5 = 0. Then 


OO 


t(x) = J c(x, y)s(y) dy -f J c(x,y)s(y) dy = U+V 


t Integrations are over (0, oo) unless the contrary is indicated. The integral (3.5.5) is 
defined, in general, as 

lim f c{x,y)s{y) dy ; 

Y-*o o 

but in Theorem 6 it is absolutely convergent. 
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say. We can choose Y so that |«s(y)| < e/2 U for y > Y, when 

GO 

1^1 < ^ J \c(x,y )| dy < Je; 

F 

and U -* 0 when T is fixed and x -> oo. Hence /(a:) -> 0 . We then pass 
to the general case by replacing s{y) by s x {y) = s(y)—s. 

The transformation (3.5.5) includes those considered before as special cases. 
If s(rj) = a„, c(x, y) — c n (x) for n < y < n+ 1, then t{x) = £ c n (a:).s n , the trans¬ 
formation of Theorem 5. If we then restrict x to integral values m , we obtain 
that of Theorem 2. 

The form of (3.5.9) is not quite parallel to that of (3.2.4) with 8 n = 0. The 
parallelism would be restored if we wrote the latter condition, as we might, in 
the form 

2 \ c m.A -> o. 

(4) We may also frame theorems in terms of series instead of 
sequences. There are two in particular which are familiar in elementary 
analysis,! and concern transformations of the classes % c and $*. 

Theorem 7. In order that 2 Xn a n should be convergent whenever 2 a n 
is convergent, it is necessary and sufficient that 

(3.5.11) 2 |A Xn\ = 2 lXn — Xn+l\ < 00. 

Theorem 8. In order that J ^ n a„ should be convergent whenever 

s n = a o+a 1 +~'+a n is bounded , it is necessary and sufficient that (3.5.11) 
should be satisfied and that Xn should tend to zero. 

If t m is the partial sum of 2 Xn a n > then 

™ 7n —1 

tm== T Xn a n= 2 (Xn~Xn+l)S n + Xm S m> 

so that 


c nun ~ &Xn (0 < n < m), 

and 
(3.5.12) 


Xm [n = m). 


0 {n > m). 


m — l 

ym= 2 lAXnl + IXml- 


We have to show that, for this t m , the conditions of Theorems 7 and 8 
reduce to those of Theorems 1 and 3 respectively 

It is piain from (3.5.12) that (3.2.3) implies (3.5.11). Conversely, if 

ihm ITS , 6n ? ( **-**«> iS conver S ent > so that * n tends to 

Thus (3 5 m ^ ’ aUd th6n (3 ' 2 ’ 3) foUows from (3.5.12). 

xnus (o.o.ll) is equivalent to ( 3 . 2 . 3 ). 1 

t So far as the sufficiency of their conditions is concerned. 
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Next, c m>n = A* n for m > n, so that c m>n -> A* n = S n when m-> co; 
and 

m —1 

2 (Xn PCn+l ) - ^ - Xm == Xo = 

0 

Thus the conditions (3.2.4) and (3.2.5) are satisfied without further 
restriction on * n . This proves Theorem 7.- 

The additional condition for Theorem 8 is, by Theorem 3, that 2 i c m, n I 
should be uniformly convergent, and this, as we saw in § 3.4, is equivalent 

t0 2fc*>,l-2l8 n |. 

But here this is iVx„l + |*J -* f |A X „|, 

0 0 

i e. 2 I A*, | < oo together with x n 0. This completes the proof of 
Theorem 8. 

We can naturally prove Theorems 7 and 8 directly without appealing 
to the more difficult theorems from which we have deduced them here. 

(5) We conclude this section with the observation that the classes 
X r and X*, both subclasses of X c , are mutually exclusive. If T belongs 
to X* then 2 l c m,nl» a ud a fortiori 2 c m,n> is uniformly convergent, so 
that 

2 8 n = 2 = lim 2 c m,n = limc m = §• 

But this is impossible when T is regular, since then 8 n = 0 for all n 
and 8=1. 


3.6. Positive transformations. In this section we shall be con¬ 
cerned exclusively with regular transformations. There is one parti¬ 
cularly important subclass of such transformations, in which 


(3.6.1) Cm>n ^ 0 

for all m, n or at any rate for n ^ n 0 . We call such a transformation 
a positive (regular) transformation. 

If T is regular then c m ^ n —> 0, when m -> co, for every n , so that the 
c m n with n < n 0 do not affect the behaviour of t m for large m. It is 
therefore of little importance whether we suppose c m n ^ 0 for all m 
and n or only for n > n 0 . 


Theorem 9. If T is regular and positive , and s n real, then 


(3.6.2) 


lims n < lim t m < lim t m < lim 5, 

m-*x> 


n-*co 


7n—+*n 


n-xx) 


for any (s n ). In particular s n -> s implies t m -> s for finite or infinite s. 
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If lims n = a is finite, then s n > <7— e for n ^ N = N(e). We may 
suppose N > ?i 0 , and then, by (3.6.1), either t m = co or 

N co N °o 

t m = 2 e„ S »+ 2 C m,n*n > 2 c m, n«n + ("-«) 2 c m,n- 

0 JV + 1 0 iV + l 

The first term on the right tends to 0 when m -> co, and the second to 

a—e, so that t m > cr— 2e for sufficiently large m. Hence 



The proof of the last inequality (3.6.2), when lim,s n is finite, is similar. 

If hm<9 n =oo (so that <s n ->oo), then s n > G for any G and 
n > N = N(G) > n 0 ; and either t m = oo or t m > \G for sufficiently 
large m, so that t m ->co. The case in which lims n = —oo is similar. 

The last clause of Theorem 9 suggests a further interesting problem 
concerning real transformations. We may say, as in § 1.4, that a real 
transformation T is totally regular if s n -+ s implies t m -+ s for all finite 
or infinite s. The conditions of Theorem 2 must then be satisfied, and 
it is natural to ask for additional conditions necessary and sufficient 
for total regularity. The general conditions are rather complex, and 
we confine our attention to ‘triangular’ transformations 

m 

< 3 - 6 ' 3 ) <m = 2 c m,n*n 

0 

in which c m . n = 0 for n > m. 

Theorem 10. In order that a real transformation (3.6.3) should he 
totally regular , it is necessary and sufficient that it should be regular and 
positive. 

After Theorem 9, we have only to prove that, if T is totally regular, 
then c m n > 0 for n ^ n 0 . 

If the condition is not satisfied, there are negative c m>n with arbitrarily 

large n and, since c^ n = 0 when n > m, also with arbitrarily large m. 

There is therefore a sequence (mj of m such that (1) Cmun < 0 for some 

n * (2) if n m{ is the rank of the last such Cm<>n , then n ^ ^ m. and tends 
to infinity with 

In what follows we consider only values of m in (m,), and write m 
simply for To;. Starting with an arbitrary m v we define sequences (m r ) f 

and ( s n ) as follows. Suppose that we have determined w,, m 2 . m 

the corresponding values of n m , and those of for n < m r ' Since 

t (wi f ) is naturally a subsequence of what we first called (m*). 
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n m ^ m, n m tends to infinity with m, and c m n -> 0 for each n when 
77i —> co, we can choose m r+1 so that m r+1 > w mr+1 > m r and 


TMr 

2 = 


m r + i,n 


< 1. 


This defines (m r ) by recurrence; and we then define s n , for m r < n < m r+1 , 

by 


= 71 (77l r < 71 < 7» r+1> 71 ^ 71* ), 


*n = 


m 


r+l 


Then s n -> oo (since |c 


m,n 


< H), but 


l C 77», + i.”m r + J 


(" = 


7Tlr ^7lr + l 

^m, + i = X C m r + i,n 2 c m, + i,7i 5 n 

0 771,4-1 

771,+1 

< 1+Wr+i 2 < l + Hm r+l- m2 r + V 

77lr+ 1 

Hence -> —oo when m = m r and r-> oo, and T is not totally regular. 

The following examples may help the reader to appreciate the various 
possibilities. 

(i) The transformation in which c m>m = 2, c m>m+1 = —1, and c m , n = 0 other¬ 
wise, is regular but not totally regular. Thus if s n = 2 n , t m = 0 for all m. 
If 8 n = 3 n , then s n co but t m ->■ — oo. 

(ii) The transformation 

‘2 m— 1 

*" = ^TT ( ® 0+Sl + - +,, "- l)_ iMn am ' 

which is of type (3.6.3), is regular but not totally regular; for if s n = n+ 1. then 
8 n -> co but = 1 for all m. 

(iii) The transformation defined by the matrix 


( 1 — 2 -1 2 _a 2 -3 
0 1 - 2 -’ 2 -3 
0 0 1 - 2" 3 

0 0 0 1 

• ••••• 



is totally regular. The conditions of Theorem 2 are satisfied, and 

t m = S m — 2 -m-1 * m+1 + 2 -m-2 5 m+ 2 + 2 -m-3 5 m+ 3 + .... 

If Sn oo, then there are two possibilities. If 2 2 -n s n is divergent, then t m = oo 
for all m. If 2 2 -n s n is convergent, then 2“ m ~ 1 « m+1 = o(l) and t m > « m —o(l) co. 

3.7. Knopp’s kernel theorem. There is an interesting generaliza¬ 
tion of Theorem 9 for complex sequences, due to Knopp. We follow 
Knopp in stating it for the general integral transformation (3.5.5). 

We call the transformation positive if c(x,y) > 0 for all x, y. f The 
conditions of Theorem 6 then reduce to 
(a) c(x) = J c(x, y) dy 

f The condition strictly parallel to that of § 3.6 would be l c{x , y) > 0 for y ^ Y . 
We take Y = 0 to avoid minor complications. 
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when z->oo, for every finite Y. We shall suppose throughout that 
these conditions are satisfied, and call such a transformation normal. 

We state our results in terms of the complex plane w = u-\-iv with 
a single point w = oo at infinity. Given any set S of points w 
(w oo), we define the least closed convex region K including S (the 
‘convex cover’ of S) as follows. If there is no closed half-plane including 
S, then K is the whole plane, including oo. If there are such half-planes, 
then K is their common part. We count oo in K when S is unbounded 
but not when it is bounded: in any case K is closed. Thus if £ is a single 
point, K is that point; if S consists of two points, K is the straight 
segment joining them; if S is the real axis, K is the real axis with the 
point oo ; if S is the real and imaginary axes, K is the entire plane. 

Suppose now that s{y) = u+iv is a complex function of the real 
variable y> defined for y > 0 and bounded in any finite interval (0, Y). 
We define K(s y y Q ) as the least closed convex region K including all values 
of s(y) for y ^ y 0 : thus K{s, y 2 ) is included in K{s y y x ) if y 2 > y v Finally, 
we define K(s), the kernel of s(y), as the common part of all K(s,y); 
and K(t), the kernel of t(x), similarly. 

If 8 (y) tends to a finite limit a when y -» oo, K(s) is the point a. If s(y) 
is real, K(s) is the stretch lim s(y), lim<s(y) of the real axis, together 
with the point oo if either lim,s(y) = — co or lim s(y) = oo. In any case 
K(s) cannot be empty, since it is the limit of a decreasing sequence of 
non-empty closed sets; but it may consist of the single point oo. 

If K(s) is the single point oo, we say that s(y) diverges to co. When 

8{y) is real, this implies that s(y) ^co or s(y) -> -oo. The definition 

gives an appropriate generalization of the notion of‘proper divergence’ 
for complex functions. 

We can now state Knopp’s theorem. 

Theorem 11. If the transformation (3.5.5) is normal, and, t(x) exists 
for x ^ 0, then K(t) is included in K(s). 

In particular this is true, with the obvious modifications in the 
definitions, for a regular and positive transformation (3.1.3). 

We may assume that K(s) is not the entire plane, since in that case 
here is nothing to prove. Thus what we have to prove is that any 
pomt w outside K(s) is also outside K(t). If w is outside K{s), it is 
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outside K{s,y 0 ) for some y 0 . Thus we have to prove that if w is outside 
K(s, y 0 ), it is outside K{t , xf) for some x Q . We must distinguish two cases. 

(1) Suppose that w ^ co. We may then suppose (making a transla¬ 
tion if necessary) that w — 0 . Since K(s, y 0 ) is closed, there is a point 
w 0 of K(s,y 0 ) whose distance from w = 0 is a minimum.f We may 

suppose (making a rotation if necessary) that the plane is so oriented 

that . _ 

iv 0 — w 0 —w = 4d > 0. 


Then, since K(s,y 0 ) is convex, all of its points, and a fortiori all points 
of any K(s,y) with y > y 0> have abscissae at least 4 d. Thus 9te(y) > 3 d 
for y > y 0 . 

Since s(y) is bounded in any finite interval of values of y } there is an 
M such that |<s(y) | < M for 0 < y < y 0 . Since 




1 


when x -> oo, we can choose x 0 so that 



for x ^ x 0 . It then follows that 



JU(x) = ^ 



> — M{dM~ 1 ) -f- §. 3d — — d-\-2d = d 


for x ^ x 0 , and that w ~ 0 is outside K(t y x Q ). 

(2) Suppose that w — oo. In this case K{s,y 0 ) is bounded; and s(y) 
is bounded for y ^ y 0 , and therefore for all y. Hence |s(y)| ^ N for 
some N, and 

\t(x)\ < N f c(x,y) dy , 


so that t{x) is bounded. Thus w = oo is outside K(t,x 0 ) for any x 0 . 

This completes the proof of Theorem 11. In particular, t(x) diverges 
to co if s(y) does so. 


3.8. An application of Theorem 2. Any transformation (3.1.3) 
may be used to define a method of summation of series: if 

s n ~ + + 

t Actually, since K(a, y 0 ) is convex, there is just ono such point; but this is not 
required for the argument. 
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t m is defined by (3.1.3), and t m ->s, then we may say that £ a n is 
summable (T) to sum s , and write 

5 n -> 5 (T), 2 a n = <5 (T). 

We call the method regular if T is regular, so that a regular method is 
one which sums every convergent series to its ordinary sum. 

We shall use Theorem 2 in the next chapter to prove the regularity 
of the methods of summation most useful in analysis. Here we apply 
it to the proof of a theorem, which we shall need later, about methods 
of less general importance. 

If 

(3.8.1) Pn>0> Po > 0, 2 Pn = °° 

(so that P n = Po+Pi+-+Pn °°)> and 

(3.8.2) t n = Pq?0+Pl 8 l + -+Pn*n s 

when 7i “> oo, then we say that 

(3.5.3) s n -+s (N.pJ.f 
We prove first 


Theorem 12 . The method (N, p n ) is regular. 
Here 


^m,n Pnf^m ^ m )> ^m,n — 0 (71 77l), 

2 l C m,nl = 2 C m,n = 

and 0 for each n. Thus the conditions of Theorem 2 are satisfied. 
In particular, the (C, 1) method, in which p n = 1, is regular. 

In what follows we suppose, to avoid minor complications, that 
Pn 2> 0 for all 7i. We prove first 

Theorem 13. If p n > 0 aTid s n -+ s (N,p n ), then 


For 



PnK — Pntn—Pn- l*n—1 = «s(P n —= Sp n + o(P n ). 

In particular, s n -+s (C, 1) implies s n —s = o(n) y and so s n = o(n) i 

a n = o(n). The theorem is one of an important class which we may 

call limitation theorems *. There is a limitation theorem associated with 

any useful method of summation, asserting that it cannot sum too rapidly 
divergent series. 

The next theorem, which is the main theorem of this section, concerns 

the relations between the methods corresponding to two different 
sequences {p n ) and {q n ). 

t The reason for this notation will appear in the next chapter. 
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Theorem 14. If Pn > 0, > 0, 2.Pn = oo ,]?q n = oo, and 

either (a) 

(3- 8A ) ?n+l/?„ < Pn+llPn’ 

or (6) 

( 3 - 8 - 5 ) Pn+l/Pn < ?»+l/?n 

and also 

(3.8-6) P n /Pn < HQJq n , 

then 2 a n = s (N ,p n ) implies J,a n = s (N,q n ). 

If 


tm (Po 5 0+Pl 5 l^---~fPm 5 m)/^m> U m — fao 5 0 ~f?l 5 l"f" ••• ~\~9m s m)IQm> 
then 

PoS 0 = P 0 to , Pm»m = P mt m -Pm-lt m -\ (™ > 0 ), 

and so 


(3.8.7) w 


m 



Thus = 2<Wn> where 


(3.8.8) 



(n<m), 


Im -^m 

Pm Qm 


(n = m), 


and 0 for n > m. Since Q m -»oo, c m>n -> 0 when n is fixed and m 
<s n = 1 for all n, then t m = 1 and = 1, so that 

(3-8.9) 2 c m>n = 1 


oo. If 


for every m. Hence the transformation (3.8.7) satisfies conditions (3.2.4) 
and (3.2.5) of Theorem 1, with 8 n = 0 and 8=1. 

It remains to verify that it also satisfies (3.2.3). In case (a), c m>n ^ 0, 
2 l c m*nl = 2 c m,n> an( i (3.2.3) follows from (3.8.9). In case (6), c m>n < 0 
except when n = m, while c m>m > 0. Hence 


QO 


2 |Cm.nl = 

0 


m —1 q p 

- I<w+ ?m ’ 
0 


m 




eo m —1 n P 

1 = 2 = I C^n+f^, 

0 0 Pm Vm 

so that 2l^.nl = 2 ! 2L 5 1 - 1 < 2 #-l> 

Pm Vm 

by (3.8.6), and (3.2.3) is satisfied with 2H— 1 for H. Thus in either 
case (3.8.7) is regular, and the result of the theorem follows. 

Roughly, in case (a) 2 <2 n diverges less rapidly than 2 Pn> w ^ e * n 
case (6) it diverges more rapidly, but not too much more rapidly. If 
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P = n “, q n — then the first condition is satisfied if a > > — 1 > 

and the second if p > <* > -1 (since PJp n and QJq n are each asymp¬ 
totic to a multiple of n). If p n = 1, ?„ = 2», then PJp n ~ n, 
Qjq n -> 2, and the theorem fails. _ 

"in fact, when 2 q n diverges rapidly, the method (N,^ n ) becomes 
trivial, in the sense that it will sum convergent series only. This is 
shown more precisely by the following theorem. 

Theorem 15. If Q n+1 /Q n > 1+8 > 1, then 2 a n cannot be summable 
(N,q n ) unless it is convergent . 

For Q m u m = goSo+-—Hm*m> and so 

(3.8.10) s m = = 2 

where 

(3.8.11) Cm.m-1 = Qm-lfam> ^m,m Qmfanv 

and the remaining c m n are 0. Plainly -> 0 when m -+ oo, and 

2 C m,n ~ (Qm Qm-l)llm ~ ^ 

Also q m > 80m-i» and 80 

I KnI = (Qm-l+QJIlm = ^-^J+l < 28-1+1. 

Hence the transformation (3.8.10), from u n to s m , is regular, and s m -> s 
whenever u n -+ s. 

Thus the series 1 — 1 + 1 — ..., which is summable (N, 1), i.e. (C, 1), is 
not summable (F, 2 n ). The theorem illustrates a general principle, of 
which we shall find many other illustrations later, that too violent a 
method of summation tends to defeat its own object by becoming 
‘trivial’: the more delicate methods are often the more effective. Thus 
the means defined by p n — (n+l)“ x , for which 



are more effective than the (C, 1) means. They sum any series sum¬ 
mable (C, 1), and also series such as 2 for which the (C, 1) method 
fails. We shall return to these means (‘logarithmic* means) in § 4.16. 

3.9. Dilution of series. One simple application of Theorem 14 is to what 
Chapman has described as the ‘dilution’ of series. The convergence or divergence 
of a series is not affected by the insertion of zeros as extra terms: if either of the 
series a 0 + o i+<*i+... and 0+0+...+a 0 +0+...+a 1 + 0+,.. converges, then the 
other converges to the same sum. But such a change may destroy the sumrna- 
bility of a divergent series, or change its sum. Thus the series 

1-1 + 1 -..., 1 — 1 + 0 + 1—1 + 0+1 —... 

are summable (C, 1) to the sums $ and $ respectively. 
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2 °dr* f ° r eMmP,e ' thS re,ati ° nS (C, I, sununability of 

^ 2 b n = a o + a 1 + 0 + 0 + a 2 + 0-f-0 + 0 + 0 + a 3 + ..., 

(U) 2 b n = ° + ao + ai + 0 + G a + 0 + 0 + 0 + a 3 + 0 + ..., 

m which a m occurs in ranks m 2 and 2 m respectively. 

(i) If m 2 < n < (ro-f l) 2 then 

* n ~ 2 b v = 2, O m — 


Hence, if A/ 2 < N < (ilf-f-1) 2 , we have 
(3.9.1) 


to + ti + :.-\-t N 8 0 + 38 1 + ...-\-(2M—l)6 M _, N—M 2 + 1 

n+i ' ivn +—^ +1 — 8 m 


The left-hand side of (3.9.1) tends to « if and only if Y b n = s (C 1). Also 
+ ~ A/ 2 , and so the first term on the right tends to s if and only if 

2 a n = 8 (N, 2n-f 1), 

tbiS ' b >' Theorem 14 . is equivalent to a„ = a (C, 1). Finally, if either of 

these hypotheses '“satisfied, s u = o(M), by Theorem 13, so that the last term 

m(3.9 1),so(M.M.M-‘) = o(l). It follows that 2 6„ i* summable (C, 1 ) to s if 
and only if £ a n is summable (C, 1) to s. J 

(ll) /l!. thls CaSe a similar ar &nnient shows that the sununability of £ b n implies 
that of ^ a n ; but the converse is not true. Suppose, for example, that a n = (-1)« 
w len 2. a n is summable to £. Then it is easily verified that 

'o + *i + ... + *„ = R2 2m — 1) 

for 2 1 < n < 2 2m — 1, so that the (C, 1) mean changes from about f to about 4 

when n increases over this interval. 

It is natural to ask what is true of the corresponding Abelian limits. We shall 
prove m § 4.10 that, if a n = (— l) n , the series (i) is summable (A) to £. We shall 
also prove that z—x a +x a ' — ..., where a is greater than 1, does not tend to a limit 
when a; —► 1, so that, in particular, the series (ii) is not summable (A). 

It is easy to prove directly that 


2^ n x 


n* 


8 


*2 a n* n 8 > 

whenever 2 a n xn is convergent for |ar| < 1; and we shall prove more general 
theorems of this kind, due to M. L. Cartwright, in Appendix V. 


NOTES ON CHAPTER III 

§ 3.2. The most fundamental theorem, Theorem 2, is due in substance to 
-Toeplitz, PMF , 22 (1911), 113-19. Toeplitz considers only ‘triangular’ trans¬ 
formations in which c mn = 0 for n > m. The extension to general transforma¬ 
tions, which involves no difficulty of principle, was made by Steinhaus, ibid. 
121-34. 

Theorem 1 was proved for triangular transformations by Kojima, TMJ, 
12 (1917), 291-326, and independently, for general transformations, by Schur, 
JM, 151 (1921), 79-111. Schur also proved Theorem 3 in the same paper. 

A number of other general theorems will be found in Dienes, ch. 12. 

§ 3.4. For Dini’s theorem, in its usual form, and connected theorems concerning 
uniform convergence, see Dini, Grundlagen fur eine Theorie der Funktionen einer 
verdnderlichen reellen Grosse, 148-50; Bromwich, 138-41; Hardy, POPS, 19 
(1918), 148-56. 
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We have supposed in the text that the series for t m converges for all m. We 
may if we please allow it to diverge for a finite number of values of m, i.e. suppose 
it convergent only for m > m 0 . Here in 0 may prima facie be m 0 (s), i.e. depend 
upon the sequence (s„);.but it follows from a theorem of Agnew, BAMS , 45 (1939), 
689-730, that if the series converges for m > m 0 (s) whenever s n tends to a limit, 
then |c w>n | < co for m > m lf so that we may replace m 0 (s) by a number 
independent of (* n ). See also Rogers, JLMS , 21 (1946), 123-8, and the note on 
§3.6. 

§3.5(3). It may be advisable to add a note about necessary and sufficient 
conditions for the regularity of the transformation (3.5.5), though the further 
points at issue, depending as they do on the behaviour of c(x, y), s(y), and £(.r) 
for finite x and y, belong to the theory of functions of a real variable rather than 
to that of divergent series and integrals. There is a much fuller discussion of 
them in Agnew, l.c. supra. The materials required for the discussion will be 

found in Hobson, 2, ch. 7, and are due in part to Lebesgue and in part to Hobson 
himself. 

In the text we assume s(y) bounded for all y, and prove that the conditions 
(A) y(x) — j \c(x,y) \ dy < H, (B) fc{x t y)dy-> 1, 

Y 

(C) J \c(x, y)( dy -> 0 for every finite Y 

o 

are sufficient. It is plain, since t(x) need exist only for large x, that we mav 
replace (A) by 


y( x ) < H for sufficiently large x. 
It may be proved that (A'), (B), and 

r 

j c(z,y) dy —> 0 for every finite Y, 


(C') 


oo, then 


are necessary conditions. The argument is much like that of § 3.3 (in the case 

• ~ “ Dr ‘ Bosan( 3 uet has pointed out to me, an additional lemma 

is needed, viz. if 

Y 

<H X - y ) = j C(x, y)s(y) dy 

0 

exists for every finite Y and bounded sly), and y) 0 when x - 

Y 

• / \c(x,y)\dy < K(Y), 
o 

where K(Y) depends only on Y, for sufficiently large x. This result, which is true 

Hobson 2 ! rfandttf ^ C ° ntinUOUS ’ “ a of what is proved in 

This, however leaves a gap between <C') and the stronger condition (C) The 

i ‘Z P T ^ ClX f > ° : and ^ th6 case we may “J follows 

we comuder any bounded measurable set E of positive y, and take sty) - 1 in 

and 0 outside E. then s [y) 0; and therefore, £ the transfo“n L re gu,a" 

I c ( z * 3/) d y -* 0 for every bounded measurable E. 

E 

This necessary condition is stronger than (O') but weaker than (C), and it can 
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be shown that, with (A') and (B), it is also sufficient. For, by another theorem of 
Hobson and Lebesgue, (A') and (CT) imply 


Y 

(a) f c(x, y)s(y) dy—> 0 

o 

for every finite Y and bounded s(y); and this is all that is needed to complete 
the proof of sufficiency. The theorem required, which is one of the cases of 
Hobson’s ‘general convergence theorem’, will be found in Hobson, 2, 431. 

Thus (A'), (B), and (CT) are necessary and sufficient conditions for the regularity 
of (3.5.5), when we restrict ourselves, as in the text, to bounded s(y). This is 
proved by Hill, BAMS, 42 (1936), 225—8. Since we are concerned primarily with 
the behaviour of s(y) when y -> co, there is no real loss in the restriction. 

If we restrict s(y) a little more, we can replace (CT) by the weaker condition (C 7 ). 
Let us suppose, for example, that the only discontinuities of s(y) are jumps. Then, 
by another case of Hobson’s convergence theorem (p. 432), (A') and (C 7 ) imply (a), 

so that (A 7 ), (B), and (C 7 ) are necessary and sufficient when s(y) is restricted in 
this way. 

We may also make (C 7 ) one of a necessary and sufficient set of conditions by 
restricting c(x, y) instead of s(y). If, for example, c(x, y) is bounded, then by a 
further case of Hobson’s convergence theorem (p. 423), (C 7 ) alone implies (a), 
and (A 7 ), (B), and (C 7 ) are again necessary and sufficient for regularity. In this 
case s(y) need not be bounded. 

Finally, as Dr. Bosanquet has also pointed out to me, we may get rid of all 
these restrictions on either s(y) or c{x,y) by using yet another theorem of Hobson 
and Lebesgue (Hobson, 2, 422—3 and 438-41), and adding a fourth condition to 
(A 7 ), (B), and (C 7 ), viz. 

(D) if C(x,Y) is the essential upper bound of |c(x, y)\ in (0, Y), i.e. the upper 
bound when sets of measure zero are neglected, then C(x,Y) < L(Y) for every finite 
Y and sufficiently large x. 

In fact (A 7 ), (B), (C 7 ), and (D) are necessary and sufficient conditions that 
t(x)—>s whenever s(y) is any function of y which, is integrable in every fmite 
interval and tends to s when y —> co. 

This problem was considered first by Silverman, TAMS, 17 (1916), 284-94, 
and Kojima, TMJ , 14 (1918), 64-79 and 18 (1920), 37-45. Kojima proves an 
analogue of the more general Theorem 1. Both Silverman and Kojima suppose 
8(y) bounded and restrict c{x,y) more severely, assuming it continuous, uniformly 
in x, in any finite (0, Y). This assumption enables them to replace (C 7 ) by the 
much more drastic condition 


(C ro ) c{x,y)—>■ 0 uniformly in any finite (0, F): 

a condition stronger even than (C). 

(4) The sufficiency parts of Theorems 7 and 8 are classical and will be found 
in all the text-books: see, for example, Bromwich, 58-60; Hardy, 379-80. 
The necessity of the conditions was first proved by Hadamard, AM, 27 (1903), 
177-83. There are, of course, corresponding theorems for integrals. 

Similar theorems for double series were proved by Hardy, PC PS, 19 (1917), 
86-95, and Kojima, TMJ, 17 (1920), 213-20. All these theorems have been 
generalized widely in different directions: see Moore, Convergence factors, and 
Ch. VI. 
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§3.6. Theorem 10 was proved by W. A. Hurwitz, PLMS (2), 26 (1926), 231-48. 
The more complex conditions for total regularity of the general transformation 
(3.1.3) were found by H. Hurwitz, BAMS , 46 (1940), 833-7. 

The definition of total regularity is to be understood in a sense like that 
explained for the A method in § 1.4. If, for example, s n —> co, then the series 

= 2 c m.n a n must, for each m > m 0 , where m 0 = m 0 (8) may depend on the 
sequence (s n ) in question, either converge or diverge to co; and the values of t m , 
when the series is convergent, must tend to oo with in. H. Hurwitz shows that 
then c m>n > 0 for m > and n > N(m), i.e. that there can be at most a finite 
number of negative coefficients in any sufficiently advanced row of the matrix 
of T; but this condition is (as an addition to those of Theorem 2) necessary only 
and not sufficient. Incidentally it follows that m 0 (s) may be replaced by a number 
m t independent of ( s n ). 

§ 3.7. Knopp, MZ, 31 (1930), 97-127 and 276-305. 

§ 3.8. Theorem 14 is due to Ces&ro, Atti d. R. Accad. d. Lined [Rendiconti 
(4), 4 (1888), 452-7]. It was rediscovered by Hardy, QJM, 38 (1907), 269-88 
(271), and is attributed to Hardy in Borel’s book (p. 115). See also Bromwich, 427. 

The condition £ p n = co is not used explicitly in the proof, and is in fact 
implied by the other conditions. If condition (a) is satisfied, then 2 p n obviously 
diverges at least as rapidly as 2 ?n- If conditions (6) are satisfied, then the 
divergence of 2 q n implies that of 2 ( qJQ n ) by a familiar theorem of Abel [see, 
for example, Hardy, 421, 442]; and this, by (3.8.6), implies the divergence of 
2 (Pn/Pn) and so of 2 P n - 

§ 3.9. If 2 a n x n is convergent for \x\ < 1, and 

4>iy) = 1 a n e~ nv , iftiy) = 2 e-"'* (y > 0), 

then it follows from the formula 


that 

and the theorem stated 
28 and 30 (§ 4.8). 


g—2ny — JL j e -nV**-l/<* 

Vt T J t 2 

MW = £ f >l’(yV)e-'l“j„ 

is an easy deduction. Compare the 


proofs of Theorems 



IV 

SPECIAL METHODS OF SUMMATION 

4.1. Norlund means. Our main object in this chapter is to enu¬ 
merate some of the methods of summation which have proved most 
useful in analysis and to establish their regularity by means of Theorem 
2; but we shall add a good deal ol additional matter. Some of the 
most important methods, for example Cesaro’s, will be considered in 
much greater detail in later chapters, and these we shall dismiss shortly 
here. 

The (C, 1) method of § 1.3 is the simplest of what are usually called 
Norlund methods, though a definition substantially the same as Nor- 
lund’s had been given previously by Voronoi. 

We suppose that 


(4.1.1) p n > 0, p 0 > 0,f P n — 2>o+.Pi + *-'+/V 

and define t rn by 


(4.1.2) 



= N^is) = S ° S l + -’-+Po S m 

Po+Pl + — +Pm 


If t m -*■ s when m ->co, and s n = a ni we shall write 

(4.1.3) 5 n ->5, Id n = 5 (N,p n ). 

If p n = 1 for all n, then t m is the (C, 1) mean of s n ; if 


P*-( k _l )~ 


Y(n-\-k) 


r(*-fi)iw 

where k > 0, then it is the (C, k) mean.J Usually, as in these cases, 
^ p n will be divergent, but this is not essential. Thus, if p 0 = Pi = 1> 
and the remaining p n are 0, then 


tm = 

and we obtain the means 5 ( n 1) referred to on p. 21. 


4.2. Regularity and consistency of Norlund means. We begin 
by determining the conditions that the means (4.1.2) should be regular. 

Theorem 16. The condition 

(4.2.1) Pn/Pn^O 

is necessary and sufficient for the regularity of the (N,^? n ) method . 

t This last condition is convenient, though not essential. If, e.g., = 0 , Pi > 0, 

and we write p n = q n _ x , t m = u m _ x , then u m is an (N, q n ) mean of with q 0 > 0. 

\ See § 5.5. 
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For, If t m = 2 ®m,« *n> then 

C m ,n=Pm-Jf > m (» < ™)> C m,n = ° (»>»»), 

Cm, n ^ 0 and 2 Ic^J = 2 c m,n = 1- Thus the first and third conditions 
of Theorem 2 are satisfied in any case. The second is that c^ n -> 0 
when n is fixed and m-+ oo. Taking n = 0 we obtain p m /P m -> 0, so 
that the condition (4.2.1) is necessary; and, since < p m -JPm-n* 
is also sufficient. 

We say that two methods P and Q are consistent if s n s (P), 
s n s' (Q) imply s' = s, i.e. if they cannot sum the same series to 
different sums.f 

Theorem 17. Any two regular Norlund methods (N,^) n ) and (N,g n ) 
are consistent: if s n -+s (N,p n ) and s n -»■ s' (N, q n ), then s' = s. 


We write r n = p^+Pi ..+g>„g 0 - Then 

N (r), a s = g>0 go + (Po gl +?> 1 go) V-l + • • • + (?» g m + • • • + goK 

m Pogo+(Pogl+Plgo) + "- + (Pogm+"‘+Pmgo) 

_ yo(go^+- + g m O + -+y m -l(go^l+gl^o)4-j) m go'So 

Po(go+ - + gJ + - +Pm-l(go + gl) +Pm go 
Po Qm Am’M + • •■ +Pm QoW’M v .. *70,1,„s 

— n A -[ n n — /m,n iV n \°h 

Po Vrn+ — +Pm Vo » 

where ym>n = p m ^ Q n l( f p m - v Q v ) if n < m and y^ n = 0 if n > m. 

Here Ym,n > 0, 2 lym.nl = 2 y^n = and 

Pm—n Qn Pm—n Qn 


Ym,n ^ 


0 


(Pm—n~^~Pm—n—\~^~‘"~^~Po)9.0 Pm—n $0 

when m-+ oo, so that the means with coefficients y m>n are regular. 
Hence s n s' (N, £ n ) implies s n -> s' (N, r n ). Similarly, s n -rs (N ,p n ) im¬ 
plies s n —> s (N,r n ); and therefore, when both hypotheses are satisfied, 
8 and 3' must be the same. 


There is an interesting alternative proof which embodies an important principle, 
and which depends upon 

Theorem 18. If (N,p n ) is regular, and Jo fl = « (N,p n ), then the series £ a n x n 
has a positive radius of convergence, and defines an analytic function a(x) which is 
regular for 0 ^ x < 1 and tends to s when x -> 1 through real values less than 1. 
We write 

p(x) = %p n x n t P(x) = J P n x\ T(x) = %P n t n x n , 

where t n is defined by (4.1.2), with s n = a 0 4-a 1 +...-}-o n . Since pJP n -> 0, i.e. 
Pfi_i/P n 1» P(«) is convergent for |s| < 1, andp(») also converges, to (1— x)P(x). 


t This is a much weaker assertion than that of equivalence (§ 4.3). 
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Since t n is bounded, T(x) also converges for |*| < 1. Since p Q > 0 and v > 0 
P( x ) > 0 and P(x) > 0 for 0 <; x < 1. n > 

The function T(x)/p(x) is regular at the origin, and expansible in a power series 
m l x ) = % m n x n convergent for small x. Since T(x) = p(x)m(x), 

P n*n ~ Po VT n^~Pi VT n-\ J C •••+7 J n' nr o 

for all n. But P„<„ = p„ 

for all n, and therefore m„ = a n . Hence 2 s n x" and 2 «„*" are regular at the 
origin. Also 


°{X) = 2 = <!-*) S>„*» = (l-x)|g = 

and T(x) and P(tf) are regular for \x\ < 1. Hence a(x) is regular for |x| < 1, 
except for possible poles, none of which is on the line (0,1). 


Finally, 



2 p n * n x n 
P(x) 


= Z c n {z)t n . 


where c n (x) = P n x n /P(x). This is a transformation from t n to a(x), which plainly 
satisfies the conditions of Theorem 6.f Thus t m -> a implies a{x)-> a, and this 
completes the proof of the theorem. 

Theorem 17 is a corollary, since the sum of J a n , if it exists, does not depend 
on the special values of p n . 

Theorem 18 may be regarded as ‘Abel’s theorem’ for a regular Norlund 
method. We cannot say that J a n = a (N ,p n ) implies a n -► a (A), since £ <* n * n 
will not usually converge for 0 < x < 1; but the Abelian limit exists in a 
generalized sense. We may also regard the theorem as embodying a ‘limitation 
theorem’, viz. a n = 0(e cn ) for some c. 


4.3. Inclusion. We now consider questions of inclusion and equiva¬ 
lence. We say that Q includes P if s n s (P) implies s n s (Q), and that 
the methods are equivalent if each includes the other. If Q includes 
P, but is not equivalent to P, then we shall say that Q is stronger than 
P. Here we are concerned with the case in which P is (N, p n ) and Q 
is (N, q n ). 

If (N,p n ) and (N, q n ) are regular, then pJP n 0 and qJQ n -»■ 0, and 
the series 

(4.3.1 ) p{x) = Zp n x n , P{x) = J t P n x n , q{x) = '£q n x n i Q(x) = %Q n x n 
are convergent for \x\ < 1 . The series 

(4.3.2) k(x) = J f k n x n = q{x)/p(x) = Q(x)/P{x), 

(4.3.3) l{x) = 2 l nZ n = P( x )lQ( x ) = P( x )/Q( x )> 
are convergent for small x, and 

(4.3.4) k 0 p n + ...+k n p 0 = q n , k 0 P n +...+k n P 0 = Q n , 

( 4 . 3 . 5 ) Iq ••• - Wn3 , 0 = Pn> ^0 Q nd“ • * * n Qo 

■f In the form with 0^x< l f x —► 1: see the remark on p. 50 after the proof of 
Theorem 5. We shall take such variations of the theorem for granted later. 
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Theorem 19. If (N,p n ) and (N,g n ) are regular, then, in order that 
(N,g n ) should include (N,p n ), it is necessary and sufficient that 

(4.3.6) l*olA+l*ilA- l +-" + l*JA < H Q*’ 
where H is independent of n, and that 

(4.3.7) k n /Q n 0. 

IfP. co, the second condition may be omitted. 

If «s(x) = 2 8 n xn > then 

2 Qn N % ) (s)z n = 2 (?o'S„ + -+5»'5o)* n = ?(*)*(*) 

for small x, and similarly 2 P n i^n P> ( 5 ) = p(x)s{x). Hence 

2 Q n N^(s) = I K* n I P n N^\s)x-, 

QnNiHs) = k n P 0 N\p*(s) -j- k n _ 1 P 1 *($) -f-... -f- & 0 P n iV r j i p) («s). 


Thus 


N<g\s) = Zc n ,N?\s), 


where c n r is k n _ r P r jQ n if r < to and 0 if r > to. The first condition of 
Theorem 2 is (4.3.6). The third is satisfied automatically because of 
(4.3.4). Finally, Q n _r ~ Q n , for any fixed r, by Theorem 16, when to oo, 
and the second condition reduces to k n ^./Q n _ r 0, which is (4.3.7). 

If P n -» oo then, given O, we can choose r so that P r > O. If also 


(4.3.6) is satisfied, then 

G| Vrl < ZQn> 


lim 


\K 


< *lim G» 


H 

O’ 


Qn-r ' Q Qn-r 

and (4.3.7) follows from (4.3.6). Thus (4.3.7) may be discarded when 
2Pn =c °- 


If Pn = 1, P n = n+1, then 


p(x) = (1-x) \ k(x) = (1 -x)q(x), k 0 = q ot k n = q n -q n ._ t (n > 0), 
and (4.3.6) becomes 

(n+l)? 0 +n|g 1 - ?0 | + ...-f-|g ri -g n _ l | < HQ n , 
which is plainly satisfied if q n increases with n. Thus we obtain 

Theorem 20. If (N, q n ) is a regular Norlund method ivith increasing q n , then 
«n 8 ( 0, 1) implies s n ->- 8 (N, q n ). 


4.4. Equivalence. We next prove 

Theorem 21. In order that two regular Norlund methods (N,p n ) and 
(N>q n ) should be equivalent, it is necessary and sufficient that 

( 4 - 41 ) 2 \K\ < CO > 2 \ l n\ < °0- 

(1) The conditions are necessary. Since p 0 > 0 and q 0 > 0, k 0 > 0 
and l Q > 0. Since (N,g n ) includes (N ,p n ), it follows from Theorem 19 
that k 0 P n HQ n . Thus P n /Q n is bounded, and similarly Q n /P n is 
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By Theorem 19, 

l*ol + |fcil%- l + ... + |fc r |%r < 

Jr n Jr n 

for r < n. Fixing r, and making n-+co, we see that 


l*ol+l*il+...+ l*rl ^ H lim (Q n /P n ). 

Thus 2 \K\ < °°> and similarly 2 l^nl < °°- 

(2) The conditions are sufficient. If 2 l&J < 00 then k n ^0 and 
k JQn 0. Also 


Pn — Co^n"f^l^n-l4--- + § n ^O ^ Qn 2 I I» 
•Pnl^oH-^n-ll^ll + ...H-i > ol^nl < Qn 2 \K\ I IU 

Thus the conditions imply those of Theorem 19, with H = 2 |& n l 2 Knl> 
and (N,g n ) includes (N,p n ). Similarly (N,p n ) includes (N,g n ). 

It is plain that the conditions cannot be satisfied when p(x) and q(x) are 
rational and one of them has a zero, inside or on the unit circle, which is not 
a zero of the other. If, for example, p n = 2n-\- 1, q n = n-f 1, then 

pM = (S’ 9<x) = (T^ji* l(x) = 1+x - 

so that 2 |&nl = °°* Also 

|^o|F n +...-f-|A: n |Fo = F 0 +...+P n 

is of order n 3 , so that (4.3.6) of Theorem 19 is not satisfied, and (N, q n ) does not 
include (N,p n ). We shall return to this example in § 5.16. 


4.5. Another theorem concerning inclusion. We now apply 
Theorem 19 to the proof of a criterion for inclusion of a more special 
kind. We are here interested primarily in cases in which P n tends slowly 
to infinity, and p n will be a decreasing function of n. 

We shall use a lemma of independent interest. 

Theorem 22. If p(x) = 2 Pn xn ™ convergent for \x\ < 1, and 

(4.5.1) p 0 = 1, P n ><>, — >— ( n > 0)> 

Pn Pn -1 .. 

then 

(4.5.2) {p(^)} _1 = 1— c 1 x—c 2 x 2 —... 

where c n ^ 0 , 2 c n ^ V'£Pn =0O > ^ ien 2 c n — 

It follows from the conditions that p n+ i/p n increases with n , and 
tends to a limit which cannot exceed 1. Hence p n decreases with n. 
We suppose that 

[p{x)}~ 1 = y 0 +Vi x -\-y 2 x 2 +... 
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for small x. Then y 0 = 1, and it is only necessary to prove that 
c n = — y n > 0 for n > 0, the remaining clauses of the theorem being 
corollaries, since p{x) > 0 for 0 < x < 1. 

We have 


(4.5.3) y 0 Pn + -+YnPo = 0, y 0 Pn+l + -+Yn+lPo = 0 

for n > 0. It follows from (4.5.3) that 

Pn+liYlPn-l+'-'+YnPo) = P n iYlPn +- + Yn+lP*)'> 
and so that y n+1 = a liVi y 1 +a Ztn y 2 -{-...-{-a^ n y ni 

where 

d _ Pn+1 Pn—m P n—m+l Pn—m (Pn+ 1 Pn —m-fl \ ***> q 

~~ Pn Po Po ~ Pa \ Pn Pn-m I "" 

Thus if y lt y 2 >--» Yn have the same sign, y n+1 has the same sign also. 
Since y x = —y 0 pjp 0 = — p x < 0, it follows that y n ^ 0 for n = 1, 2,.... 

Incidentally it appears that 2 Yn %n is i n fact absolutely convergent 
for \x\ ^ 1. 

We can now prove 

Theorem 23. If (i) (N,p n ) and (N, q n ) are regular Norland methods; 
(ii) p n satisfies (4.5.1); (iii) q n > 0; and (iv) pjp n ^ < qjq n - x (n > n 0 ); 
then (N ,q n ) includes (N,p n ). 

We suppose first that n 0 = 0, i.e. that (iv) is satisfied for all n > 0. 
Since 

((Zo"4~3 r i* c- l - •••)(! c-yX ...) = 

C^x —...) = 1 , 

we have k 0 = q 0 and 

In~~ c lln- 1 — — ~' C n q 0 = Jc n , p n — c iP n -l — •••—< C n p Q = 0 

for n >• 0. Hence 



and k n > 0 for all n. We can now verify at once that the conditions 
of Theorem 19 are satisfied. For the first 


l^ol-^+*~+|& n |P 0 — k 0 P n -\-...-\-k n P 0 = Q n \ 
and for the second 

k n Po ^ k 0 p n -\-...+k n p Q = q ni 

so that k n = 0(q n ) = o(Q n ), by Theorem 16. This proves the theorem 
in the special case n 0 = 0. 



[Chap. IV 


70 SPECIAL METHODS OF SUMMATION 

Passing to the general case, we have 

PnlPn-i < q n fan- 1 (n = n 0 +l, n 0 +2,...). 

We write r n = p n (n = n 0 , n 0 +1 

and increase p nt _ v if necessary, to a value r„ o _ 1 such that 

r n 0 / r n 0 ~l ^ ^no+l/^n#’ r nJ r n 0 -l ^ Sno/fino-l* 
then ^ no _ 2 to a value r no _ 2 such that 

r n 0 -ll r no-2 ^ r nJ r n 9 -l> r n 0 ~l/ r n 0 -2 ^ 9 , n 0 -l/9 r n 0 -2> 

and so on down to and r 0 . Then 

r n/ r n- 1 ^ r n+l/ r n> r n/ r n-l ^ 9n/<7n-l 

for n > 0; and p n = r n /r 0 satisfies 

Po = !» Pn > 0, Pn+l/Pn > Pn/Pn-V Pnlpn -1 < ?n/?n-l 

for 7i >• 0. It follows from what we have proved already that (N, ^ n ) 
includes (N,p n ), or, what is the same thing, that (N,g n ) includes (N,r n ). 

It is therefore sufficient to prove that (N,r n ) includes (N,p n ). We 
write 


so that 


r(*) = = PW+^lZn* 71 = ^(*) + S(*), 

o 


say. By Theorem 22, 

{?W}"‘ = 1 - 2 c n* n = 1 y„z". 

where 2 |y n | < 1+ 2 c n < 2. Thus, if 

k{x) = r(x)/p(x) = J fc n x n , 


we have 


GO 


o p(^) 0 0 


and so 2 I*«I < J + 2 K 2 ly„l < 1 + 2 2 8 n = B, 

say. Hence, first, k n = o(l) = o(I? n ); and secondly, 

|* 0 |P„+... + |* n |P 0 < HP n < HR n . 

These are the two conditions of Theorem 19, with r for q t and therefore 
(N,r n ) includes (N,p n ). 

4.6. Euler means. We defined 2 a n = s (E> 1)» * n §1.3(4), as mean¬ 
ing J where 


K = a 0+(^j a i + (fy a 


-f 


m 


Here 


t _ V-^L. 

Cm — 2* 2 n+1 * 


n = 0 
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and we can express t m in terms of s n as follows. If E is the operator 
defined by Eu n = « n+1 , then b n = (1 + E) n a 0 and 


t 


m 


= - S 


Now 


24 2 

n=0 ' 


1 ^ /l+a\ n 1 l-{j(l+*)}■"+» _ , (l + l) m+1 

2.4,1 2 ) 2 1-J(1+*) 1 


— (l+a:) m+l 


— X 


n=0 


= 2 ~ m ~ 


m+1 


lm-\- 1\ 1 —x 


i zrr 

n= 1 ' 7 


n 


1 —X 


= 2 ~ m - 


n=l ' 7 


+* 2 +...+z"- 1 ); 


and, since this is an identity between polynomials, we may use it with 
E for x. Thus 

m+1 /m4-1\. _ _ _ 

K 


T A / . ^ \ 

tm = 2 - m-l ^ ( „ )( 1 + -®+-+-®"- 1 

n=l ' 7 


m +1 




i 


Hence t m = J c m , n s„, where 


m,n 




C m,n ^ (n > 77l), 


and c. 


C m ,» >0, 2 l^nl = 2 C m>n = 1-2—1 -> 1, 

m,n < 2~ m_1 (m-f-l) n+1 -+ 0 when m -> oo. Thus the conditions of 
Theorem 2 are satisfied, and 

Theorem 24. TAe (E, 1) method is regular . 

4.7. Abelian means. If 

(4.7.1) 0 ^ A 0 < A x < Aj < A n -+oo, 

2 a n is convergent for all positive x, and 
( 4 - 7 - 2 ) f( x ) = Za n e-***-+s 

when x 0, then we say that £a n is summable (A,A n ), or (A, A), to 
sum s, and write 

< 4 - 7 - 3 ) Ia n = s (A, A). 

When A n = n, the (A, A) method is the A method of § 1.3 (2). We shall 
sometimes write (A,&) for (A ,n k ). 

It will be convenient to consider a more general method of summa¬ 
tion. We suppose that (<f> n {x)) is a sequence of functions defined in an 
interval 0 < x < X, and that 

( 4 - 7 * 4 ) 1. 
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for each n, when x 0. If 
(4.7.5) = J t a n <f, n (x) 

is convergent in some interval 0 < x < X 1 < X, and ${x) s when 
* 0, we say that 2 a n is summable (<f>) to sum s. 

Theorem 25. In order that the ‘ <f >’ method should be regular , if is 
necessary and sufficient that 

< 4 - 7 - 6 ) IIW*Hn + l(*)l<^ 

where H is independent of x, in some interval 0 < a; < £. In particular 
this condition is satisfied if 

( 4 - 7 - 7 ) 0 < <£ n+1 (x) < * B (*). 

(1) The condition is sufficient. It follows from (4.7.4) that \</> 0 (x)\ < H v 
say, in some interval (0,f), and from (4.7.6) that 

\4>n(*)\ < l^oWI+Tl^+iW-^WI 

o 

in some such interval. Thus the system (</> n ) is uniformly bounded in 
such an interval. 

Suppose first that s n -> 0. Then 

N x N -1 

( 4 - 7 - 8 ) 2 a n < £n = 2 5 n(^n — < l > n+l)~\~ S N 

0 0 

The last term tends to 0, and so 

(4.7.9) 4>(X) = J SnttnW-t n+l(*)} = 2 C n (*)S„, 

say. It follows from (4.7.4) that c n {x) -» 0, for each n, when x ->■ 0, and 

from (4.7.6) that 2 |c n (a?) | < H; and hence <f>(x) -+ O.f 

If s n -> 5, a' 0 = a 0 —5, and aj, = a n for n > 0, then s' n 0 and 

t/j(x) = 2 <<£„(*) = ^(*)“4o(*) 0 

when z 0. Hence, by (4.7.4), <f){x) 5. 

(2) The condition is necessary . It is enough to prove that it is satisfied 
if s n ->■ 0 always implies </>{x) -» 0. We consider first a small fixed x. 
Since 2 a n i s convergent whenever s n <5, it follows from Theorem 
7 that 2 l^n - ^n+il < 00 f° r each such x. Hence </> n {x) is bounded for 
such an x , and we can deduce (4.7.9) as under (1). It then follows from 

Theorem 5 that 2 K(*)l < H for sma11 x > and this is ( 4 - 7 - 6 )- 
Finally, if <j> n satisfies (4.7.7), then 

2 l^n — ^n+ll = 2 (tn — fn+l) = $0 “< ^0 < H l> 
since is bounded in (0, £). 

f Here we appeal to the analogue of Theorem 4 mentioned on p. 60 but not stated 
explicitly. Wo cannot appeal to Theorem 5 because £ c n( x ) doe9 nofc necessarily tend 
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There is plainly a variant of the theorem in which x is replaced by 
an integral parameter m which tends to infinity. 

W© add a remark about the special case in which <f> n is a positive decreasing 
function of n. There is a simple but useful theorem which we shall need later 
and which it is convenient to prove here. 


Theorem 26. If b n increases to infinity with n, and 2 u n is convergent, then 

(4.7.10) V n = t>o + Vi + ...+t>„ = &O w O + 6 l w l+- + 6 n«r> = 

If u> n = u n +u n+1 + ... t then ->• 0. Also 

V n = 2 b m {w m W m+i ) = b 0 W 0 + 2 
0 1 

and so V n = T n b n +o(b n ), where 



w 1 + ... + 


6 .- 6 . 


n ^n—1 


n 


U), 




by Theorem 12. 

It follows from Theorem 26 that (4.7.9) is true whenever (f> n decreases to 0 as 
n -► oo and ^a n <j> n is convergent. For, taking 


*» u n — a n < f > n » v n — a n — b n ll n , 

in Theorem 26, we see that s n <f> n —► 0, and (4.7.9) follows from (4.7.8). 


The conditions of Theorem 25 are plainly satisfied when <t> n {x) = e 
Hence 



Theorem 27. The (A, A) method is regular. In particular , the 
method is regular. 

There is no general theorem for Abelian methods corresponding to 
Theorem 17: different methods may well sum the same series to different 
sums. Thus 1 — 1 + 1—... is summable (A) to sum but summable 
(A, A), when (A n ) is the sequence 0, 1, 3, 4, 6, 7,.:., to J: see § 3.9. 


4.8. A theorem of inclusion for Abelian means. In this section 
we prove one theorem of inclusion for two systems of Abelian means. 
Others will be proved in Appendix V. As is to be expected after the 
last remark of §4.7, all these theorems have a very special character. 


Theorem 28. If (i) A 0 ^ 1, ^ = logA n , 

(ii) 2« n = 5 (A,A), 

(iii) I c " /4 - V = 2 a n = 2 a nK v 

is convergent for y > 0, then Ja n = s (A,/x). 

We need two preliminary theorems (the first of which is important 
in itself). 
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Theorem 29. Suppose is a sequence of functions 

defined in an interval of values of x; that 

(4.8.1) |/ 0 (*)|<tf. (4.8.2) Z\f n (z)~f n+1 ( X )\ <K , 

where H and K are independent of x; and that J b n is convergent. Then 
2 b n f n {x) is uniformly convergent. 

In particular the result is true if f n (x) is monotonic in n, and 
uniformly bounded, since then 

2 \fn—fn+l\ = 12 (fn—fn+ l)l = |/„ — hm/ n 

I n -+<o 

We might replace the interval by any set of real or complex x. 

We note first that, after (4.8.2), J (f n ~f n +i) is convergent for each x , 
so that f n (x) -+f(x), say, when n -> oo. Also 


(4.8.3) 


l/nl < l/o I+1*1I <H+K. 

0 


We suppose that ^b n = B, and write 

B n = 6o+&i+-+6 n . A, = B n -B, 

with the convention B_ x = 0, = —B. Then fi n -> 0, and we can 

choose N 0 so that |£ n | < € for n > N 0 — 1. Also 

(4.8.4) 2 b n f n = ^ (fin fin—l)f a = — Av-l/v+ ^ fin(fn~fn+l) +Av'/jV' 
for N' ^ N ^ 0. It follows from (4.8.2)-(4.8.4) that 

* *«/»| < 2e(^+^) + eZ = (2tf+3A)e 

for N' ^ N ^ N 0 and each x; and this proves the theorem. 

When N = 0 and N' ->co, (4.8.4) gives 

(4.8.5) 2 b n f n = Bf 0 + 2 finifn fn+l) = */o+ 2 (*»- B)(f n -f n+1 ). 

Since f 0 = f-\- £ (f n ~fn+ 1 )» we h ave also the simpler formula 

( 4 -8-6) I b n f n = Bf+ I B n (f n -f n+l ). 

But the series on the right of (4.8.6) is not usually uniformly convergent. Suppose, 
for example, that 

fo = 1» fn = xn (n > 0, 0 < x < 1), 

so that / = 0 for x < 1 and / = 1 for x — 1, that 6 0 = 1, and that b n = 0 for 
n > 0. Then B n = 1, /?„ = 0 for n > 0, and (4.8.6) becomes 

1 = /+ 2 (*»-*«+*). 

The last series is neither uniformly convergent nor continuous, having the sum 1 
for x < 1 (when / = 0) and 0 for x = 1 (when / = 1). 

The conditions of the theorem are plainly satisfied when 

f n (x) = e -A " x (x > 0) or e~^ (x ~ Xo) (x ^ x 0 ). 
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If 2 convergent, then 2 K e_AnZ is uniformly convergent for a: > 0; 
and if the last series is convergent for x > 0, then it is uniformly 
convergent in any interval x ^ x 0 > 0. 

Our second preliminary theorem is 


Theorem 30. If A 0 >!,#*>) = 2 “n e-Kv>, and 2 a n K\ v * 8 convergent 
for y > 0, then 


(4.8.7) 


s%) = 2 a » A *r 1 ' 



If w and y are fixed, then A^e - ''- 1 ” decreases from a certain to, so that 


2a n e- A ”“ = 2 


is convergent for w > 0. Hence it is uniformly convergent in any 
interval 0 < co w W < go, and 


(4.8.8) 


j W v ~ l cf>(w) dw = 2 a n 




J Z0V- 1 e-** u ’ d!w>. 


OJ 


OJ 


We wish to replace o> and W here by 0 and co. For this, it is sufficient 
to show that the series 

o> CO 

(4.8.9) 2 a n j w v ~ 1 e~**' v dw, 2 a n J dw 

o w 

are convergent and tend to 0 when co -> 0 and W -> oo. 

The first series (4.8.9) is 

A*<o 

2 |J * V - le - U du = 2 J *» (<U) = 2 & n *.<“>. 

0 

say. Here 2 K is convergent, by hypothesis, while * n (a>) is positive, 
increases with n, and is uniformly bounded for all n and co. It follows 
from Theorem 29 that 2 6 n Xn( a ») converges uniformly in co, and there¬ 
fore tends to 0 when co 0. The proof that the second series (4.8.9) 
tends to 0, when W -><x>, is similar. 

It is now easy to prove Theorem 28. We may suppose s = 0, so that 
</>{w) -> 0 when w -> 0. Then 


My) = J + J dw - P+Q, 
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say. Since <f>(w) 0, we can choose 8 so that \<f>(w)\ < e for 0 < w ^ 8, 

and then 

5 

€ C .. , , e8 v 


\P\ < 


ny) 


1 


yF(y) 


< 2e 


for sufficiently small y. Also 2 a n e~^*~ Xf > )w is uniformly convergent for 
w > 5, so that \<!>{w)\ < He~ x * w , where H is independent of w. Hence 


\Q\ < 


H 


oo 


8 1 -»r(y) 


/ 




when y 0, and |«/r(y) | < 3c for sufficiently small y. 

It is easy to give examples of series summable (A,log?i) but not 
summable (A): we shall see, for example, that 2 n- 1 -*, where c > 0, 
is such a series.t 


4.9. Complex methods. It is often important in applications to 
consider the limit of a series 2 a n e ~^ z when z 0 along a path in the 
complex plane, usually a straight line making an acute angle with the 
positive real axis. 

If z = x-\-iy , 2 a n fc -Ane is convergent for x > 0, and 

(4.9.1) f{z) = 

when z -> 0 along any path lying in the angle \y\ < a; tan a, where 
0 < a < \n , then we shall say that 

(4.9.2) 2 a n = 5 (A, A, a). 

This method also is regular. 

Theorem 31. If 2 a n converges to s, then 2 -> s when z 0, 

uniformly in the angle \y\ < a: tan a. 


We may suppose 5 = 0. If x > 0, then 

f(z ) = 2 fl n rA " 2 = 2 8 n {e-^ s ~e- x n + 1*), 

or f(z) = 2 c n (z)s n , where 

c„(2) = e= Ae-V 

Also 


ln + 1 


2 l c n(2)l = 2 |Ae-V| = 2 j ze-^dt 


< 12 


2 j e_£r * = 2 Ae " A " 1 ^ e " A * 1 


sec a. 


t Soe § 7.9. When wo speak of summability (A, log n) wo suppose our series to begin 
with the term in Oj, so that A 0 is replaced by A 4 . 



SPECIAL METHODS OF SUMMATION 


77 


4.9] 


Hence, if we choose N = N{t) so that |s n | < e for x ^ N, we have 



< cseca 


for N' > N, so that 2 c n (z)s n is uniformly convergent. Since c n (z) 0 
when z -► 0, f(z) -> 0 uniformly in the angle. 

We have proved the theorem directly: it might also be deduced from 
appropriate modifications of Theorem 5 or Theorem 29. 


4.10. Summabillty of 1 — 1 +1 —... by special Abelian methods. The series 
1 — 1-f-l —... is summable (A) to £. It is instructive to consider its summability 
by other Abelian methods. 

It is familiar in the theory of elliptic functions that 

(4.10.1) l-2q + 2q*-2q' + ... = fl {(1-g 2n+1 ) 2 (l-? an+2 )} 


for 1^1 < 1, and the product plainly tends to 0 when q —> 1 by real values. It 
follows (writing e~ x for q) that 

1 - e~ x 4- e -4 * - e ~ 9x +... 


so that 1 — 1 -f 1 —... is summable (A, n 2 ) to £. It is also summable (A, n k ) for any 
positive k (compare Appendix V). 

On the other hand, if a > 1, then 


(4.10.2) 


F(x) = x—x a x?*—x°* 


does not tend to a limit when x —> 1. To see this, we observe that F(x) satisfies 
the functional equation 


and that 


F(x?) = x , 

•"-SsSSiwr 


is another solution. Hence ¥(*) = F(x )~<£(*) satisfies T(a:) = — T*(x°), and is 
therefore a periodic function of loglog(l/x) with period 2 log a. Since it is plainly 
not constant, it oscillates between finite limits of indetermination when x —> 1, 
iog(l/a;) —► 0, loglog(l/a;) —> —co. But <X>(x) —► and therefore .F(a;) oscillates. 

It follows that 1 — 1 + 1 — ... is not summable (A, A) when A n = o n (o > 1). 


4.11. Lindeldf’s and Mittag-Leffier’s methods. There is one 
(A, A) method which is particularly important in the theory of analytic 
continuation. In this 

(4.11.1) A 0 — 0, A„ = nlogn (n > 1). 

If then 2 a n e~** x -> s , we write 2 a n = s (L). 

A power series 2 a n z n > convergent for small z, defines an analytic 
function f(z) with a branch regular at the origin. In what follows we 
use f(z ) to denote this branch of the function, made uniform by an 
appropriate system of cuts in the plane of z. The ‘Mittag-Leffler star’ 
of/(z) is the domain formed by drawing rays through 0 to every singular 
point of f(z) and removing from the plane the parts of the rays beyond 
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the singular points. Thus the star of 2 *» = (l_ z )-i is the plane cut 
along the line (l,co). The importance of the L method arises from 
the fact that it sums 2 a n z n throughout the star of/( 2 ). We shall see 
later (§8.10) how this general theorem may be reduced to the special 
case in which f(z) is the function (1 —z)- 1 : here we consider the special 
case only. It will be convenient to change our notation, writing 8 for *. 


Theorem 32. If D is any closed and bounded region which has no 
point on (l,oo), and ^ is defined by (4.11.1), then 

(4.11.2) Je 4 V->(l-2)-i 

when 8 -> 0, uniformly in D. 


We define A(^, R) as the region in the plane of 2 = re id in which 
(4.11.3) 0 < rj ^ 0 ^ 27t— rj, r ^ R; 

and, since (4.11.2) is plainly true in any circle r < 1— £ < 1, it will be 
sufficient to show that 


(4.11.4) 


0s(*) = ! z n e~ 8nl °B n -> 2 /( 1 - 2 ) = g(z) 


uniformly in A. 

We define a contour C in the plane of u — pe't by the circular arc 
P = h \4>\ < <f> 0 < and the two rays p > £, |<£| = <j> Q . We shall 
suppose, as plainly we may, that <f> 0 and 8 0 are chosen so that 

(4.11.5) sin<£ 0 >£, tan<£ 0 > (4logR)/ v , S 0 ^ 0 < ir> 

and we consider the integral 


(4.11.6) 

round C, where 



2«g-Sulogu 


du 

e 2niu_ l 


y 


z u — e uiogz f log 2 = log r id f logu = logp+i<f>, 

and C is described so as to leave the origin on the right. Since 

| e -Suiogu| _ |exp{—8p(cos<£+isin<£)(logp-f i(/>)}\ 

= exp(—8p log p cos <j>-\-Sp<f> sin <f>), 

it follows from Cauchy’s theorem that I 8 (z) = g${z) for 8 > 0 and z in 
A.| We now prove that / g ( 2 ) is uniformly convergent for 0 ^ 8 ^ 8 0 
and 2 in A. 

On the upper ray of C , we have 

| e -Suiogu| = exp(—8 /j log p cos<f> 0 +8p(f> 0 sin (f> 0 ), 


t The integrand is dominated at infinity by the factor exp( — 8p log p cos tf>) 
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\z v \ = lexp{p(cos<f> 0 +ism</> 0 )(logr-\-id)}\ 

— exp(p logr cos </> 0 ~p9 sin <f) 0 ) < exp(p\og Rcos<f> 0 —prj sin <f> Q ), 


1 

e 2niu_Zl 



1 


J_g-2n-/>eln^o 


< 


1 


It follows from these inequalities and (4.11.5) that the integrand in 
(4.11.6) is majorized by a constant multiple of 

exp(p log .ft cos <£ 0 — %p7jsin<f> 0 ) < e-h"? 8 * 11 ^ 0 < 

and that this part of the integral is uniformly convergent. 

The proof for the lower ray of C is similar.! 

Since the integrand is uniformly continuous with respect to 8 and z 
on any finite stretch of the contour, and I 8 (z) is regular in A for 8 > 0, 
it follows that r u 

I s (z) -> I(z) = J e2Mu _ 1 du 

c 


uniformly in A, and that the right-hand side is an analytic function 
of z regular in A. It is g(z) when — 1 < z < 0, and therefore throughout 
A; and the theorem follows. 

There are other methods of summation, not (A, A) methods, but of 
similar type to the L method, which have the same property. The 
most important is Mittag-Lefiler’s method, which we call M, and in 
which Y a n is defined as 


a 


8-+o r(i-f-Sw) 


It is easy to prove, by a variant of the method used above, with 
r(l-f 8u) in the place of e 8 * 10 **, that £ z n is summable (M) to (1— z)- 1 
uniformly in A. The details naturally depend on the asymptotic 
properties of the gamma-function of a complex variable: an alternative 
proof will be given later.J Yet another method with similar properties 
is Le Roy’s, in which 2 a n is defined as 


lim y 

£->i-o £-4 


rq+fro 

rq+7i) " 


4.12. Means defined by integral functions. We consider next an 

important class of methods of which the best known is Borel’s. Let us 

suppose that J(x) — is an integral function, not a polynomial 

with non-negative coefficients p n . If 


(4.12.1) 


gfc) _ 2 Pn x " . 

J ( x ) 2 Pn * n 

tmd C-e > U Iarge f ° r lare ° p: 2,7-9 takea tho P laoe of 9 m «“ argument. 

t See p. 199 (note on § 8.10). 
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when x -»■ oo, then we write 


(4.12.2) 2a n = *( J). 

The simplest definition of this type is Borel’s, in which p n = (w!)- 1 , 
J(x) = e x : if 

(4.12.3) e~*S(x) = e-* Y s n - s 

when x -> oo, then we write 

(4.12.4) 2 a n = 5 (B)- 

There is an alternative definition of Borel which we shall consider in 
§4.13 and Ch. VIII. 

Here t(x) = 2 c n (x)s n , 

c n(*) = Z n l 2Vn* n > 0, C n (x) -> 0, J I C n(*) I = 2 C n(*) = 1 , 

and the conditions of Theorem 5 are plainly satisfied. Thus 
Theorem 33. The J method is regular. 


The J method provides a convenient opportunity for a more explicit 
statement of a general principle which we have referred to alreadyf 
and of which we shall find many applications later. A method may be 
said to be ‘ powerful ’ if it can sum rapidly divergent series: thus Borel’s 
method is more powerful than the (C, 1) or A methods, which will 
not sum 2 outside its circle of convergence. BOrel’s method, on the 
other hand, sums it in the half-plane 5U < 1. For in this case 
s n = (1— z n + 1 )/(l— z), and 


Six) 

J{x) 




l—z n+1 x n 
1 —z n\ 


1 


ze 


-<1 ~z)x 


1— z 


1—2 


1 —2 * 


provided only that 912 < 1. In particular it sums the series for all 
negative z. 

In this sense the J method is the more powerful the more rapidly 
p n tends to 0. Thus Borel’s method sums 1— a-fa 2 —a 3 +... for all 
positive a, but it will not sum the series for which s n = (— 1 ) n n\a n 
because 2 (— \) n (ax) n is not convergent when ax > 1. If we take this 
s n , and p n = ( n\)~ 2 , then 


S(x) = 2 (-v n( -^r = J(x) = 2 (Sr» = 

and S{x)jJ(x) -> 0. 

We shall, however, find that, usually, the delicacy of amethod decreases 
as its power increases , and that very powerful methods, adapted to the 


t Seo § 3.8. 

X I 0 (X) being Bessel’s function with imaginary argument. 
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summation of rapidly divergent series, are apt to fail with divergent 
series of a less violent kind (such as we encounter, for example, in the 
theory of Fourier series). Thus we shall find in §4.15 that the J method 
with p n = e-™ 1 fails to sum 1 —1 + 1 —.... 

We supposed in (4.12.1) that J(x) is an integral function and that X—>-oo. 
There is a modification in which the radius of convergence of (4.12.1) is finite. 
In this case we may take it to be 1, and must suppose £p n divergent. The 
definition is still expressed by (4.12.1), but now x —>• 1, and the method then re¬ 
sembles the* Abelian* methods of §§ 4.7-10. Thus,ifp n = l,then»7(x) = (1— x) -1 , 
and the definition becomes (1— x) s n xn —* 8 > be. £ a n x n s. This is the A 
definition. 

If p n = (n+1) -1 , the definition becomes 

or 

X 

(4.12.5) J M. t dt~s\og~, 

0 

where/(x) = ]£ ct n x n . It is plain that/(x) —>• 8 implies (4.12.5), so that the method 
includes the A method. 


4.13. Moment constant methods. A moment constant p n is a 
number of the form 


CO 


(4.13.1) 


t J -n = f xn dx, 

0 


where x — x( x ) is a bounded and increasing function of x such that the 
Stieltjes integral (4.13.1) converges for all n. If f is the lower bound 
of numbers x for which 


CO 


J d x(u) = 0, 


CO 


CO 


then 


and 


f d x (u) = 0, f d x (u) >0 (x < f) 

i+o t 

00 f-0 

/4»=JV<*X = f X n dx+ { x( f + 0 )_ x(f _0)}f» 

0 0 

when ( is finite. Usually, however, f will be co; and we shall suppose, 
when f is finite, that x is continuous at f.f 

If 


(4.13.2) 


a (x) = 2 Kk)* n . 

t See the note at the end of the chapter, 

G 


4780 
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then formal term-by-term integration gives 

/ “(*) d x = l («„K) J *» d x = 2 a„, 

and this suggests that we take the integral on the left as the basis of 
a definition of the sum of 2 « n - 
We write 


(4.13.3) 


J a(x) d x = s 


if either (i) f — co, the series (4.13.2) converges for all x, and 

x 

lim f a{x) dx = s, 

X-+<o J 


0 


or (n) f <oo, x(£4"0) — x(f—0) = (4.13.2) converges for 0 < x < £, 

and 

£-o x 

f «(*) d X = lim f a{x) d x = s\ 
o x ^-°o J 

and 


(4.13.4) I*» = * ( Mb ) 

in either of these two cases. 

Theorem 34. The (/x n ) method is regular. 

If 2 « n is convergent and 0<Jf<X 1 <f<oo, then 


00 


CO 


(4.13.5) 


V'n = \ X n dx> X" \ d x > o 

0 Xi 

and (4.13.2) converges uniformly for 0 < x < X. Also 

A' 


(4.13.6) 


s 


— f x n dx 

"n J 


s Kl (l)" JV l ix -° 

0 7 A» 


when —>■ oo, for X < X t and so for X < f. In particular, taking 

(4.13.7) 


— f x n dx -> 0. 

Mn J 


It follows from the uniform convergence of (4.13.2) that 
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and from (4.13.6) that 


(4.13.8) t(X) = > s n l— x*d x -- - 

\Mn J Mn+1 

v 0 0 

say. Plainly c n (X) 0 when X £. Also 

CO X X co 

j x n+1 dx j x n dx — J z n+1 dx j x n dx 

oo oo 


.X 

J 


n> 


oo X X co 

= J x n+1 dx j x n dx — J x n+1 dx j x n dx 


x 

CO 




a ”> X X 00 \ 

x n dx J x n dx — J x n dx J x n dx J = O.f 

o ox' 


Hence 


c n (X) > 0, 
x 


2 K(X)| =1c n (X) = — f dx — lira— f x n d x = — f <2*, 

Mo j n-xxsMn J Mo J 

0 0 0 

by (4.13.7), and J c n(-^0 -*■ 1 when X ->■ f. Thus the conditions of 
Theorem 5 are satisfied, and the method is regular. 

The most important case is that in which 

X (x) = l—e~ xlla (« > 0). 


Then 


j , j 


(4.13.9) 


J e-« V du = s. 


and the definition is 

TUX 

x* r(*«+i) 

In these circumstances we write 
(4-13.10) = s (B',«). 

In particular, when a = 1, we write 
(4.13.11) = * (B'). 

We shall see in Ch. VIII that the definitions (4.13.11) and (4.12.4) are inti¬ 
mately connected and ‘all but’ equivalent. We were led to them in quite 

different ways, and their close connexion is due to the special properties of the 
exponential function. 

If a = 1, a n — z n , then 




e -*a-*> dx = 


1-2 


when $Rz < 1. Thus the B' method, like the B method, sums £ z» in this half-plane. 
f If £ < oo, the upper limit oo may be replaced by £—0 throughout. 
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We make the moment method more ‘powerful’ by increasing the magnitude 
of fx n . Such an increase of power carries its disadvantages with it. Thus, if 

(4.13.12) d x = er k to***ar x dx (k > 0), 

then 


CO 


(4.13.13) l x n = J e -kQoax)* x n-l dx 


0 


and the definition becomes 



e -*u*+nu fa 



(4.13.14) 



e-* u *(2 e »“-» , /«*a n ) du 



We shall see in § 4.15 that this method will not sum 1 — 1 -f 1 —.... 

If A = lf * = x for x < l > X = 1 for x > 1, then p n == (n-f l)-i and the 
definition is 

l —« 

lim f (X ( n + l)<*n xT> } dx = 8. 

«-*> o 

This is plainly equivalent to the A definition. 


4.14. A theorem of consistency. There is no general theorem of con¬ 
sistency for moment constant methods: different methods may sum the same 
series to different sums. But there is a special theorem of consistency which is 
sometimes useful, in which we suppose that £ = oo and 

X 

(4.14.1) X ( X ) = j <f>(t)dt. 

0 


Theorem 35. Suppose (i) that <f>(x) is positive and decreasing; (ii) that 

Mn = J X n (f>(x) dx 

is convergent for n > 0; and (iii) that ^(£x)/^(x) is, for every fixed £ > 1, a decreasing 
function of x; or at any rate that conditions (i) and (iii) are satisfied for x > x 0 . 
Suppose further (iv) that £a n z n is convergent for small z; and (v) that 


(4.14.2) 



so that £a n is summable (p n ) to s. Then £ a n z n is uniformly summable for 0 < z < 1; 
so that it represents an analytic function f(z), which is regular on the segment (0,1) 
and tends to a when z —r 1 through reed values less than 1. 

This is a theorem of consistency because it shows that the sum a is fixed by 
the function f(z) independently of the special <f>(x) and p n used in the definition, t 
It is plainly sufficient to prove the series uniformly summable in any interval 
0 < 8 < z < 1. The series g[x) = 2 ( ajp n )x n converges for all x, and 


J 9 (x)</>(x) dx = 



by (4.14.2); and the sum of J a n z n is 


(4.14.3) 


J g(zx)<f>(x) 



t Compare the second proof of Theorem 17 in § 4.2. 
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dx 


s 


if this integral is convergent. Now if X > x 0 then 

- J / **#<*> dx - 

XX x 

where X < X" < X', by condition (iii). The outside factor does not exceed 1, 
and the second is numerically less than c for X > X 0 (e). Hence the integral 
(4.14.3) converges uniformly for 0 < 8 < z < 1, and the theorem follows. 

The conditions are satisfied, for example, if <f>{x) = e~ AX<t x a ~ x t where A > 0, 
a > 0, a > 0. 

As an application, suppose that 

E«.*’ = = (1+*)- 

for small z. If we take <f>(x) = e~ x , as in Borel’s method, we obtain the sum 

.-*/1 _ “ xzt a(a + 1) x*z* \dx 

■ l (1!)* Z2+ (2!)* •/ ' 

and the value of the integral is not obvious. It is much more convenient to take 
<f>(x) = x a ~ 1 e~ x , when fi n = F(n-}-a) and we obtain 

m / li + Tr—')* = rfc J ** = (!+*)-"■ 

provided only that 9tz > — 1. 

4.15. Methods ineffective for the series 1 — 1 + 1 — .... In this section 
we illustrate the general principle stated in § 4.12 by showing how two ‘violent* 
methods, one of ‘integral function’ and one of ‘moment constant’ type, fail to 
sum 1 —1 + 1 —....f 

(1) Let us take p n = e~* n \ where c > 0, in the definition (4.12.1), and write 
e u for x. Then, since s 2m = 1 and s am+l = 0, we have to determine whether 

^ e -«cm»+iuny e -cn*+un 

tends to a limit when u —> oo. It is plain that we may replace this ratio by 
■^i i. u )IF t {u), where F x and F t are the sums extended from — oo to oo. Now 

«“> - ».(£|!) ■ 

and ^ 3 («+^|t) — 

and it follows from these formulae that F x {u)IF t {u) has the period 4c. Since it is 
plainly not constant, it does not tend to a limit. 

(2) Let us suppose * and defined as in (4.13.12) and (4.13.13). Then the 
sum of 1 —1 + 1 —... is defined as 

OO 

/ / 7 -\ 

(4.16.1) 

'V \7T 

—00 

if this integral is convergent; and it is plain that the convergence will not be 
affected by replacing the lower limit of summation by —oo. But 


F l (u) = 

\ 7T 


4tc\ 

7T / 


oo 

J{~) J «-*“*( du. 


F(u) =„!„(-=*(£ 1 ®) - »*+)• 
t See also § 4.10, for the failure of a violent method of Abelian type. 
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and it is easily verified that 

(n/2 k)+a a 

J e~ iu 'F(u) du = ( — l) n f e~ ku *F(u) du 

n/2k o 

for any a. It follows that the integral (4.15.1) is not convergent and the series 
not suramable. 


4.16. Riesz’s typical means. The * typical means’ of M. Riesz are 
generalizations of certain means which we shall consider in §5.16, and 
a full discussion of them would be more in place in a book dealing 

specially with the theory of Dirichlet’s series. We therefore dismiss 
them very shortly here. 

Suppose that A n satisfies (4.7.1), that 
A x (x) = a 0 ~ha 1 -\-...-\-a n = s n (A„ < x < A n+1 ), A x (x) = 0 (x < A 0 ), 
that k > 0 and that 

OJ 

(4.16.1) A^\co) = ~ f A x (x)(co—x)*- 1 dx -> s 

to* J 
o 

when cj ->oo. Then we say that 2 a n is summable (R,A, k) to s. We 
have also, by partial integration, 


A[ K) (w) = ^ J (w— xYdA x (x) 

0 

We can write (4.16.1) as 



A\ K) (a>) = j </>(x, u)A x (x) dx, 

where 


4> = KCU~ K (lo — x) K ~ 1 (0 ^ X < to), (j) — 0 (x ^ o»). 

Then <f> ^ 0, <f> = 0(a> -1 ) for large o», uniformly in any finite interval 
of x, and 

CO CU 

j \4>{x, co) | dx = j (oj—x)*- 1 dx = 1. 

o o 

Hence, after Theorem 6, 

Theorem 36. Riesz's typical means are regular. 

It is easily verified that the (R, n, 1) method is equivalent to the (C, 1) 
method. We shall prove more than this in §5,16. 

Another interesting case is that in which A„ = log(n+l), k = 1. 
We prove 
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Theobem 37. In order that ^a n should be summable (R,A, 1), with 
^ = log(n+l), to s , it is necessary and sufficient that 


(4.16.2) 


(■ 


10 g(7i+l)\ 5o+ 2 + 3 + - + 


— 

n+V 


In other words, the means are then equivalent to the logarithmic 
means of §3.8. 

If to — log^+l), n = \q] f then the definition (4.16.1) reduces to 


(4.16.3) 


1 

log(?+l) 



771 + 2 
771 + 1 



log(?+l) 




and we have to prove this equivalent to (4.16.2). 
Let us assume (4.16.2), and write 



^4 — 


Then U n ~ slogTi, so that u n = o(logTi) and s n = o(n\ogn). Hence the 
last term in (4.16.3) tends to zero. Also 



?n+2 

771+1 


_1_ 

771+1 


so that the sum in (4.16.3) is 


1 

2 ( 771 + 1)2 






P n -\Q n +R ni 


Q n — 'S' ~- m - = ’V _ zm _ L U n -1 _ 0(1} 

Z.m+1 Z(m+l)(77 i +2) + ti -° {l) 

because U n = O(logrc), and R n is plainly 0(1). Hence (4.16.3) reduces 
to P n ~ «slog(£+l), which is equivalent to (4.16.2). 

The proof of the converse is similar but simpler, since we may take 

CO = ]og(tt+l). 


4.17. Methods suggested by the theory of Fourier series. The 

series 

(4.17.1) £+cos0+cos 20+... = cos n9f 

is fundamental in the theory of Fourier series. Its partial sum is 

(4.17.2) Sn{$ ) = f . coav e = = D (Q) 

o 2sin£0 n ’ 

f The dash implying that the term with n = 0 has a factor *. 
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and its means defined by (3.1.3) and (3.1.4) are 
(4.17.3) t m (8) = 2 D n (8), (4.17.4) t(x,8) = J.c n (x)D n (8). 

In particular the (C, 1) and A means are 


(4.17.5) 


(4.17.6) 


t m (0) = 


1 (sin J(77i+l)0| 2 

2(m+l)l s5Tp / * 


t(r, 9) = 


1—r 2 


• t 


2(1 — 2rcos0+r 2 ) 

The t m (9) defined by (4.17.5) has the properties that 


7 T 


tje) >o, i J tje) d8 = l, 


— 7T 


and that t m {9) -> 0, when m co, uniformly in any closed sub-interval 
of (—7 t,7t-) which does not include the origin; and the t{r } 6) of (4.17.6) 
has similar properties. It is on these properties that the applications 
of the methods to Fourier series are based, and other choices of a t m (6) 
with the same properties lead to valuable methods of summation. Thus 

has the properties required. Since 

2 ml 


(l+cos0) m = 2 1 - 


Tp( i+ 


m 


cos 0 + 


m(m— 1) 


(m!) 2 (* ' 771+1 ' (771+l)(77l + 2) 

we are led to de la Vallee-Poussin’s definition (VP) 


cos 20+..., 


2®» = lim a o + -+r a i + 

m —ko \ 7Yl-\- L 


771 (771— 1) 
(77l+l)(77l + 2) 


••• /• 


In terms of s 


n 


' m m +1 


5 o + 


3tti 


S 1 + 


5m (m — 1) 


(77i +1 ){m + 2)(tti + 3) 52 + "" * 


(772 + 1 )(77l+ 2) 

and it is easily verified that the method is regular. 

In these methods the coefficient of s n is non-negative. There are 
other methods, important in the theory of general trigonometrical 
series, in which this is not so. The most fundamental is Riemann s, in 

which we define a n as 

i- /7x i- V /sin7iM 2 
hm 1(h) = hm ^ «»++ : 


7i-*0 


+ It ia usual to write r for x here, and h for x in the ’Riemann’ definitions. 
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the coefficient of a 0 is interpreted as 1. It is familiar that this method, 
usually called the (R, 2) method, is regular. In this case 

7r(2A—|0|) 


t(h, 6) — 


4 h 2 


(101 < 2 h), 0 {2h < Q < tt) 


and t(h,6) has the properties corresponding to those of (4.17.5) and 
(4.17.6). 

More generally, summability (R, k), where k is a positive integer, is 
defined by 

V /sin nh\ k 

The method is regular for k > 1 but not for k = 1. 

Another method, closely connected with the (R, 2) method, but not 
equivalent to it, is the (R 2 ) method defined by 



sin 2 ^^ 

n 2 h 



where the coefficient of s 0 in the sum is interpreted as h. This method 
also is regular. 


4.18. A general principle. Most of the definitions which we have 
considered in the preceding sections may be presented as illustrations 
of a general principle. 

Let us suppose that F = F(ot,fS,y,...) is a function of certain para¬ 
meters a, 0, y,... which tend to limits a 0 , £ 0 , y 0 ,...; that A, B , G,... are 
the limit operations a a 0 , £ -> /? 0 , y y 0 ,...; that 

PF = ABC... F = lim / lim / lim ...)].F; 

a-*-ao ^ /3—►ySo ' Y~*y 0 ^ ' 

and QF — A'B'C'...F, where A', B\ C 'are A, B, (7,... in a different 
order. We may ask whether 

(4.18.1) PF = QF, 

and the theorems which assert that this is true under appropriate 
conditions include many of the most important in analysis. 

We may also look at the equation (4.18.1) from a different point of 
view. Suppose, for example, that 

F = F(n, x) = 2 a m* m > 

o 

that a = n, ft = x, and that A and B are the operations n -> oo, x -> 1. 
Then 

BF= lim 2 a m xm — 2 a m* 

X-*l 0 0 
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and 


n 

l 

n—►<*> 0 


PF = ABF = UrnZa m = ia m 


0 


if and only if 2 a m is convergent. On the other hand, 


AF = lim 2 a m x m = fa n x n = /(*), 

71—►CO 0 0 


say, whenever this last series is convergent for x < 1; and 

QF = BAF = lim/(x) 

is Abel’s limit for the series 2 « m . If PF exists, then QF exists and is 
equal to PF, but QF exists in many cases in which PF does not. In 
these circumstances we may take QF as the definition of the symbol 
PF , and agree to write PF when we mean QF. The utility of such 
a fiction is, of course, to be judged by its results. 

Again, for the J definition of §4.12, with p n > 0 for all n, 




S^X 


m 


m 


)/(?>-» * m )’ 


A is n -* 00 , B is x ->co; BF = s n , ABF = s if and only if s n -> 5 ; and 
BAF is the limit which we took as our definition. For the ‘moment 
constant’ definition of §4.13 (with £ = 00 ), 


f (Tz’-h-Zii 


A is n 00 , B is X -> 00 ; 

BF -- 


co 


J x m d x = Z a m , 


so that ABF = s if and only if 2 a n converges to s ; and 


CO 


BAF = lim f a(x) dx = [ a(x) dx . 
X-KO J J 


We may sometimes wish to connect the operations A, B,... by relations 
between a, /?,.... Suppose, for example, that 


-**■*•>- i (‘ -s?i) 


(n+l)/p 


a 


m 


n 


co 


lim F = 2 a m> h m lim F = 2 a 


m 


p—KO 


n-^co p—xx> 


0 


Then 
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when the series is convergent; and it is easy to prove that, when n -> oo, 
F ^ e~ mlp a m whenever the last series is convergent; so that 

lim lim F = lim 2 e-^ p a m , 

p—KB n —«0 p—*o 

which is Abel’s limit, whenever this limit exists. Thus the ordinary sum 
and Abel’s limit correspond to the two repeated limits of F . 

On the other hand, we may make n and p tend to infinity together. 
For example, if we suppose that n+l = p, then 




m 

n-f 1 

and we obtain the (C, 1) definition. If we suppose that n +1 = kp, we 
obtain what is very nearly the (C, k) definition of Ch. V.f 


NOTES ON CHAPTER IV 

§ 4.1. The general definition of a ‘Norlund mean’ occurs first in Voronoi, Proc. 
of the eleventh congress of Russian naturalists and scientists (in Russian), St. Peters¬ 
burg, 1902, 60-1. There is an annotated English translation by Tamar kin, Annals 
(2), 33 (1932), 422-8. Voronoi’s article was a short note in a rare publication, and 
was unnoticed until Tamarkin called attention to it. A number of special cases 
of the definition, such as Ces&ro’s, were, of course, already familiar. 

Norlun£ gave the definition independently in Lunds Universitets Arsskrift (2), 
16 (1920), no. 3. He (explicitly) and Voronoi (tacitly) assume that pJP n —> 0, so 
that the method is regular. 

§ 4.2. Of the two proofs of Theorem 17, the first is Norland’s. The second, 
depending on Theorem 18, was given independently by Zygmund, Mathesis 
Polska, 1 (1926), 75-85 and 119-29, and by Silverman and Tamarkin, MZ, 29 
(1928b 161-70. Voronoi states the theorem, and his short indications show that 
his proof was on the lines followed by these later authors. 

§§4.3-4. Theorems 19 and 21 are due to M. Riesz, PLMS (2), 22 (1923), 
412-19. 

The condition (4.3.7) is also unnecessary when both 2 Pn and 2 9n are con¬ 
vergent, but the question Remains open when < oo, ^ g n = oo. 

§ 4.5. Theorem 22 is proved, with a different purpose, by Szego, MZ, 25 
(1926), 172-87 (177). Szego attributes the result to Kaluza. Theorem 23 seems 
to be new. I had originally inserted the additional condition p n = o(q n ), but 
Dr. Bosanquet showed mo that this condition is unnecessary. 

§§ 4.7-8. Theorem 26, and a generalization for complex 6 n , were proved by 
Jensen, CR, 103 (1886), 980 and 10b (1888), 835. See Pringsheim, Vorlesungen 
fiber Zahlen - und Funktionentheorie (Leipzig, 1916), 1, 308-10 and 938. 

Theorems of the type of Theorems 26 and 29 are familiar, and have been 
generalized by many writers in many directions. For these particular theorems 
see Dienes, 394-7; Hardy, PLMS (2), 4 (1906), 247-65; and Perron, MZ, 6 (1920), 
286-310. We can prove, a little more generally, that (4.7.4) and (4.7.6) are neces¬ 
sary and sufficient conditions for 2 °» = 8 to imply f>(x) -> s. 

t See in particular § 6.16. 
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Theo^ms 28 and 30 were proved by Hardy in MM, 39 (1910), 136-9 and 
PLMS (2), 8 (1910), 301-20 (318). 

§ 4.9. For A n = n, Stolz, Zeitachrift fur Math. 29 (1884), 127-8: see Stolz und 
Gmemer, Einleitung in die Funktionentheorie (Leipzig, 1905), 2, 287-8, or Brom¬ 
wich, 252-5. For general A n , Cahen, AEN (3), 11 (1894), 75-164 (86-7): see 
Landau, Handbuch, 737-8, or Hardy and Riesz, 3—4. 

§ 4.10. For (4.10.1) see Tannery and Molk, 2, 10-13, or Hardy and Wright, 
280—2. ° 

Hardy, QJM, 38 (1907), 269-88, discusses the series (4.10.2) in detail, and proves 

the formula 


e~ v — e- <lv + e- a ' t v — .. 


.. 

0 —co 


which shows the oscillations when y 0 explicitly. The argument here is due 
to Maclagan-Wedderbum. 

§4.11. The appropriate references to the work of Le Roy, Lindelof, and 
Mittag-Leffler are given in the note on §8.10. The proof of Theorem 32 is 
Lindelof’s. 


§ 4.12. Borel gave the general definition (4.12.1) in his earliest work on the 
subject: see Borel, 95. The regularity of the B definition was proved first by 
Hardy, TOPS, 19 (1902), 297-321 (298-300). 

§ 4.13. There is a very clear account of the simpler properties of the Stieltjes 
integral in Widder, ch. 1. 

Theorem 34 is proved by Good, JLMS, 19 (1944), 141-3, except that he 
supposes x absolutely continuous. We have ignored the case 


£ < °°> x(£+o)-x(£-o) = d > o, 

which actually leads to a ‘trivial’ method, i.e. one summing convergent series only. 
In JLMS, 21 (1946), 110—18, Good proves a further theorem of the same 
character. 

§4.14. Theorem 35 is a corrected version of one stated by Bromwich (1), 
301-2. The conditions which he gives are unnecessarily strong in one way and 
inadequate in another. The example at the end of the section is his. 

Mr. Eggleston observes that we can dispense with condition (iii) if the integral 
in (v) is absolutely convergent. 

§ 4.15. The formulae used for the transformation of theta-functions will be 
found in Tannery and Molk, 2, 263 (Table XLIII). 

§ 4.16. For the general theory of Riesz’s typical means see Hardy and Riesz. 

§ 4.17. There are general accounts of the theory of the summation of Fourier 
series in Hardy and Rogosinski, ch. 5, and Zygmund, ch. 3. 

De la Vall6e-Poussin’s method (VP) was defined by him in Bulletin de VAcad. 
Sc. de Belgique (1908), 193-254, and applied to the summation of the successive 
derived series of Fourier series. Gronwall, JM, 147 (1917), 16-35, proved that 
any series summable (C ,k) is summable (VP). He also proved that the series 
2 z n is summable (VP) to l/( 1 — z) in the interior of the outer loop of the lima 9 on 



from which it follows that the VP method is stronger than the aggregate of the 
(C, k) methods. 

The VP method has very close relations to the (A, 2) method. Thus Hardy 
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{l.c. under § 2.8) proved that the methods are equivalent for Fourier series; and 
Hyslop, PLMS (2), 40 (1936), 449-67, extended the equivalence to all series for 
which a n = 0(n K ). He also observed that £ z n is summable (A, 2) inside the 
curve 

( 2 ) r = eW (| 0 | < tt ), 

which includes the curve (1), except for the point z = 1, in its interior, so that 
there are series summable (A, 2) but not summable (VP). Later, Kuttner, PLMS 
(2), 44 (1938), 92-9, proved that (VP) —> (A, 2) in all cases. 

Another method with very similar properties has been defined by Obrechkoff, 
OR, 182 (1926), 307-9. 

The Riemann methods are fundamental in the theory of trigonometrical series. 
Thus the regularity of (R, 2) is ‘Riemann’s first lemma’ and that of (R a ) is his 
second. A good deal has been written recently about the relations of (R, k) and 
(0,1). Thus Verblunsky, POPS, 26 (1930), 34—42, proved the implication 

(C,fc-8)->(*,&+1), 

and Kuttner, PLMS (2), 38 (1935), 273-83, proved (R, 1) (C, 1 +8) and 

(R, 2) (C, 2-f-S): here 8 is any positive number. Kuttner gives other references. 

Marcinkiewicz, JLMS , 10 (1935), 268-72, proves the ‘incoraparability ’ of 
(R,2) and (R 2 ). See also Kuttner, PLMS (2), 40 (1936), 524—40; Hardy and 
Rogosinski, POPS, 43 (1947), 10-25 (where it is shown that the methods are 
incomparable even for Fourier series). 

§ 4.18. For all this see Hardy and Chapman, QJM , 42 (1911), 181-215. 
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ARITHMETIC MEANS (1) 

5.1. Introduction. The simplest method of summation of a 
divergent series is the first method of § 1.3. There are many important 
generalizations of this method, and in this chapter we shall discuss 
some of them more systematically. We shall find it convenient to 
change our notation, writing A n instead of s n , and A for the sum of 
the series instead of 5. Thus 2 a n = A (C, 1) means 


]irr , A o+ A i + -+ A 

71+1 



We shall also sometimes use A for the series, as well as for its sum, 
and say, for example, that ‘A is summable (C, 1)’ (naturally to sum A). 


5.2. Holder’s means. The most obvious generalization is that first 
made by Holder, who defined a sequence of methods which we shall 
call the (H,&) methods. 

The (H, 1) method is the same as the (C, 1) method: thus 


1-1 + 1-... = i (H, 1). 

The method fails for 1 — 2 + 3 — 4 + ..., since here the A n are 1, —1, 2, 
~ 2, 3 . and H x = A'+A^.^+A 

n 71 + 1 ' 

is ^(ti + 2)/(ti+1) if n is even and 0 if n is odd. We can, however, obtain 
a li m it by repeating the averaging process; for the first of these values 


is £+o(l), and so 




n+1 4 


Similarly, three averagings will give £ as the sum of 1 — 3 + 6—10+.... 

We are thus led to define summability (H, k), for any positive integral 
k, as follows. We define //£, for k = 0, 1 , 2 ,..., by H ° = A n and 


(5.2.1) 


# r n +1 = 


H r Q+H\+...+Ii r n 
71+1 


If H jj -> A when n ->oo, then we say that 2 a n summable (H,&) to 
sum A , and write 

(5.2.2) flQ+aq••• = -A (H, k). 

By summability (H, 0) we mean convergence. 

f We write H \, H rather than for convenience in printing: the indices 

cannot be road as powers. 
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5.3. Simple theorems concerning Holder summability. We 

shall find that Holder’s definitions, although the most obvious 
generalizations of the (C, 1) definition, are for most purposes not the 
most convenient. They have, however, certain advantages. In parti¬ 
cular, if we write H k {A) for the H * formed from the partial sums A n , 
and denote the sequence (H k (A)) by H k {A), then it is obvious from the 
definitions that 

H k {H l (A)} = H l n {H k {Aj) = H*+*(A)\ 

and this makes the proofs of some theorems particularly simple. 

Theorem 38. If 2 a n — A (H,&), where k ^ 0, and k' > k , then 
£a n = A (H,&')• 

This follows at once from the definitions and Cauchy’s theorem of 
§1.4. 

Theorem 39. If ^a n — A (H, k) } then A n = o(n k ) and a n = o{n k ). 
For H k = A-\-o(l) and so 

H*- 1 = (n+VH'-nH*^ = o(n), U = [n+l)H*-*-nH*z\ = o(n*), 

..., A n = H° n = {n+ l)tf*— nH\^ = o(n k ), a n = A n —A n _ x = o(n k ). 

This is the ‘limitation theorem’ for the (H,&) method. It shows, for 
example, that (as we saw directly in §5.2) the series 1 — 2 + 3 — 4 + ... 
cannot be summable (H, 1). 

The next theorem reveals some of the inconveniences of the Holder 
methods. 


Theorem 40. The (H, k) method has the properties expressed by 

(*> ICa n = C2<*„> (P) I(*n+b n ) = Za n +Zb n> 

(y) a o*f«i+a 2 +... = a 0 +(a 1 +a 2 +...), 

(8) a o”i~ • 

Here each equation is to be interpreted in the sense ‘if the right-hand 
side has a value, in the (H, k) sense, then the left-hand side has a value 
in the same sense, and the values are equal’. Thus (8) means ‘if 

is summable to A } then a 1 +a 2 +... is summable to A~a 0 \ 
The properties (a) and (/?) are trivial (and true of any linear method). 
If A: = 1 and b n = a n+1 , then B n = A n+1 —a 0 and 


A)4-I?i+.-- + i? n 
n+1 


n ~i~2 / i 0 -fi 1 -f-..+i n+1 

71+1 71 + 2 ~ 



and (y) and (8) follow. But the relations between the means of the a n 

and the b n are not simple for higher values of k, and we postpone the 
rest of the proof to § 5.8. 
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5.4. Ces&ro means. The Holder means were defined by a process 
3 Z Z Z •••» where 2 is summation from 0 to n and 8 is division 
by 7i-f 1, operating on A 0 , A v .... The Cesaro means are averages defined 
b} r k summations followed by a single division. 

We write 

(5.4.1) Al = A n = a 0 +a, + ...+a„. A* = A<t 1 +A’l-'-+...+A k n -\ 

and E k for the value of A k when a„ = 1 and a„ = 0 for n > 0, i.e. 
when A n = 1 for all n. If 

(5-4-2) C k (A) = A k /E k A 

when n ->ao, then we say that 2 a n is summable (C,k) to sum A, and 
write 


( 5 - 4 - 3 ) a 0 + ai +a 2 +... = A (C ,k). 

It is easy to express A * explicitly in terms of A n or c n . We have 


and 


- 2,2 


I A k x n = (1—x)- 1 2 -4*- 1 x n = (i-*)- 2 2.d*-v... 



= (1— *)"* 2 A n xn = (1 — 

Thus 

^•-zfttyz^- 

and 

(5.4.4) 

* - 1 r = i (tt*) 

Similarly, 

(5.4.5) 

^ - z n + >- - z (tv 


If a 0 — 
Hence 
(5.4.6) 


1 and the remaining a n are 0, then A* reduces to j- 


**. (»«) _ 
ft*) - 


(Ar+l)(fe+2)...(fc+n) 
72-! 

(7i+I)(7i-j-2)...(n+A:)_n* 


Als0 ' k J- k\ 

so that summability (C, k), to sum A, may also be defined by 
(5.4.7) lc\n~ k A*-+A. 

f Here we use a natural extension of the convention of §3.1. A sum £ <* v fin-v 
without limits, is extended over those v for which v and n — v are non-negative, i.e. 
over 0 ^ v <. n. 
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More generally, we have 

2 A k n x* = Z A n^ n = (1 — x) k '~ k J A„x n \ 

and so 


(5.4.8) 

(5.4.9) 

These formulae are 


■*: - 2 

essentially the same, since 



(- 1 Y 


/v-\-k—k '— 
[ k-k'-l 



so that (5.4.9) is (5.4.8) with k and k' interchanged; but the forms 

given are the most convenient when k' > k. Since the coefficient in 

(6.4.9) is 0 when (k' and k are integers and) v > k'—k > 0,it may also 
be written as 


(5.4.10) a* = K £(-ir( k '~ ,C )A*_ y . 

We can use (5.4.10) to define for negative k. Thus, if k — —p 
and k' = 0, it becomes 


A " P = (2)^-2-- = 

In particular 

(5.4.11) A ~ 1 = — A^4 n _, = = 

and it is often convenient to use this convention. 




5.5. Means of non-integral order. We have supposed so far 

(except m the last paragraph) that k is a positive integer, but the 

formulae (6.4.4)-(6.4.7) remain significant for non-integral k, and enable 
us to give more general definitions. 

If i: is a negative integer, and we define E* either by (5.4 6) or as 
the coefficient of in (l-*)-*-*, then £* = 0 for n > -k-1, and 
definition (5.4.2) fails. We must therefore exclude these values of k and 
it proves best to suppose that k > —1. We then define A* by ( 6 . 4 . 4 ) or 
(5 4.5), E* by (5.4.6), and summability (C, k) by (5.4.2). The asymp¬ 
totic formula for E* is still valid if we interpret k\ as r(fc+l), and we 
can use (5.4.7) with this interpretation. 

To show the desirability of the restriction k > - 1, we suppose 

5>n* n = (I-*)-*, 

where p is positive and non-integral. Then 

P(p+l)...(p+n-l) »p-i 

u n — - ------— 

n! T (p)' 


4780 


a 
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so that Z a n is a divergent series of positive terms. But Y A k x n = n-rrHfc-i-p 

TotrZTt^ya 1 Z L , HCnCC = 0 *-» > 0. and so ^ we do ' 

not restr ,c t k) J, a„ .s summable (C, -p- 1 ) to sura 0. It would be very incon- 

vement for most purposes to attribute a finite sum to a divergent series of positive 

ve!! 6 f f al ‘ therefore su PP° se generally that k > - 1 ; but it is sometimes con¬ 
venient to use a special definition of summability (C. — I). W e shall say that 

is summab 16 (0, - 1 ) to sum A if (i) it converges to A and (ii) a„ = o(n-‘). 

LiA n — 0(n ) then we shall say that A n is bounded (C, k), and write 

A n = 0(1) (C,k). 

More generally, by 


A n = o(n l ) (C,k), A n = 0(n l ) (C,k), 
we shall mean A k = o(n l + k ), A k = 0(n l + k ). 

And we shall use similar notations for other methods of summation: thus 
2 a n = 0(1) (A) will mean that J,a n x n = 0(1) when x -> 1 — 0. 

In what follows we shall sometimes work with a general k and sometimes 
restrict k to integral values. Most of the theorems with which we shall bo 
concerned are true for all k > -1, but the proofs are often much simpler for 
integral k, Thus wo have often to use the difference 



This is a finite sum when k is integral, but the generalization for non-integral k 
is an infinite series, and this often leads to serious complications. In such cases 
we shall usually suppose k integral. 


5.6. A theorem concerning integral resultants. The sum 


(5.6.1) 


C » = 2 “A = 2 = 2 a n-yb , 

H + v=n 


and the integral 

(5.6.2) c(x) = J a(l)b(x-l) dt = j a(x~t)b(t) dt J 


are called the resultants of a ni b n and a{x), b(x). There is one pair of 
theorems concerning such resultants which we shall use repeatedly, and 
which will be particularly important in Ch. X. 


Theorem 41. If r > —1, s > —1, and 


(5.6.3) a n 
then 

(5.6.4) 



n r 

r(r+l)“’ 




——— p 

n*+i) p 



/n+r+s+l\ 
\ r+s+l ) 



n r+9 + 1 Q 

r(r-H-f2) a ^ 


f Though some definitions do this: thus l+2-f4-f-" = — 1 according to the (£ 
definition of § 1.3. See also §§ 13.10 and 13.17. 

\ Hero wo use a convention similar to that of § 5.4: the range is 0 < t x. Tho 
German equivalent of resultant is Faltung. 
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Theorem 42. If r > —1, s > — 1; a{x) and b{x) are integrable over 
any finite interval of positive x ; and 

(5.6.5) a{x) ~ oaf, b(x) ~ fix* 

when x oo; then 

< 6 - 6 - 6 ) 

In these theorems a n ^ (^ l + r ^a,...,a(x) ~ ocx r , ... are to be interpreted 

as a n = o(n r ),..., a(x) = o(x r ) t ... if a or is 0; we leave the necessary 
modifications of the proofs to the reader. There are similar theorems in 
which hypotheses and conclusions involve O instead of o. 

Theorem 41 may be deduced from Theorem 42 by taking a(x) = a n 
and b(x) = b n for n < x < n-j-1, when c(n+ 1) reduces to c n . 

In proving Theorem 42 we may suppose a = ft = 1. We choose 
8 = 8(c) so that 


(5.6.7) 
and also 


0 <$<i, 8 r+1 < (r-f-l)€, 8 s + l < (s-j-l)c, 


(5.6.8) y = 


r(r+i)r(^+i) 

!>+*+2) 


1-8 


= J u r (l—u) 9 du < J u r (l—w ) 8 dw+e; 


and write 
(5.6.9) 


8* (l—8)x * 

c(*) = /+ J + J = ^(sJ+c^aO+CgOr). 

0 8x (l—8)x 


When 8 is fixed we can choose x 0 = x 0 (8, c) = x 0 (e) so that 

(l-S)x (l-8)x 

(1—c) J u r (x—uy du < c 2 (x) < (1-j-e) J U'(x—w) 8 dw, 


8x 


8x 


i-8 i—8 

(1— €)3?+*+ l j w r (l— w) 8 dw <c a (x) < (1 + € )z r +** f w r (l— w) 8 dtt, 

5 6 

for a; ^ x 0 . It follows, after (5.6.8), that 


lim 


xr+* +l 


1-8 




(l+e) J « r (l-M) s (Za < (l+e)y, 


c 2( x ) 


8 

1-8 


lim 


a^+«+l 


( 1 ~€) j u T (l—u) 8 du > ( 1 —e)y—e. 
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On the other hand, there are numbers H and K such that \a(x) | < Kx r 

and | b{x) | < Kx 8 for x ^ H. Hence if, as we may suppose, 8x n > H 
and (1 — S)a: 0 > H, we have 

n 8x 

< KxS J \ a ( u )\ du^Kx* J \a(u)\ du +K*x* J u r du 




h 

S r +! 


Kx 8 f \a(u) \ du +K 2 —— af+'+i. 
J r-f-1 


u 

It follows from this and (5.6.7) that 

esM 

^ r +^+1 ^ r+1 ^ ^ € » 

and there is plainly a similar inequality for |c 8 (a;)|. 


Collecting our results we see that 

c i( x )\ 


ajr-w+i " 


c 2 (z) 

ZT+S+1 


-{-lim 


-j-r+s+l 


-}-lim 


|c 3 (*)l 

%r+3+l 


(l+t)y+2K% 


lim J&L ^ 


x r+8+1 


x r+. s+l 


X r-H»+I 


X r+S+1 


> (1 c)y— (1 -f- 2K 2 )€, 


and so that c(x) ^ yx r+s+1 . 

We can, of course, prove Theorem 41 directly in a similar way, the part of 
the formula 

!>+!)]>+1) 


/ 


u r (x— u)* du = 


x r+i+l 


T(r+tf + 2) 

being played by an identity between binomial coefficients, viz. 


(5.6.10) 


z (Tirr*) - 


5.7. Simple theorems concerning Ces&ro summability. We 
begin by proving the theorems for Ces&ro means corresponding to 
Theorems 38-40. 

Theorem 43. If k' > k > — 1 and Ja n = A (C,&), then 

1a n = A (C ,V). 

For, if k' = k-\-8 , then 


A k J 


= V ( v+ ^- At 


n ~Z< \ 8 


n—v> 


by (5.4.8); and A * ~ It follows from Theorem 41 that 


A* 


r 


k +8 


y - ny 
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In particular, taking k = 0, and writing k for k ', we have 

Theorem 44. If k > 0, then the (C, k) method is regular. 

Since the coefficients in C*(A) are non-negative when k > 0, it follows 
from Theorem 9 that the method is totally regular in the sense of § 3.6. 


It is instructive to deduce Theorem 43 from Theorem 2. If we express C%'(A ) in 
terms of C%(A) from (6.4.8), with k' = A:-j-S and y,n —v interchanged, we find that 


where 


C£(A) = £c n>v C*(A), 

"-rrxrvcts 8 ) 


for v < » and c n v = 0 for v > n. Then c nt „ > 0, c n> „ = (^(n - * -1 ) when v is fixed 
and n —> oo, and 2 c„, = 1 by (6.6.10), so that the conditions of Theorem 2 are 
satisfied. Also, since c n w > 0, C*(A) -> oo implies C%{A) -> oo. 


Theorem 43 remains true for k = — 1 , if we use the definition of 
summability (C, — 1) given in §5.5, but it needs a different proof. 
Actually rather more is true. 


Theorem 45. 7/2 a n converges to A, and a n = 0(ft -1 ), then 

Za n = A (C, —1+8) 

for every positive 8. 

We may suppose ^4 = 0 and 8 < 1. We write 


(5.7.1) T.-..* _ 2 ('tiT 1 )-., -“1'+ j - S,+«l. 

where N = [vrn], 0 < w < 1. Then 



uniformly in -nr. We can therefore choose w so that 


(5.7.2) J^i < 

N,». if«., _ (;+«), o^. „ d 

(5.7.3) S t = u N a„_ N +u N+l a n _ f/ _ 1 -{-...-\-u n a 0 

= U n-J+ A l( U n-l~ tt n-i)+—+A n _ I/ _ 1 (u N+1 —U N )+A n _ f/ U // 

= n I o o(l)0(n8-*)+o(l)0(n s -i) = o(n«-i). 

Finally, it follows from (5.7.I)-(5.7.3) that n^-i+S 0, i e that Y o 
is summable (C, —1+8) to sum 0. A " 

Theorem 46. 7/ £ > -1 and £ “n = ^ (C, k), then A * = o(n*) /or 
fc <C tc. 
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This is the 'limitation theorem'. It is not necessary here to suppose 
* > 1; in particular the result is true when k' = 1, A k ’ = a 

We take A = 0, so that A* = 0 („*), and write k’ = k-S, so that 
s > 0. Then, after {5.4.8) and (5.4.9), 


A 


, _ 2 M - 


(-s- 1 1 )' 1 !- - 2 ■ - 2 


say. If 8 is an integer then, by (5.4.10), A* is a hnear combination of 

S+l of the A k , with coefficients whose moduli are all less than 
(1-f l) s = 2 s ; and so A *' = o(n k ). 

If 5 is not an integer, then T(—S )d n — n~ and £ \d n | < oo. We 
then write 

. /fin) n . 

= ( 2 "f" 2 ) dv-A-n-v — S 1 -\~S 2 . 

TT 0 II n l + l 

Here 

■ 5 il = 2 1 KI|o(" fc )l = o(n*2 |dj) = o(n*), 


1$ 


<r 


*» / „ n —[}«1 . 

2 KII4U = o(»-«-* 2 /»* = 0(**-») - o{»») 

linj + l v l • 


since k > —1 and 8 > 0; and the theorem follows. 

Theorem 47. The (C, k) method has the properties (a) — (8) of 
Theorem 40. 


It is only necessary to prove (y) and (8). We have to show that, if 
b n = «„+ 1 , then either of £ a n = A (C, k) and 2 b n = A— a 0 (C ,k) im¬ 
plies tli© other. But 

J,A k x n = (1 —x)~ k ~ 1 J i a n x n = (1 —x)- k - 1 (a 0 +x'2 t b n x n ). 

Hence A„ = E k a Q -\-B k -i for n > 0, and the conclusion follows. 
Theorem 48. If £ a n is summable (C ,k), where k > —1, then 

a m ~ (®m a m+l)“M a m+l a m+ 2)~h-** (^> ^)* 

We may suppose, after Theorem 47, that m = 0. If b n = a n —a n+l 
then B n = a Q —a n+1 = a 0 —u n , say, and 

«-2 

Now 2 w n summable (C, /:), by Theorem 47, and f/J -1 = o(n k ), by 
Theorem 46. Hence B k n ~ | n ^ja 0 . and 2 is summable (C,fc) to 
sum a 0 . 

The theorem may be stated in the form if 2 a n 15 summable (C, k) then 
a -*■ 0 (C, k), and is also true (and trivial) for k = — 1. 
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5.8. The equivalence theorem. Our next theorem is distinctly 
more difficult. 

Theorem 49. The (C y k) and (H,&) means are equivalent: if ^a n is 
summable (C, k), then it is summable (H, k) to the same sum , and conversely. 

Here naturally k is integral, since we have defined Holder means only 
for integral k. We begin by proving 

Theorem 50. If 


(5.8.1) 


m 


n 


71 - 1-1 


then the hypotheses 

(5.8.2) s n -+s (C,k), m n ^s (C,k-l) 

are equivalent. 

We define s* as we defined A* in § 5.4, so that 


(5.8.3) 


4 = 


and m*, C*(m) similarly. We have, by partial summation, 


j /=0 


2 ( V +P)u v = (n+p)u\- 2 uj = (n+p+l)u\-ul, 

v=0 


for any p and n. Hence, since s„ = (n-j- l)m n , we derive successively 


S l — 2 ( v + l ) m v = (71 + 2 ) 771 ^ — 
0 


s l = (n+3)77ij—2mJ,..., 


(5-8.4) 4 — (n-f-A;)?^*- 1 — (k~ l)mj; 

and from (5.8.3) and (5.8.4) it follows that 

(5-8.5) C*( 5 ) = kC^(m)-(k-l)CHm). 

Wrat, s implies C*{m) s , and so <7*(,s) 

Secondly, suppose that C*(«) -*• 5 . Since m *" 1 = mj—m*_ Xl ( 5 . 8 . 4 ) is 


5. 

— .mk 


or 


(5.8.6) C*(s) = (n+IJCSfmJ-nC^fm). 

From this it follows that 


(5.8.7) (»+l)C*(m)= CJ(s)+C*( 5 )+...+C*( 5 ), 

and therefore that C*(m) -> s. Finally, (5.8.5) shows that C*-»(m) -> s 
This proves Theorem 50: and it is easy to deduce Theorem 49. For, 
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applying Theorem 50 k times in succession, we see that the hypotheses 

C*(A)^A, C*-'{W(A)}->A, .... C\{H^(A)}->A, H*(A)-+A 

are all equivalent. 

It is plain that Theorem 40 (§5.3), the proof of which we postponed, 
now follows from Theorems 47 and 49. 


5.9. Mercer’s theorem and Schur’s proof of the equivalence 
theorem. Schur s proof of Theorem 49 is similar in principle, but 
makes the relations between the various matrices involved more explicit. 
It depends on an important theorem of Mercer. 

Theorem 51. If a > 0 and 

{5.9.1) t n = <xs n +{l—ot)m n -> 5 , 

then s n -> s. 

We define m_ x as 0 . Then = ( n ~h l)m n ~nm n _ 1 for n = 0 , 1 , 2 ,..., 
and 


(5.9.2) t n = {a.n-\-\)m n ~a.nm n _ 1 {n = 0, 1, 2,...). 

We choose q 0 , q lt q 2 ,... so as to satisfy 

7o = U lo a( h = («+l)?i — 2ag r 2 = 0, (2a+1)£ 8 — %cxq z = 0, .... 

Then 

_ 1 a+1 2a-f-1 (»—l)a+l T(n+p) vf-' 

qn a' 2 a * 3a noc ~ r(/3)I>+ 1) ~ F(j8) ’ 


where ft = 1/a; and 

(5.9.3) go+gi-f~ —~ jr (p+1 ) ‘ 

Multiplying the equations (5.9.2) by q 0 , q 1 
and Theorem 12, we obtain 


^ (an-f l)g n . 

,..., adding, and using (5.9.3) 


(5.9.4) goto+gl<l + ;-+gn<n ^^ ; 

[ocn+l)q n 

and it follows from (5.9.1) and (5.9.4) that s n 
Theorem 61. 

We use the following notation. If the transformations T and U are 
the same, i.e. have the same matrices, we write T = U. If T and U 
have coefficients c m<n and d m n , then aT-f/?U is the transformation with 
coefficients ac mn +pd mn . 
write 


s. This proves 


If t = T(<s), as in §3.1, and u = U(*)> then we 
u = U{T (s)} = UT (s). 


If UT = TU, we say that T and U are commutable. We write T 2 for 
TT, T 3 for TT 2 , and so on. 
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If T has an inverse, i.e. a transformation S such that t — T(s) 
implies s = S(J) and conversely, we write T -1 for S. If E is the identity, 
i.e. the transformation t m = s m , then T _1 T = TT -1 = E. A triangular 
transformation in which c m m =£ 0 for all m has an inverse. 

We write H (A:) and C (fc) for the (H,&) and (C, k) transformations, and 
H, Cfor H (1) , C (1) . Thus H = Cand H ( *> — H fc . If (m+l)t m = s 0 +...+s m 
then s m = (Tn J r l)t m —mt m _ l . Thus the matrices of H and H -1 are 



10 0 0 
i i 0 0 
i i i 0 




1 0 0 0 . 
— 1200 . 
0 — 230 . 


7l ^~ r j C r n {A) = A r ni we have 

rC' n ~'(A) = {n+rWW-nC^A) 

= {(n+l)C;(^)-nC;_ 1 (^)}+(r-l)C?;M); 
and so r& r -v = H.~ 1 W+(r- 1)C«, 

(5.9.5) HC (r - 1 > = pCW+ (l-p)HC<'> = s< f >a r >, 

where p = 1/r and S (r) is the transformation 


Since A 1 ^ 1 = A r n ~A r n _ x and ^ 


SW = pE+(l-p)H. 

Hence H*“ r + 1 C<»- 1 > = H*- r S< r >C< r > for 0 < r < k. But H* r is corn- 
mutable with H and with E, and so with S (r) ; and therefore 

(5.9.6) H *-r + i(jr-i) = S (r) H*~ r C (r) (0 < r < jfe). 

We define T* r > by 


(5.9.7) T« = H*- r Cf> (0 < r ^ k), 


so that T<*> = CK*> and T< 0) = H*. Then (6.9.6) is T (r - 1 > = S (r >T< r >; and 
therefore 


(5.9.8) 



^ r) +4 r) +.-+<ir ) 

71-fl 


4 r) being the result of operating on A n with T< r >. Hence, by Theorem 51, 
the hypotheses t™ A and 4 r-1) A are equivalent. That is to say, 
T^ and T< r - 1 > are equivalent, and therefore T<*> and T®> are equivalent. 

Ifc will be observed that here we use the transformations C< fc >, H a C‘*- a >,..., 

H * whereas in § 6.8 we used C<*>, CK*-i>H, C<*-«>H a .H*. Aotually H*> is com’ 

mutable with C«» for all p and q, so that and the two sets 

of transformations are the same. This is not difficult to prove directly, but the 
full reason for it will not appear until §§ 11.3-4. 
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5.10. Other proofs of Mercer’s theorem. From the many other proofs of 
Theorem 51 we select two. 

(A) Knopp's proof. One proof, due to Knopp, has the merit of avoiding all 
algebraical calculations. We may suppose without loss of generality that s n is 
real; and it is sufficient to show that «s n tends to a limit. 

Given n > 0, we distinguish the two cases (a) s n < m n , (b) s n > m„. Sinco 
= (n+\)m n -nm n _ x , s n < m n implies m n _ x > m n (and s n > m n , s n = m n 
imply m n _ x < m n and m n _ x = m n respectively). 

(i) Suppose that 


(5.10.1) 


lim m n = oo. 


Then, given O, there is a p for which m p > G. If n = p is in case (a), then 
m p -! > > O. If also p- 1 is in case (a), then m p _ 2 > m r _, > G; and so on. 

If all of p,p 1»...»2 are in case (a), then m, > 0, and this is impossible for 
large G. Hence one of these numbers must be in case (b), and there is a q such 
that a Q > m Q > G. But then 


t Q = ol8 q + (1— <x)m q = m Q + x(s Q -m Q ) > G, 

a contradiction for large G, since t n is bounded. Hence limm n is finite; and 
similarly l_imm n is finite, so that m n is bounded. 

(ii) Suppose that (m n is bounded and) 

(5.10.2) l = lim m n < lim m n = L. 

Then there are numbers h and H such that h < H and each of m n < h, m n > H 

is true for an infinity of n. Suppose, for example, that 

(5.10.3) m p < h, m Q > H, q > p. 

If q is in case (a) then, as before, m,., > > H. If all of q, q— 1. p + 1 are 

in case (a), then m v > H > h, in contradiction to (5.10.3). It follows that there 
is an r, greater than p, for which s r ^ m r > H and 

(5.10.4) t r = ocs r “f" (1 — oc)m r = m r -\-ai(s r — m T ) > H. 

And, since p may be as large as wo please, (5.10.4) is true for an infinity of r. 

Similarly t r < h for an infinity of r; and this and (5.10.4) together contradict 
the hypothesis that t r tends to a limit. It follows that (5.10.2) is false, and that 
m n tends to a limit; and therefore, by (5.9.1), s n tends to a limit. 

(B) Hardy'8 proof. Another proof, by Hardy, gives rather more, in particular 
the extension of the theorem to complex a. It is convenient to begin by a trivial 
transformation of the theorem. 


We write u n+1 = a(« 0 + «i + ••• +«„), « = (a—l)/a. 

Then (5.9.1), with n—1 for n, becomes 

(5.10.5) u n — u n _ l —au„/n —► s, 

and positive values of a correspond to values of a less than 1. Mercer’s theorem 
asserts that u n — u n _ x and u n /n then tend to 8/(1—a). We prove, more generally, 


Theorem 52. If a = a-M/8 and a ^ 1. then (5.10.5) implies 



n »+D 

T(n-f 1—a) 



sn 
1 — a 


+ o(n). 


If a < 1, then (7=0. 
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We may suppose that 5 = 0. We write 

r(n+l) 


u n = 


fn = fn f n* 


r(n+l-a) 

Then/ n ~ n a and /„—/„_! = a/„/n. Hence 

fn—l(fn fn—l) ~ fnfn fn-lfn —1 (/n fn—l)fn 

= Un-u^-aujn = 0 ( 1 ), 

and so f n —fn- 1 = o(n““). If a < 1 then 


= <£o + 2 — n-l) = fo + 2 o(m-«) = 0(71*-“) 

1 1 

r 

and u n = 0(n°)o(n 1_a ) = o(n). If a > 1 then the series 2 (^m - is con- 
vergent, <f>„ tends to a limit C, 

fn = C— 2 (fm+l — fm) = <?+ 2 = C , + o(n 1 ““) r 

« n 

and u n = (7/ n -f-o(n). 

There are theorems of the same kind concerning ‘asymptotic differential 
equations’, and one particularly simple theorem which we shall use later, viz. 

Theorem 53. Iff{x)+f'(x) 0 when x oo, then f(x) -> 0. 

This may be proved directly as follows. If /' is of fixed sign from a certain x 
onwards, then / is monotonic. Thus / tends to a (possibly infinite) limit l , and 
f'-> —li and these conclusions are contradictory unless l = 0. If, on the other 
hand,/' assumes values of either sign for values of x beyond all limit, then/—► 0 
when x > co through the values which make / a maximum or minimum, and 
therefore when x —> co in any manner. 

5.11, Infinite limits. It is natural to ask whether the equivalence theorem 
extends to the case in which the limits are infinite. Here the answer is negative. 

Theorem 54. If s n —► oo (C ,1c) then s n —»- oo (H, k). The converse is false when 
k > 1. 


Here again k is integral. It follows from (6.9.5) that 

H = C (I >, H a = HC (1 > = £C<*>-f-piC< 2 >, 

H 3 = £HC (2, -f £H 2 C (,) = £C< 3 > + §HC< 3 > + £H 2 C< 3 >, 


and generally 

(5.11.1) 

where a k%v > 0. Hence 

( 6 . 11 . 2 ) 

Also 


=xWpHxCW, 

P-0 

P-0 


= 2 h„, M c«> ( «), 

< 7-0 


(5.11.3) 

where h npq > 0; and it follows from (5.11.2) and (5.11.3) that 

(5.11.4) 


where 


= 2 
c-o 

fc—1 

2 a Jc,phn 9 v,Q ^ 0 . 

p —0 


Consideration of the case in which * n = 1 for all n shows that 2 b kna = 


1 
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The equivalence theorem shows that the transformation (5.11.4) is regular 
and, smce b k n q > 0, it satisfies the conditions of Theorem 9. Hence 

(5.11.6) lim C'* ) (s) < lim H*{a) < < iunC^{s), 

and s n -> oo (C, k) implies s n -> co (H, k). This proves the positive half of Theorem 

To prove the negative half, suppose that k > 1 and C&>(«) = 2m, ( 5 ) = 0. 

These equations define a sequence (s n ) for which * m+1 


lim C<*>(a) = 0, lim C<*>(*) = 00 , 

andff„{C('--l( 8 )}-*oo. By(5.11.2),ff*(«) > co. Th U ss„- 

but 3 n —>• co (C, A:) is false. 


°o(H,&), 


5.12. Ces&ro and Abel summability. Theorem 43 shows that 
the strength of the (C, k) methods increases with k. Our next theorems 
show that the A method is stronger than any of them. 

Theorem 55. If y a n = A (C, k) } for some k, then 2 a n — A (A). 

Theorem 56. There are series summable (A) but not summable (C, k) 
for any k. 

We need a lemma, important in itself. 

Theorem 57. If d n > 0, 2 d n = oo, 2 d n xn is convergent for 
0 < * < 1, and c n ~ Ad n , where A =£ 0, then 

C(x) = J c n x n ~ AD{x) = A J t d n x n 

when x -> 1. 


We may suppose c n real and A = 1. Then cjd n lies between 1 —e 
and l-j-t for n > N = N(e). Hence, on the one hand, 

C{x) = £ c n x»+ f c n *» < (1-f -e)D(x) + f \c n \x n y 

0 N + l 0 

and on the other 


Since 


C(x) > (1 —e)D(x)— 2 d nX n — 2 \ c n\ xH - 

0 0 

lim D(x) ^ lim 2 d n xn — 

o 


for every N, and so D{x) -> oo, it follows that 



and therefore that C(x) ~ D{x). 

Theorem 55 is a corollary. We may suppose A =£ 0. Then, as in 

An X n . 

E*x n ' 


5 


f(x) = y a x n = ^ _ 2 

n ) 2 n (!_*)-*-!-y 


and An ~ AE J, so that f(x) -> A. 
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To prove Theorem 56, we define a n by 
(5.12.1) f(x) = eWa-w) = J anX n m 

Then f(x ) is regular except for x — — 1, so that the series is convergent 
for \x\ <1; and f(x) e i when x -> 1. On the other hand, a n is not 
0(n k ) for any k; for this would involve 

M = 0(2n*\x |«) = 0[( 1 —la:!)-*- 1 }, 

uniformly in the circle \x\ < 1, whereas f(x) tends to infinity like 
e i/u-i*i) when x -+ — 1 by real values. It follows from Theorem 46 that 
2 a n is not summable (C, k) for any k. 

A more elegant example of a series with the properties desired is ( — l) n e cVn , 
where c > 0. The a n of (5.12.1) is roughly of this type, but the proof of this is 
more troublesome. 


5.13. Ces&ro means as NSrlund means. The (C, k) means are 
the (N,^? n ) means with 

The (H, k) means are not Nttrlund means (except when k ~ 1). It is 
interesting to find examples of NOrlund means (a) stronger than any 
Ces&ro mean and (6) weaker than any Ces&ro mean of positive order, 
(a) We suppose k integral, and take 



when P n = 0(n k ), Q n ~ 2Vne Vn ; and define K n by 


k(x) = 2v» = 

p(x) 


(l— x ) k q(x),f 


so that 


K n = (— 


for n > k. We have to show that summability (N, Pn ) implies summabiiity 

(N, ? ), and we use Theorem 19. The second condition of the theorem is 
plainly satisfied, and it is enough to prove that 


2 e« n - m \n— m)-**m* = 0(Vne v *), 

the summation extending over 0 < m < n. The terms in which 
in give 0(^ n ) with a c < 1. Finally, 


m 


Vra—V(n— m) 


m 

2Vn f 


gV(n-m) gVng-im/Vn^ 


t We us. * for the k of § 4.3. since k is required otherwise. 
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and the remaining terms give 

0{e' ,n n~^ k 2 m k e-^ m ^ n ) = 0{e' /n n~^ k {\— 

= 0{e Vn ?i-»*?iN*+i>} = 0(V?ie Vn ). 

(b) The means for which p„ = (n+ l)-i have been called by M. Riesz 
‘harmonic’ means. We take q n = ^+^ 1 j > where k < 1, so that 

(2ST,? n ) is (CU). Then pi < p n ^p n+1 , and pjp n . 1 <qjq n . 1 if 

(n-f l)(n+&— 1) > n 2 , i.e. if n > (1 —&)/&. Thus the conditions of 
Theorem 23 are satisfied, and summability (N,^? n ) implies summability 
(C, k) for every positive k. 


5.14. Integrals. The definitions for integrals corresponding to those 
of §§5.2-5 are as follows. We take the lower limit of integration to 
be 0, and suppose, to avoid minor complications, that a(x) is bounded 
in every finite interval (0, X).| 

We write 

x X 

U°(x) = A(x) = J a(t) dt, H k (x) = I J dt. 

0 0 
If H k (x) -> A when x -+co, we write 


A(x)^A (K,k), J a(x)dx = A (HU),t 

and say that the integral is summable (H, k) to A. If 


A 0 (x) = A(x), A k (x) = J dt, 

0 

and k ! x~ k A k {x) -> A , 

then we write 

A(x)-+A (C ,k), ^ a{x)dx = A (C ,k) y 

and say that the integral is summable (C, k) to A. 

These definitions are for integral k. If k is integral, then 


( 5 . 14 . 1 ) 


X X 

A k (x) = j A k _ l (t) dt = j (x t)A k - 2(0 dt... 

0 0 

x X 

= ^ J dt = 1 J (x—t) k a(t) dt, 


0 


by repeated partial integration; and these formulae suggest the exten- 


t See the note at the end of the chapter. 

J Integrals without limits being as usual over (0, oo). 
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sion of the definitions to non-integral k. We say that the integral 
j a(x) dx is summable (C, k), where k > 0, to sum A, if 

(5.14.2) 

X X 

A k {x) = A J (x-t)*-'A(t) dt = J U-iYa(t) dt - A. 

0 0 

The second form, with a{t ), may be used for all k > —I. 

If A k {x) is defined by (5.14.2), and k > — 1, l > 0, then 

If x t 

m J dt = F( fe+i)r(i) J {x ~ t) ‘~ 1 dt j du 


X x 

= rfRljrw / a(u) du / dt 


u 


u 


X 

= m+i+i) / du - 


Thus 


(5.14.3) A k+t (x) = —^ J (x-ty^A„(t) dt (k > —1,1 > 0). 

0 

This is the analogue of (5.4.8). 

5.15. Theorems concerning summable integrals. There are 
theorems for integrals corresponding to most of those of §§ 6 . 3 - 11 , and 
the proofs are usually a little simpler than those of the theorems for 
series. There is, however, one important difference. If £ a n is con¬ 
vergent then a n 0, whereas there is no corresponding theorem for 
integrals. Thus there is no limitation theorem such as Theorem 46 
and this destroys the analogy in some ways. 

We summarize the main results, leaving the proofs, for the most part, 
to the reader, and emphasizing only what points of difference there are. 

a } X) f? is f urnmable CC, ft), where k > -1, then it is summable 

( . T 51 k >k - Th e proof depends on (5.14.3), and is otherwise 

similar to that of Theorem 43. 

The methods have the properties analogous to those of Theorem 40 
In particular 


( 5 . 15 . 1 ) 


J a(x) dx = J a(a;) dx + J a(x) dx (C, it) 
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if the last integral is defined as j a{c+y) dy and either side of the 
equation has a meaning. 

Ihe (H, k) and (C, k) definitions are equivalent. This is most easily 
proved by a modification of the proof of § 5.8. We have to show that, if 
M*) is defined like A k {x) in §5.14, and 


C k (x,s) = k\x~ k s k (x), 
then the assertions 



(5.15.2) C k (x,s)->s, C k ~ 1 (x, m) -»■ s 

are equivalent. Now s x (x) = xm(x) y s 2 (x) = xm^x) —m 2 (x),..., 


and generally 




where 


(5.15.3) s k (x) = xm k _ 1 (x) — (k—l)m k (x), 

by repeated partial integration; and this is equivalent to 

(5.15.4) C k (x,s) = kC k - 1 (x,m) — (k—l)C k (x,m). 

From this it follows that the second of (5.15.2) implies the first. 

Next, (5.15.3) gives 

**(*) _ ± l m k(z) \ ™k( x ) _ f MO 

& ~dx\x k - 1 ) y ~J t k 9 

0 

x 

and so C k (x, m) = i J C k (t, s) dt. 

o 

Hence C k (x,s) s implies C k (x,m) -> s, and so, after (5.15.4), 

C fc ~ 1 (a:, 771 ) s. 

This proves the equivalence of the two assertions (5.15.2), and the proof 
of the main theorem then follows as in § 5.8. 


5.16. Riesz’s arithmetic means. The formulae (5.14.2) suggest a 
modification of the definitions of §§ 5.4-5. If A; is integral then, in the 
notation of § 5.4, 
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If here we replace all of ra+1, n-\- 2,..., n-\~k by n , we obtain a new mean 
< 5161 ) B k (A) = 2 (i~)\ 

more strictly analogous to the integral mean (5.14.2); and this led 
M. Riesz to suggest 

(5.! 6.2) B*jLA)-+A 

as a new definition. We may plainly allow k to have any positive value, 
but negative k are inadmissible. 

Riesz found, however, that this definition did not lead to satisfactory 
results; the means have, for the larger values of k, properties 

quite unlike those of the corresponding Cesaro means. He was therefore 
led to modify the definition by the introduction of a continuous para¬ 
meter co. The means thus obtained are the typical means of§ 4.16, with 

K = n. 

We write 

(5.16.3) R k ( w ) = R k ( w , A ) = = Y (l-l\ k a 

where lc > 0. If **(„) -> A when «-*<», then we say that V a is 
summable (R, n, k) to sum A. We then find that summabiiity (R, n, k) 
is equivalent to summabiiity (C, £). We confine our attention to integral 
k > the P roof for general k being rather troublesome. 

Theorem 58. If k is integral, and % a n is summable (C, k), then it is 
summable (R ,n,k) to the same sum; and conversely. 

We may suppose the sum zero. We have then to show that the 
hypotheses 

(5.16.4) A* = o(n k ), (6.16.6) T k (w) = o(w k ) 

arjeqmvalent. We suppose that «, = n+6, where n is an integer and 

(i) Assume (5.16.4). Since T k ( «.) = £ (n- v +e) k a„ we have 
2 T k (w)x n = 2 (n+e) k x" 2 a n x n = g( x , 6) V A k x n 

where 

g(x, 6) = (!-*)*+> J (n+e) k x* = (1 - *)*«*-*^J*_^ = 
and the coefficients <#) are polynomials in 6 of degree A. Hencl 

CO L 


71 u j=0 n =0 


= 2 “MAi 
0 


»-Vl 


a “to (5 ' 16 ' 6) foUows > ^ the necessary uniformity in 6. 

I 
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(ii) Assume (5.16.5), and suppose that 0 < d 0 < 6 1 ... < e k < 1 . 
Then we can determine q 0 , q ly ..., q k so that 


tt k ) =X q ' {n+e ' )k 


identically. For, if we equate the coefficients of different powers of n, 

we obtain a system of equations 2 r 6j.q r = C j} where j = 0, 1. k, in 

the q r , and the determinant of the coefficients is 


We then have 


W\ = n (0i-e m ) * 0. 

l>m 


A* 


*-2 


e ln—v+k 


and (5.16.4) follows. 


v=0 


k = l * r *»(»+*,), 

1 r=0 


We add a few remarks to show the inadequacy of the definition (5.16.2). 
When k = 1, 

c " w = 2 (n+1 - , ') o » = *;+iW. 

so that the definition is equivalent to Ces&ro’s; but there is no such equivalence 
for larger k. Suppose, for example, that k = 2. Then 


2 + = 2(» + l) , *”2“»* n = (T3J]3 2 X "' 

If we define a n by 

Z«»* n = (1—«)(l+a;)“ s = £ (-l)"(n+l) 2 *", 
then a n is of order n 2 , and so J a„ is not summable (C, 2); but 

2 (n+l) 2 R* +l (A)x n = (l-* 2 )" 2 = 1 + 2z 2 +3:r« + ... 
and jR 2 (A) = 0(n _1 ) = o(l). 

When k = 3, (5.16.2) does not imply the summability (C, k) of the series for 
any k, or even its summability (A). For 

2(n+l) 3 a; n = (1—x) _4 ( 1 -f 4x-fx 2 ) 

has a zero at x = — 2 + ^/3 = a, inside the unit circle. If we define a n by 
2 fl n z n = (1 — x)/(a — x), then R^(A) = o(l), but £a n x n is convergent only 
for \x\ < a < 1. 

It is instructive to consider this question in the light of §§ 4.3-4. The (C, 2) 
means are the (N, q n ) means with q(x) = 2 = (1 —a:) -a ; and 

T 2 (n+1) = (n+l) 2 I? 2 +1 (A) 

is the coefficient of x n in 


2 (n+\) t x n '£a n x n = %p n x n 2A n x n , 

l-\-x 

where p n = (n + l) 2 —n 2 = 2n+ 1, p(x) = 2 p n x n = * 

so that jR ft +1 (A) is the (N,p n ) mean for this p n . In the notation of § 4.3 we have 
k(x) = ( 1 -f#) -1 = i—x+a: 2 —..., so that 2 \k n \ = oo. The equivalence is 
destroyed by the zero of p(x) at x = — 1 , and it naturally fails more completely 
when p(x) has a zero with |x| < 1. 
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5.17. Uniformly distributed sequences. We end this chapter by 
a short excursion into a different field. 

We suppose that 0 ^ s n ^ 1 for every n, and denote the interval 
0 < a ^ x ^ 6 ^ 1 by 1. If n 7 is the number of s 0 , s n which fall 
in I, and n T ~ nl when n oo,f for every I, then we say that the 
sequence (s n ) is uniformly distributed in (0, 1). 

We denote the characteristic function of /, 1 in I and 0 elsewhere, 
by I{x). If/(a:) = I(x) then 


f( s o) +/ (s 1 ) ~h . ■. +f(s n ) _ Uj 
n+1 ~ n+i' 



Thus the assertion of uniform distribution is equivalent to the assertion 
that 

f 5 - 17 - 1 ) /(*») jf(x) dx (C, 1) 

for every f{x) — I(x). We now prove 

Theorem 59. If (,s n ) is uniformly distributed, then (5.17.1) is true for 
every Bie?nann integrable f(x). 

We may plainly suppo.se/real. If («„) is uniformly distributed, then 
(5.17.1) is true for f(x) = /(*). It follows by multiplication and 
addition that it is true for any finite step-function. If / is Riemann 
integrable, then there are finite step-functions /, and / 2 such that 
fi < f < f 2 and 

0 < J f 2 dx — j f t dx < 


and 

Also 







2 /(sJ < ^ = jf 1 dx< I /(*, dx +€ 

and therefore Jin, _J_ J /(aJ = f f(x) 

0 J 

which proves the theorem. 


wiL^ ZZhoZ h,terva ' “ d itS — follows an Integra! 
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We can find another criterion for uniform distribution as follows. If 

f{x) = e* 1 ** = e{lcx), 

where A: is a positive integer, then J f(x) dx = 0. It follows that 

(5.17.2) 2 e (ks m ) = o(n) (A; = 1, 2, 3,...), 

if ($ n ) is uniformly distributed, or, what is the same thing, that 

(5. 17 .3) J T ( s m) = o(n), 

0 

where T(x) is any trigonometrical polynomial without constant term. 
Thus (5.17.2) or (5.17.3) is a necessary condition for the uniform distri¬ 
bution of (5 n ). We now show that the condition is also sufficient. 

Theorem 60. If (5.17.2) is true for every positive integral k , then ( s n ) 
is uniformly distributed. 

First, (5.17.3) is true for every T(x). If 

k 

T ( x ) = i a o+^( x ) == i a oH~ 2 (fl/cos 2l7rx+b l sin 2lnx) 

1=1 

is any trigonometrical polynomial, then plainly 

2 T (0 -*■ i“o+ J T(x) dx = J t(x) dx, 

771 = 0 

and (5.17.1) is true for f(x) = r(x). 

Next, if f(x) is any real continuous function, there is a r such that 
1/—t| < e in (0,1). If = r—c, r 2 = r-j-e, then r x </ < r 2 and 
J Tj dx, | r 2 dx differ by 2e. It then follows, as in the proof of 
Theorem 59, that (5.17.1) is true for /. Finally, if f{x) = I{x), then 
there are continuous functions f 1 and f 2 such that f 1 ^ ^ / 2 and 

J f x dx, j f 2 dx differ by less than e; and a repetition of the argument 
shows that (5.17.1) is true also for this /. Hence (,s n ) is uniformly 
distributed. 

Perhaps the most interesting case is that in which 

s n = not — [na] = {na}, 

where a is irrational. If a is a rational p/q, then s n repeats the cycle of 
values 0, l/q, 2/q,..., ( q—l)/q, in some order, indefinitely. It is there¬ 
fore natural to expect ( s n ) to be uniformly distributed when a is 
irrational. In this case 

n n 1 _ p2k(n+l)nixi 

I e(ks m ) = 2 ‘ = . W = 0(D = o(»). 

0 0 a — e 

for k = 1,2, 3,.... Thus (s n ) is uniformly distributed, and we have 
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Theorem 61. If a is irrational , then the sequence {{noc}) is uniformly 
distributed in (0,1). 


5.18. The uniform distribution of {n 2 <x}. There are important 
generalizations of Theorem 61. In particular, Weyl has shown that 
{P(n)} is uniformly distributed whenever P(n) is a polynomial 

<*o nP +oc 1 n p - 1 -K..+a p _ 1 n 

with at least one irrational coefficient. The proof is a good deal more 
difficult, and we confine ourselves to a special case, which is sufficient 
to illustrate Weyl’s main idea. 

Theorem 62. If <* is irrational , then the sequence {{n 2 cx}) is uniformly 
distributed in (0, 1). 

We have to prove (5.17.2), with =* {m 2 a }, and, since kat is irrational 
when a is irrational, it is sufficient to prove that 


n 


8* — 2 e 2m '" ai = 0 (n). 
m«= o 


Now 


\ S n\ 2 = 2 2 = y Y «W+ 2 J»>miti 

P-0 G =0 p=0j^-p 

on writing <p+j for q. Inverting the order of summation, we find 

\ S n\ 2 — 2 e^Vc 4 ^-!- y e 2I»nai y e 4pjn*i __ rp 

P—0 y=± n p ^Ly li ^ 2 ' 


Here 


i2ii < 2 = y 

i=o j)=o I 

*=»o 


1—e 4 ^ n ~l +l ^’ Tra< 




and Wy satisfies both the inequalities 

0 < Wy < n—j~ f-1 < n +1 , Wy < )cosec 2 ^* 7 ra|. 

Now |sin2jVa| 5> 2 Aj, where A, is the distance of 2j« from the nearest 
integer re. of {2^} from the nearer of 0 and I. Since the numbers {2i«} 
are uniformly distributed, the number of them with j < n and A. < „ 

° f the “ terVal3 (0 ’ or t 1 "* 1). « less than 3 v n, 

for sufficient y large n; and then a> } < ( 2 ,)-i for more than n+l-Ln 
of the J, while o>y < w-f l for the remainder. Thus 

SS ?! < lim /!^ 1 I 3 q»(»+l) | _ „ 

^ n-Mo n 2 I ^* 

StaT 1 ' 1 '■ " d - “<*>• p~« 
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NOTES ON CHAPTER V 

§§ 5.2-3. See § 1.3. The papers of Frobenius and Holder were published in JM 

89 (1880), 262-^, and MA, 20 (1882), 535-49; and that of Ces&ro in BSM (2), 

14 (1890), 114-20. Ces&ro is concerned primarily with the multiplication of series- 
see Ch. X. 

§ 5.5. The definitions for general k were given independently by Knopp, 
Sitzungsberichle d. Berliner Math. Ges., 7 (1907), 1-12 [printed in Archiv d. Math. 
(3), 12 (1907)], and by Chapman, PLMS (2), 9 (1911), 369-409. 

There are general accounts of the theory in the books of Borel, Dienes, Hobson 
(2, ch. 1), and Knopp, and in the monographs of Andersen, Bohr, and Kogbetliantz. 
There is also a very clear account of the fundamental theorems in a locture by 
Andersen (Ces&ro's Summabilitetsmetode, Copenhagen, 1919). The monograph of 
Kogbetliantz is the most complete, but is a summary of results without proofs. 

It is sometimes difficult to assign particular theorems to their discoverers, since 
most of them have been found by a process of gradual generalization; and we do 
not attempt to do so systematically, though we give the most obvious references. 

§ 5.6. The substance of the theorems of this section is Coskro’s. More general 
theorems of the same character will be found in Knopp, RP, 32 (1911), 95-110. 

§ 5.7. Theorems 43 and 46, in their general form, are due to Chapman and 
Knopp. Theorem 45 was proved by Hardy and Littlewood, PLMS (2), 11 
(1912), 411-78 (462, Theorem 37). 

§ 5.8. Knopp, Grenzwerte von Reihen bei der Anndherung an die Konvergenzgrenze 
(Dissertation, Berlin, 1907), proved the implication (H, k) (C, k), and Schnee, 
MA, 67 (1909), 110-25, the converse implication. The proof here is due to Ander¬ 
sen, MZ, 28 (1928), 366—9, and is a simplification of one given earlier by Knopp, 
ibid. 19 (1924), 97-113. See also Knopp, 481. 

Theorem 49 is a special case of the theorem that the three hypotheses 

(a) C^{C^(A))-> A, (b) C^{C^(A)} -> A, (c) C< n *+*(A)^A 

are equivalent. This has been proved in various ways by Andersen, Faber, 
HausdorfF, and Kogbetliantz: references will be found in Andersen’s paper. It 
should be noted that the equivalence of (c) with (a) and (6) lies deeper than that 
of (o) with (6), the transformations C la) C&> and C (0) C {a) being identical with one 
another, but not with C {<x+P) . 

The identity of and C l0) C la) is a corollary of Hausdorff’s work (Ch. XI), 

and may also be proved independently. It is easily verified that 

C^{C^(A)) = 2cn.pA p , 
where c n#p is 0 for p > n and 

r(n-H)r(« -t-i) r(p+ur(ft-f-i) r(n-p+«) / P +i, -n+ P , p \ 

JT(n+a+l) T(p+P+ 1 ) r(n-p+l)r(a) s *\p +0 + 1, -»+ p-ct + 1/ 

for p < n, the argument of the hypergeometric series being 1; and it follows 
from Bailey, 21, formula (1), that this is symmetrical in a and p. 

§5.9. Mercer, PLMS (2), 5 (1906), 206-24; Schur, MA, 74 (1913), 447-58. 
Schur’s proof is also given in Landau, Ergebnisse, 43-51. 

§5.10. Knopp, MA, 74 (1913), 459-61; Hardy, QJM, 43 (1912), 143-50. 
Hardy proves a number of extensions of Theorems 62 and 63. The simple proof 
of Theorem 63 given here is due to Hobson. 
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Pitt [PCPS, 34 (1938), 510-20] and Rogosinski [ibid. 38 (1942), 166-92 and 
344-63] have proved much more general theorems by deeper methods. These 
depend on the use of Fourier and Mellin transforms in the manner of Wiener 
(Ch. XII). 

§ 5.11. Theorem 54 is due to Schur, l.c. under §5.9. 

It follows from the analysis here and Theorem 11 that the (H, k) kernel of (s n ) 
is included in the (C, k) kernel. Knopp, l.c. under § 3.7, gives a simple example of 
a real (s n ) whose (H, 2) and (C,2) kernels are the intervals (£, J) and (0, 1). 

Bosanquct, JLMS, 21 (1946), 11-15, has shown that —> oo (H, 2) does not 
imply 8 n —> co (C,k) for any k, or s n co (A), even when ^ a n x n is convergent 
for \x\ < 1. 

Basu, PLMS (2), 50 (1948), 447-62, has proved that Theorem 54 remains true 
for general k > 1 and for — 1 < k < 0, but that the relations are inverted when 
0 < k < 1. 


§ 5.12. Theorem 57 is due to Appell, Archiv d. Math. 64 (1879), 387-92. The 
example used to prove Theorem 56 is Landau’s (l.c. under § 5.9, 51). 

§ 5.13. For the ‘harmonic* means see M. Riesz, l.c. under § 4.3. 

§§ 5.14-15. It is difficult to give useful references for theorems concerning 
summable integrals, since they have been often dismissed as ‘obvious analogues’ 
of theorems about series. The equivalence theorem was proved first by Lan Jau, 
Leipziger Berichte, 65(1913), 131-8. Landau’s proof is modelled on Schur’s of§ 5.9. 
^ M. E. Grimshaw, JLMS , 9 (1934), 94-102, proves the analogue of Theorem 45. 
Some further references are given in the notes on Chs. VT and X. 

In the text we suppose for simplicity that a(x) is bounded in every finite (0, X). 
The analysis for Holder means is valid for all integrable a(x). The same is true 
for Ces&ro means with k > 0, but the integrals which occur may sometimes diverge 
when k < 0. Thus J (x — t) k a(t)dt diverges for x = tin when a(x) = (sinx)"* and 
— 1 < k < — §. This is unimportant here, since the means of negative order are 
only interesting in themselves when a(x) tends to a limit. 

There is a full discussion of the formula (5.14.3), for a(x) integrable in the more 
general Denjoy-Perron sense, in Bosanquet, PLMS (2), 31 (1930), 144-64. 

The A(x) of the text, being the integral of a(x), is absolutely continuous. But 
we may plainly define A(x)^A(C,k) by (5.14.2) whenever A(x) is integrable, 
provided that k > 0 and we use the first form of the integral. On the other 
mnd, the mtegrability of A(x) down to 0 does not necessarily imply that of 7f l (x): 

thus H'(x) = *-‘(logi) ‘ When A(x) = We must therefore impose 


some additional restriction on A( x ) for small *. Since we are interested primarily 
in large x, this is no serious drawback. 

., § *- 16 - Jhe equivalence of the (R ,n,k) and (C.i) means was 6rst proved by 
M. Riesz, CR, 152 (1911), 1651-4: the lines of the proof are indicated rather shortly 
There is a complete proof m Hobson (2), 90-8. A more concise version, by Ingham, 
has not been pubhshcd; this reduces, when k is an integer, to the proof in the text. 

Bohl' Sh. ° rem . 5 ® proved independently, at about the same time, by 

« “’ 77 (TsTetsu V 6y references WiH be found in Koks ““- We follow Weyh 

There is an •elementary' proof of Theorem 61. depending on simple properties 
f contmued fractions, in Hardy and Wright, 378-80. 
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Weyl proves much more, in particular the uniform distribution of the points 

{P 2 (n)}. (P r (n)} 

in r-dimensional space; here P x {n),... are polynomials linearly independent in the 

sense that no combmation A l P 1 +A,P t +...+ A,P r , with integral A, is congruent to 
a constant (mod 1). 

A number of special cases of Weyl’s theorems had been stated earlier by Hardy 
and Littlewood. Thus they state [Proc. fifth international congress of mathema¬ 
ticians, Cambridge, 1912, 1, 223-9 (226); AM, 37 (1914), 155-91 (164)] that 

( a ) 2 «(»»*<*) = o(n) 

o 

for p = 1 , 2 ,... and irrational a, and that the points {n p oc} are uniformly distributed. 
In a second paper in AM (ibid. 193-239) they prove (a) for p = 2 by a special 
method, and more precise results for particular types of irrationals. A third paper 
which was to contain the proofs of their more general assertions was never com¬ 
pleted because of the appearance of Weyl’s more compact and powerful analysis. 

In their first paper in AM Hardy and Littlewood prove, by more elementary 
reasoning, that the points {n v a} are dense in (0, 1): this is, of course, a weaker 
assertion than uniform distribution. Their argument was simplified and extended 
by Kakeya, Science reports Tdhoku Univ. 4 (1915), 105-9. 
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6.1. Tauberian theorems for Cesaro summability. We re¬ 
marked in §3.8 that there must be a ‘limitation theorem’ for every 
method of summation, since no useful method will sum too rapidly 
divergent series. Thus the limitation theorem for the Ces&ro methods 
is Theorem 46, with k ' = — 1. 

There is another limit, of a less obvious kind, to the effectiveness 
of these methods, and of all that have proved useful. Every method 
will fail to sum series which diverge too rapidly; and it will also fail 
to sum divergent series whose divergence is too slow. The theorems which 
embody this principle belong to the class which (for reasons which will 
appear later) are called ‘Tauberian’. They assert that if a series is 
summable (P), and satisfies some further condition K P (which will vary 
with the method P, but will in any case imply a certain slowness of 
possible divergence), then it is convergent. For the Ces&ro methods the 
most characteristic form of K p is a n = Ofa- 1 ), though this form may 
be generalized in various ways. 

We shall prove the following two theorems. 

Theorem 63. // £ a n = A (C, k) for some k , and 
(6-1.1) a n = O(n-i), 

then ^ ™ convergent, and indeed summable (C, — 1 +8) for every 

positive 8. 

Theorem 64. If a n is real , J a n = A (C, k) for some k , and 

(6*1.2) na n > —H, 

then 2 a n is convergent. 

We can simplify the argument by a few preliminary remarks. First, 
after Theorem 43, we may suppose k integral, replacing kbyk’ = [k]+ 1 
otherwise. Next, we need only prove the series convergent, since if it 
is convergent, and satisfies (6.1.1), it is summable (C, —1+8), by 
Theorem 45. Finally, we may suppose a n real, otherwise considering 

real and imaginary parts separately. Thus it is sufficient to prove 
Theorem 64, with k integral. 

We base the proof on two preliminary theorems of some intrinsic 
interest. We write b n = ™ n , and B n , for the sums formed from 
o n as A n , A*,... are from a n . 
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Theorem 65. If £ a„ is summable (C.r+1). where r > -I then a 

sufficient condition that it should be summable (C,r) is that 

Theorem 66. A necessary and sufficient condition that Y a n should be 
summable (C, r-f 1), where r+1 > — l, is that 

(n~ 1)! 


( 6 . 1 . 3 ) 




K 


(7l+r+I) f| r )- (r+1, ft+t 1 ) 


^ (r+2)(r+3)...(rc+r+l) 

should be convergent; or, what is the same thing, that J n~'-*B r n should be 
convergent. 

It is easily verified that 

V+r' 

and hence (comparing the coefficients of a n _ v in (5.4.5)) that 
t 6 - 1 * 4 ) (n+r+l)^;-(r+l)^;+i = B r n , 

(6.1.5) nA r n +1 -(n+r+l)A' n ±\ = 

From (6.1.4) and (6.1.5) we deduce 

r n+r+1W B r n 
r+1 ) r+1’ 

'n + r+ n-'K. 
r+1 ) n ’ 

and addition of the last equation for n = 1, 2...., iV gives 


\ / \ — • — / ^ V/ v 

<*•■■«> ("vy A --("v + vy a -“- 


(6.1.7) 




Theorem 65 is a corollary of (6.1.6), and Theorem 66 of (6.1.7). The 
two forms of Theorem 66 are equivalent bv Stirling’s theorem. If r is 
an integer, then the series (6.1.3) may be written in the alternative form 



(r+1)! 

w(n +l)...(n + r-f- 1) 



We can now prove Theorem 64: we may suppose k an integer r+1, 
and H = 1. If B r n =£ o{n r+l ), then there is a positive C such that one 
or other of the inequalities 


(6.1.8) 1% > Cn r+1 } (6.1.9) B^ < -Cn r+1 


is true for an infinity of n. Let us suppose, for example, that (6.1.8) 
is true for an infinity of values iV of n. 
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If 7 } > 1 and r)N , then 


n . -A /y_ v + r 

r 


n—v-\-r 
r 


)-( 


1 K+ i (” 


( 6 . 1 . 10 ) B r n -& N = y 

’ > ' ■ 7 7 v=N + l 

Hence, since the coefficients are positive, and b v > —1, 

> - 2 ((’ 


—v-f-r 
r 


K 


—v-f-r' 
r 


'Ti-im 


V=1 " 7 ' ' v=N+l 

Here the right-hand side is what stands in (6.1.10) when b 0 — 0, 
b v = —1 for v > 0 , in which case 

2 Kx" = (l-z)--i 2 *»*" = -*(1-*)-'-*, 3S = 


and hence 

Also 

and therefore 



> -—L-{(l+c)r,'*-(l-c)}N'+l 


for any positive e, any 77 > 1, N < n < 77 .ZV, and sufficiently large A - . 

We can choose e and tj so that B £— B r N > — %CN r+1 t and it then 
follows from (6.1.8), with n = N, that > \CN r + x for N < n < 77 .ZV, 
and so 



^ 1 

> i° Nr+1 2 J* 

N 


> J CN r +* 


(V-I)N 

(vNy+* 


C(v~ 1) 

2 V+ 2 


for sufficiently large AT. But if this is true for an infinity of N, then the 
series (6.1.3) is divergent, and 2 a n is not summable (C,r-f 1 ). 

It follows that ( 6 . 1 . 8 ) cannot be true for an infinity of n , and a similar 
argumentf shows that (6.1.9) cannot. Hence B r n = o(n r+1 ); and there¬ 
fore, by Theorem 66 , 2 a n ^ summable (C, r). Repeating the argument 
r-f -1 times, we see that 2 a n is convergent. 


It will be observed that Theorem 63 goes farther than Theorem 64, in that 
it asserts summability of the series for negative k. No such extension of Theorem 
64 is possible, since the conditions are satisfied by any series of positive terms, 
and, after Theorem 46, 2 a n cannot be summable (C, — l) unless o n = o(n -1 ). 

There are generalizations of these theorems for Riesz’s typical means 
of § 4.16. We shall not consider these here, except for one theorem which 


t Using a range (£N. N), where £ < I, of values of n. 
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we shall have to use later. This is a generalization of the case k = 1 
of Theorem 63. 


Theorem 67. If 0 < A 0 < A a < ..., A„ -*oo, 

An-v; 


( 6 . 1 . 11 ) 

and 


= o(^) (* > 0), 


■— 

(6.1.12) ± j A(u)du ^ a^du^-s, f 

0 0 ^ u 

then 2 a n converges to s. 

We may suppose that s = 0 and \a n \ < (A„—for n > 0 . 
t > x and A m ^ < A m+1 , A m+r < t < A m+r+1 , then 

(6.1.13) \A{t) — A{x)\ = |a m+ 1 +a m+2 -f ...+a m + r ! 

\n+r \n ^ 


If 


< ^m+1__j_ j \n +r ^m+r—1 


m 


A. 


< 


m 


m 


If ^4(x) does not tend to 0 , then there is a C > 0 such that one or other 
of A(x) > C y A(x) < —C is true for a sequence of values I of i 
tending to infinity. If, for example, A(X) > C and X M ^ X < A M+1 , 
so that ^4(X) = ^4(A 3f ), then, by (6.1.13), 


A (t) > C-(t-X M )/X AS > 


for A 3/ < t < (l + JOjA^, and hence 

(l + JOAj, 

A(t) dt > 

in contradiction to (6.1.12). Similarly A{X) < —C leads to a contra¬ 
diction, and so A{x) 0. 

We cannot replace (6.1.11) by a n > —H(X n —A n _j)/A n without some 
further restriction either on A n or on a n .J 



6.2. Slowly oscillating and slowly decreasing functions. A 

function f(x), defined for x > 0 , is said to be slowly oscillating if 

( 6 . 2 . 1 ) /( y )-/(*)-*0 

whenever 

( 6 . 2 . 2 ) x-*co, y > x, y/x-+l; 
and to be slowly decreasing if it is real and 

(6.2.3) lim {f{y)—f(x)} > 0 


t A(u) here is equivalent to the A\(u) of §4.16. 

X See the note on this section at the end of the chapter, and that on § 7.7. 
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in the same circumstances. If /(x) is differentiable, and f'(x) — 0(x 1 ), 


then 


f(y)-f(x) = / /'(<) dt 

X 




under the conditions (6.2.2), so that f(x) is slowly oscillating. Thus 
tfii _ e aiiogx j s slowly oscillating. Similarly, if f(x) is real and 
f'(x) > —Hx~ l y tlien/(x) is slowly decreasing: thus x-j-cosx-j-cos(alogx) 
is slowly decreasing. 

We shall say that a sequence s n is slowly oscillating, or slowly 
decreasing, if s(x) = s [x) is slowly oscillating or slowly decreasing. If 
s n = a Q -\-a l + ...-\-a n , then ,s(x) is the sum-function of 2 a n . It is easily 
verified that s n is slowly oscillating when a n = 0 (n _1 ), slowly decreasing 
when a n > —Hn~ x . 

If f(x) is slowly oscillating, then \f(y)—f(x)\ < € when y > x ^ X(e) 
and (y—x)/x < *(e). If it is slowly decreasing, then f{y)—f(x) > —€ 
under similar conditions. 

There is one simple corollary which we shall require in Ch. VII. If 
f(x) is slowly decreasing, and q > 0 , p > q are fixed, then there are an 
H and an X such that 


(6-2.4) fiP x )—f{qx) > -H 

for x ^ X. For there are a U and a k such that 


/(0—/(«) > —1 {qu ^ U t 1 < t/u < k). 

If r is the integer for which K r ~ l < p/q < K r , and 

x o == q x > x i ~ xqx,..., x r _ 1 — K r ~ l qx, x r — px, 
then we may take t = x a+l , u = x s for s = 0 , 1 ,..., r— 1 , and 

f(px)-f(qx) = r f{/(*, t J-/W) > -r, 

s =o 

so that (6.2.4) is satisfied with X = Ufa, H = r. If also/(x) is bounded 
in every finite interval (0,X), then (6.2.4) is satisfied, with an appro¬ 
priate H , for x > 0 . 

There are important generalizations of Theorems 63 and 64 in which 
the condition on a n is replaced by the more general condition that s n 
is slowly oscillating or slowly decreasing. These will be included in the 
more difficult theorems proved in Ch. VII, but we illustrate the ideas 
here by proving the simplest theorem of this kind. 

Theorem 68. If ^ a n is summable (C, 1), and s n is slowly decreasing , 
then 2 a n is convergent. 



126 


[Chap. VI 


ARITHMETIC MEANS (2) 

We are given that s (C, 1 ) and that 

lim (s au —8 n ) ^ 0 

when n ->co, p > 1 , and p -> 1 ; and it is sufficient, after Theorem 65, 
to prove that 

(6-2.5) u n = a 1 -\-2a 2 -\- ... + na„ = o(?i). 

Let us suppose, for example, that 
(6.2.6) u n > Cti 

for a positive C and an infinity of n , in contradiction to ( 6 . 2 . 5 ). Given 
any positive rj, we can choose N and p > 1 so that s y —s n > — q for 
n ^ N and n ^ v < pn\ and we may suppose that p-q < \C. Then 

= (n-\-l)s tl -s 0 -s 1 —...-s ny 

U v -U n = (»+l)(^—*„) + (*.» — ■«n+l) + ... + K— Sy-i) > —VT) > -prjn, 

and u v = u n + u v — u n > Cn—p-qn > \Cn 

for any n ^ N satisfying (6.2.6) and n < v < pn. Thus 



(pni . . 



Hence the series } --— is not convergent, and so, by Theorem 66, 

•<—* n{n-\-1 ) 

with r = 0, 2 a n not summable (C, 1). 

Similarly, we can show that the hypothesis u n < —Cn, for an infinity 
of n, leads to a contradiction. Thus u n = o{n), and the theorem 
follows. 

The corresponding theorem for functions of a continuous variable is 
if f(t) -> l (C, 1) and f(t) is slowly decreasing , then f(t) -> Z:f 
the proof is left to the reader. 

6.3. Another Tauberian condition. There are conditions of other types 
which enable us to infer convergence from summability. As an example, we prove 

Theorem 69. If 2 a n is summable (C,l) for some l,p > \ t and 2 n p-1 |a n | p < oo, 
then 2 rt n i s convergent, and indeed summable (C,k) for k > —(p— 1 )//>• 

The result is trivial when p = 1, and we may suppose p > 1. It is sufficient, 
after Theorem 65, to prove that 

(6.3.D b*; = 2 (”T +i ’K = (*> - i +^)- 

k-0 

f This is what, in the notation laid down in Ch. VI l, wo should call Theorem 68a. 
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Now BS«0(i(n-v+l)*FK|}-0(2+ t )=*S'i+*S' a , 

'v-0 ' V-0 v-N + V 

say. Here 


|S 2 1 < X vi»-ui»\a v \.v'l'>(n- v + 1)* 

«* a a 


v~N +1 




( J; i/P- 1 |aJ* > ) 1/P ( T 


| (P-l)/p 


t'-AT+l ' + l 

by Holder’s inequality. The second factor is 0(n«), where 

?= (^i + ^T +1 )^ = i:+I ’ 

and the first is less than e for N ^ N 0 (c). Hence \S 2 \ < Ccn k + l , where C is 
independent of n, for iV > N 0 ( € ); and is plainly o(n*+») when iV is fixed. This 
proves (6.3.1), and therefore the theorem. 


6.4. Convexity theorems. If 2 a n is summable (C, k) then, by 

Theorem 43, it is summable (C, k') for any k' > k\ and if it is bounded 

(C, k) then it is bounded (C, k'). But boundedness (C, k) does not imply 

summability (C, k'), for any k '. There is, however, a slightly more subtle 
theorem. 

Theorem 70. If 2 a n is bounded (C, and summable (C, k 2 ) y where 
K > k x > — 1 , then it is summable (C ,k) for k x < k < k 2 . 

We prove this here only for integral k ly k 2 , k, when k 2 = k x +l t 
k = k x +m t l and m being integers and 0 <m <1. It is sufficient to 
prove the theorem when l = 2, m = 1 . For suppose the theorem proved 
in this case, and also for general l, m with l = 2 , 3 ,..., L- 1 ; and con¬ 
sider the case l = L. Then 2 « n . being bounded (C,^), is bounded 
(C,^+L—2), and therefore (by hypothesis) summable (C, k x +L— 1 ); 

and hence (again by hypothesis) it is summable (C^.-j-m) for 
0 < m < L. 

We may also suppose that the sum (C, k t ) is 0 ; and we have there¬ 
fore to prove that A * = 0(n k ) and A k +* = o(n k + 2 ) imply A k+l = o(n k + 1 ) ■ 

or writing B n for A k , that B n = 0(n k ) and B\ = o(n k ^) imply 
= 0 (n*+ 1 ). 

Suppose that 0 < £ < l and N = [frn]. Then 
B »~ B * = b n + i+ ^ +2 +...+5J = (7i-W)5J- | (Bl-Bl) 

Bl = _u B N±2 J r 2B N+3^~‘--+('n—N—l)B n ^ 

n—N ~ n—N — 

Q ~■** 2 -)-o{(i-«)».«). 
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uniformly in #, and 

P = o(n~ l .n k+2 ) = o(n k+1 ) 

when # is fixed. Hence (taking # near 1 ) we deduce that B\ = o(n k + 1 ). 
Theorem 45 is the form assumed by Theorem 70 when k x = — 1 , 

k 2 = 0 . In this special case we have proved the theorem for non- 
integral k. 


6.5. Convergence factors. A familiar theorem of Abel and 
Dirichlet, included in Theorem 8 of §3.5, states that if (i) 2 a n is 
convergent or bounded, (ii)/„ decreases steadily to 0 when n -*oo, or, 
more generally, f n -» 0 and 2 |A/J < co, then 2 a n f n is convergent. 
There are many important generalizations of this theorem for summable 
series. 

These generalizations are of two types. In the first, we impose on/ n 
only the natural extensions of condition (ii), and infer the summability 
(C, k) of 2 a nfn from that of 2 a n • ^ the second, we impose stronger 
conditions on/ n , and infer that 2 a nfn is summable (C, k— s) for some 
positive s : thus a typical case would be that in which f n = (n+l)~*. 
Both types of theorem present considerable difficulties when the para¬ 
meters are unrestricted, and we shall confine ourselves here to integral 
k and s, for which the proofs of the main theorems are comparatively 
simple. 

The principal theorem of the first type is 

Theorem 71. If (i) 2 a n 15 summable , or bounded, (C ,k), where k is 
an integer ; (ii)/ n -> 0 ; and (iii) 

(6.5.1) 2 ( ri + 1 ) A; l^ Ac+1 /nl <°°; 

then 2 a n fn 2S summable (C ,k), and 

(6.5.2) 2«,/„ = 24l 
the last series being absolutely convergent. 

We require two lemmas. 

Theorem 72. If f n satisfies the conditions of Theorem 71, then 

(6.5.3) (n+l)'A'/ n -*0 (l = 0,1,..., A), 

(6.5.4) 2(^+ 1 ) / |A /+1 /„| <oo (* = 0,1,...,*). 

We can write (6.5.3) and (6.5.4) in the equivalent forms 


(6.5.5) 

(6.5.6) 



(Z = 0 , 1 ,..., k), 
{l = 0 , 


The conditions given are (6.5.5) for 1 = 0 and (6.5.6) for l = 
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< 00 . 


Since f n 0 , A k f n 0 , and so 

AV. = I A t+ 1 /y, 

n 

(»+i)*|A*/„| < («+i) 4 i |A*+y,l < I (v+i) fc |A*+y,| -* o, 

n n 

by (6.5.1). This is (6.5.3), or (6.5.5), for l = k. 

Next, 

n =0 ' • n=0 ' ' v=n 

- z ct‘7 1 )- 

v=o n=o ' ' v=o ' ' 

It follows that (6.5.6) is true for l = k — 1 ; and therefore, by the argu¬ 
ment of the preceding paragraph, that (6.5.5) is also true for l = k— 1. 

Repeating the argument, we conclude that both assertions are true 
generally. 

Theorem 73. If b n = a n f n then 
<«.S.7> B* A )| 

vnth the convention that any f m occurring in A*+ 1 -»/ y+i is to be replaced 
by 0 when m > n. 

If Uj — u 0 +«!+...+%, C/}, C/|,... are defined as usual, and v j with 
j > n are treated as 0 , then 


and hence 


| u,v, = |^ = | 17}A 2 ^ = ... = f UjfAt+h),-, 




But 


Since here 


A* +i (c,/,>=2 ( k vy <c ^ k+i -% + f 

i=0 ' • 


= A.(-f‘) . 10<i< t) , 


and A fc+1 c^ = 0, we obtain (6.5.7). 

Passing to the proof of Theorem 71, we divide (6.5.7) by / n +*j 

make First, we may discard the convention. For it affects only 


and 
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the terms in which j > n—k; the number of such terms is bounded; 
and each involves an A) which is 0{n k ), an f m which is o(I), and a 
bounded numerical coefficient; so that their aggregate is o(n k ). We have 
therefore to find the li mi t of 


rtri/'imrs- 




i 


. Sn,i, 
i=0 


-where S n i contains the terms involving a given i. 
If i > 0 then 


S M = o((n+i)-*2 o O'+ 1 )*( n it k i l )l At+I -/y + .l) = °(i»nj), 

where 

K.yl < ^(n+l)- l (j+l) t (n+l) t - < |A^>-’/ i+f | 

= u(i±± 

\n + i 

and H is independent of n. Also ^ (^*+l) fc- *|A A:+1-< /y +< | <oo, by 

Theorem 72. Hence u n,j * s majorized by a convergent series with 
terms independent of n; and 0, for any fixed j, when n->oo. 

It follows that S ni = o(l) for i = 1,2,..., k. 

It remains to find the limit of 


*(i+i) fc - < |A*+ i -y y+i i < H(j+ 




This is majorized by 


2 |-4y||A i+1 /,|; 


and 

for every j, when n 




oo. Hence 



S n.O -* 2 A i A* +1 /,, 


and this completes the proof of Theorem 71. 

We may modify Theorem 71 by supposing (i') that 2 a n summable 
(C, k) and (ii') that f n is bounded. The last condition, with (iii), ensures 
that/ n tends to a limit/, not necessarily 0. The conclusion then follows 

from Theorem 71 on replacing f n by g n -\-f. 

Theorem 71, and the modified theorem, may also be deduced from 
Theorems 1 and 3, and it may be shown that the conditions are also 
necessary, in the sense that, if they are not satisfied, there are series 
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2 «„ which are bounded ( C,k ), or summable (C,k), while 2 a nfn ls not 
summable (C, k). 

If/n = where c > 0 , s > 0 , then A k+1 f n = and if 


(6.5.8) 


fn — C Q-\~ 




c fc+i 


+0 { 


n+1 ’ ' (ri+l)** 1 r ~((7 i+l)*+ 2 /’ 

then A k+ 1 f n = 0 ( 7 i- fc_2 ). In either of these cases condition (iii) of 
Theorem 71 is satisfied. We thus obtain 


Theorem 74. If 2 a n is summable (C ,&), then ^ {n-\~c)~ 8 a n is 
summable (C y k). 

Theorem 75. 7/J is summable (C, k), and f n is of the form (6.5.8), 
then 2 « n /n i s summable (C,&). 

In particular 

(6 5 9) f = fo-}-tti)(tt-f <* 2 ) — ( n + a/) 

(»+M»+AJ...(»+A)’ 

where the a and ft are positive, is of the form ( 6 . 5 . 8 ), and so is f~ l ; thus 
the summability of either of 


g n V «n 

(n+a 1 )...(n+a r )* (n+ 0 1 )...(n+£,)’ 

for any k, involves that of the other. We shall use this case of Theorem 
75 in the next section. 



6 . 6 . The factor (n+ 1 ) *. The principal theorem of the second 
type is 

Theorem 76. 7/2 a n is summable (C, k), and 


then the series 


Q <s < k+1 , 


( 6 . 6 . 1 ) 



are summable (C,&— 5 ). 



(n+l)° 


We suppose k and s integers, all proofs for non-integral values being 
a good deal more troublesome. Some preliminary remarks are required 
(1) If either of the series a 0 + ai +a 2 +... and 0+a 0 + ai +... (i. e ! 

0 +&J+& 2 +..., where a n = b n+1 ) is summable (C, *), then so is the other, 

by Theorem 47. It is therefore indifferent whether we state Theorem 76 

m terms oia 0 + ai +... and the series ( 6 . 6 . 1 ), or in terms of a,+a,+. 
and the series 

n> n 6 
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summed over 1 to co. It is plain that, if we do this, we may suppose 
any of the a or ^3 of Theorem 75 to be 0. 


(2) Next, n~ s ( n ~ l+s ) =- ( ”+l)(n+2). .(n+g—1) 

\ 5 ) s\ n s ~ l 

is of the form (6.5.9), with n— 1 for n and l = s— 1. Thus the summa- 
bility (C,r) of either of (G.6.2), for integral r, implies that of the other. 

We consider the second series (6.6.2), with 5=1. If £ a n is 
summable (C, k), then 2 7l ~ la n is summable (C,&), by Theorem 71. 
In order that it should be summable (C ,k —1), it is necessary and 
sufficient, by Theorem 65, that Q J- 1 = o{n k ), where Q J- 1 is formed from 
Qn = n ( n ~* a n) = a n> i- e - that A k ~ Y = o(n k ). But this is true because 
An~ x = A k — ^4j_i and n~ k A k tends to a limit. 

Thus the series 2 n ~ la n 

is summable (C, k— 1). It follows, by Theorem 75, that 2 (^+a) _1 a n , 
where a ^ 0, is summable (C, k— 1). Hence, repeating the argument 
5 times, the series (6.6.2) or (6.6.1) are summable (C, k—s). 

It follows from Theorems 71 and 76 that, if 2 is summable (C, k), 

(6.6.3) 

V — V A k A*+i_L_ - f£4-1)1 V _d*_ 

Z.n+1 ^ n n+1 h Z, (w+l)(w+2)...(7i+jH-2)* 


the first series being summable (C, k —1) and the last absolutely con¬ 
vergent; there is a similar formula for the sum of the first series (6.6.1). 


6.7. Another condition for summability. We saw in § 6.6 
(Theorem 76) that the summability (C, k) of 2 a n implies the summa¬ 
bility (C, k— 1) of 2 (n+ l) _1 a n . The converse is false: for the last series 
is (absolutely) convergent whenever a n = 0(n -1 ), and then, after 
Theorem 63, 2 a n cannot be summable (C, k), for any k, unless it is 
convergent. There is, however, a more subtle connexion between the 
two series. 

Theorem 77. If k is integral then , in order that 2 a n should be sum¬ 
mable (C, k) y it is necessary and sufficient that there should be a solution 

b n of the equations 

(6.7.1) a n = {n-\-\){b n — b n+1 ) (71 = 0,1,2,...) 

such that 2 b n is summable (C,fc—1). In these circumstances 

< 6 - 7 - 2 > = + 33 +- (C -*- 1) * 

and the sums of the two series are the same. 
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It is plain, first, that we can solve (6.7.1) by recurrence; that if b n 
is any solution then the general solution is b n = b n —k, where h is an 
arbitrary constant; and that the conditions of the theorem can be 
satisfied by one solution at most. 

(i) We begin by proving that, if b n is any solution, then 

(6.7.3) A* = (*+l)£*-(n+l)£J-i (Jc > 0). 

Here B~* means b n . First, if Jc = 0, then 

= A n = bo—b 1 -\-2{b 1 —b 2 ) + ...-\-(n+l)(b n - T b , l+1 ) = B n — (n+ l)b n+lt 
which is (6.7.3). Next, assuming (6.7.3) for a given Jc, we have 

= (^+l)^ +1 -(n+l) J Bj +1 + (n+l)5j-- 1 + 7i^-i + ... + ^-i 

= (*+2)5*+i-(n+l)^ +x , 

which is (6.7.3) with &-f-l for Jc. 

(ii) Next, we prove that if B = £ b n « summable (C,Jc~l), then 
A = 2 a n ^ summable (C, Jc), and A = B. First, if Jc = 0, then B n B 
and (rc-f-l)6 n+1 -► 0, so that A n -» B. Secondly, if Jc > 0, then 

B '-'- ("t-T') ■»+■*•“> 

and so, by summation, 

B *=^ X k ) B+o(nk) - 

Hence, by (6.7.3), 


{(t+l^+^-dt+ljg+JJjB+otH*) = ("+*) U+o(ii*), 

and A is summable (C ,Jc) to sum B. 

(iii) Thirdly, we prove that if a n is summable (C, *), then 

( 6 ' 7,5 ) b n = h+o{n- 1 ) (Jc = 0), 

h being a constant. We may suppose without loss of generality that 
We have 


(6.7.6) 

(n+i+2)a;_(,+i)£j +l = (fc +1 )^_(„ +1)B * ? i = A , = 0{nk) 

oimimahing a 0 and 6 0 by A is to diminish A* -1 and B*“ l by ^ n + * — 1 
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< 6 - 7 - 7 ) (»+l)(»+2)...(»+fc+l)* B = B *, 

then (6.7.6) gives 


(ti+ l)(?i-j-2)...(7i4-A:4-2)(<^ n —^ H+1 ) = A k = o(n k ), 
and so </> n —(/> n+1 = o(n~ 2 ). Hence <f> n tends to a limit <f>, and 


00 


(6.7.8) s6„ = <£+2 


n 


J^k / j\ 

(7+lKv+2)l(v+i+2j =,i+0 W’ 


(6.7.9) 


B k n = (n+l)(n+2)..\n+k+\)i+o(n k ). 


Finally, from (6.7.6) and (6.7.9) it follows that 


£ "+ ll = Si jB " +0(n *~ l) = (H- l >i(* + J +1 )#+o ( n*-» ) ; 

and this is (6.7.4), with A = 0, h = (&-fl)!<£, and w+1 for n. The 
proof is valid, and gives (6.7.5), for k = 0. 

(iv) It is now easy to complete the proof of the theorem. In the first 
place, the condition is sufficient, by (ii). Secondly, if 2 a n * s summable 
(C,Ar), b n is any solution of (6.7.1), and b„ = b n —h , where h is the h of 
(6.7.4), then b n is also a solution; and 


B S-1 = 

by (6.7.4) or (6.7.5), so that 2 b n is summable (C, A:— 1) to sum A, 
the result holding for k = 0 since h is plainly independent of k. Hence 
the condition is also necessary. 

Finally, since 2 b n is summable (C,&— 1), 


b„ = | (b,-b v+1 ) = j> jJj (C,*-l). 

n 

by Theorem 48. For b n , the h and <f> of (iii) are 0, and (6.7.7) and (6.7.8) 
give 


b 0 — — (*+!)* 2 ( v +i)(^-f2)...(v+A;+2j‘ 


Thus 


AS 


2 ^+1 ~ (fc+1)! 2 (n+l)(n+2)...(n+k+V (C ’* ^ 


This is (6.6.3). Our proof here is independent of Theorems 71 and 76. 
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A corollary of Theorem 77 is 

Theorem 78. A necessary and sufficient condition that 2 a n should be 
summable (C ,k) is that there should be a system of numbers a n3 , where 
s = 0, 1,..., k-\- 1, such that 


a n,0 — a n> 

and that 

is summable (C, — 1). 


a n,s-X = ( 7l + 1 )K, 5 -«n+u) 
-Ajc+1 — 2 a n,k+l 

In these circumstances 


{s > 0 ), 



a nj-l 
7i + l 


[ g n+I,a-l 
71 + 2 


+... (C, k — s) 


for s — 1, 2,..., k+\\ A e = 2 «n,« 15 summable (C >h—s)\ and the sums 
of all these series are the same. 


We have only to apply Theorem 77 k-\- 1 times in succession. 
Theorems 77 and 78 may be used to obtain instructive proofs of the 
equivalence theorem (§ 5.8) and of other standard theorems in the 
subject. 


6.8. Integrals. There are ‘Tauberian’ theorems for integrals like those of 
§6.1. If 

(6* 8 - 1 ) J a(x) dx — A (C,&)| 

for some k, and a(x) = 0(x~ l ) for largo x, then (6.8.1) is true for all k > -1: in 
particular, the integral is convergent. If (6.8.1) is true for some k, a(x) is real, 
and xa(x) > —H, then the integral is convergent. The analogues of the pre¬ 
liminary Theorems 65 and 66 are: (i) if the integral is summable (C, r-f 1), then 
a necessary and sufficient condition for summability (C, r) is B r (x) = o(x f+l ), where 
B r (x) is formed from 6(x) = xa(x) as A r (x) is formed from a(x); and (ii) a necessary 

and sufficient condition for summability (C,r+ 1) is that J x^~*B r {x) dx should 
be convergent. 

There is an analogue of Theorem 71: if (6.8.1) is true,/(x) -> 0,/<*>(x), the ah 
derivative of/(x), is absolutely continuous, and J x*|/<*+U(x) | dx < oo, then 

(6.8.2) J a(x)f(x) dx = (-1 )*+* J A*(x)/<*+D(a?) dx (C,k), 

the last integral being absolutely convergent. In particular this is true if 

fix) = (x+ 1 ) s , where s > 0 . On the other hand, there is no analogue of Theorem 

76; the introduction of a convergence factor like (x+l)-» does not necessarily 
decrease the order of summability needed. Thus if a(x) = e 2x cose z then 


A x (x) = — Hx+cosl — cose z + J cos e* dt ~ — Hx, 
where H = cos 1 + sin 1, and so ° 

( 6 * 8 * 3 ) J e**cos e x dx = — cosl— sin 1 (C, 1). 

But f e2z cos e x 

J *+l 

is not convergent, and indeed not summable (C,fc) for any k < 1. 

t As in § 6.14, integrals written without limits are over (0, oo), 


dx 
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If 

(6 ' 8 * 4 ) J(8) = j e~ 8x a(x) dx 

is convergent for 8 > 0, and tends to A when 8 -> 0, then we write 

(6.8.5) j = J dx = A (A) 

and say that J is summablc (A) to A. It would be natural, after § 5.12, to expect 
summability (C,k) to involve summability A, but this is one of the points where 
the analogy between series and integrals breaks down. The summability of J 
does not involve even the convergence of J(8). Thus the integral (6.8.3) is 
summable (C, 1), but J e (2_6 > x cose x dx is not convergent if 8 < 1. 

However, if J is summable (C, k), and J(8) is convergent for every positive 8, 
then J is summable (A). For then 

A 8 (x) = | e~ 8t a(t) dt =0(1) 

0 

for every positive 8, and 


= S* B,d ^r dt 

o 


e 8x A 8 (x)-8 


X 

j e 8t A 8 (t) 
0 



for every such 8. It follows that A k (x) = 0(e 8x ) for each k; and so, by k -\-1 partial 
integrations, that 


( 6 . 8 . 6 ) 

But k\x~ k A k (x) 


CO CO 

J(8) = | e~ 8x a(x) dx = 8* +I f e~ 8x A k (x) dx. 
o o 

A y and therefore 


J(8) 


S*+i f 

•—■ A —j^~ I e~ 8x x k dx 
o 



We can obtain a more satisfactory theorem as follows. The integral J x k e~ 8z dx 
is convergent for every k, so that, after (6.8.2), the summability (C, k) of J involves 
that of J(8), and the truth of (6.8.6), the integral on the left being summable (C, A:) 
and that on the right absolutely convergent. It then follows that .7(8), interpreted 
as a (C, k) integral, tends to A. 

The integral J* e a * z+6Vx dx, where a > 0, b > 0, is summable (A), but not (C, A:) 
for any k. 


6.9. The binomial series. In the rest of the chapter we study the 
summability of some particularly important special series. We begin 
with the series 

where a = z = e ' d y l#l ^ 7r - 

It is familiar that the series is (1) absolutely convergent when p < 1, 
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(2) convergent, but not absolutely,f when —1 ^ f3 < 0 and 0 =£ 0, 

(3) divergent when ^ 0, or when —1 ^ p < 0 and 0 = 0;t and that 
the sum of the series, when convergent, is 

(1— 2)-*- 1 = exp {— (a +1 )log( 1—2)}, 

the logarithm having its principal value, for which |31og(l— z)| < frr. 
We shall determine the conditions under which it is summable (C, k), 
for any k > — 1. 

We suppose first that 

k > —1, 0^0, z^l. 

Then 


2>»* w = (l~zu)-«~\ ZA*u n = (1—zu)-*- 1 , 

A k _ J_ f _ du _ 

n 27 ri J (1 — u) k+1 ( 1 — z^*) a+L ^ 4 n + 1, 

c 

where u = pe 1 ^, C is the circle p = p 0 < 1, and the powers of 1 — u and 
1—zu have their principal values. Hence, by Cauchy’s theorem, 

n 27rt'( J f )(1— u) k + 1 (l-—zu) a + 1 u n+1 
'Ci c x ' 

where C x and C 2 are two contours surrounding the points u == 1 and 
u = 1/z = £ and going to infinity in the directions </> == 0 and <f> = — 0 
respectively. We may suppose and C 2 formed by circles round u = 1 
and u = £, and straight lines with arguments 0 and —0, these last 
described twice in opposite directions. 

We write in the form = «/^-jwhere 



2m J 

O x 



(1 — u) k +*u n+1 




± [I_ l _ 

27rt J \(1—wz)“+ 1 

Cx 


1 \ du 

(1—z)“+ij (l— w )*+v*+i* 


We suppose that n > |1—£| 1 and take the radius of the circular 
part of Ci to be n~ l , so that «-»-* = 0(1) on the circle. Also 

= ( a +l) z J (1 _«*)-«-*dw 

1 

is 0(|tt-l|) on the whole of C v and 0(n~») on the cirole. Thus the 

first tomK “ th ° triVial 0888 ^ = - b y = 0, «+1 = 0. when the series reduces to its 
t Evaluating the integral by deforming back into O. 
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contribution of the circle to J £ 2) is Ofa- 1 .nr 1 .n** 1 ) = 0(n k - x ), and that 
of the rest of C 1 is 


00 


0 


i 


co 


, x- n - 

c+1 


1 + n 


-l 


/ 


J 


n~ l 

00 

t dt ( n k+1 \ 

(i +7) v+1 j ~ = 0(n *“ 1) - 


< dt 

tF+ l 


o 


Hence 




Similarly we write J 2 = where 

Ji 1) = (l-Q-*- 1 f__ 

2 2771 .) ( 1 — zu)°-^ l u n+1 


c 3 


_ /rc-foA z n _ /n+a\ e nid 

\ a ) ( 1 — £)* +1 ~~ \ oc 


J(: 


<0)* + l» 
) du 


c. 


£)* +1 j (1 —Zt4) a+1 tt n+1 ’ 


and we can prove that «/^ 2) = 0{nP~ l ) by an argument like that which 
we used for J^ 2) . 

Collecting our results, we find that 

The first term here is the dominating term w hen k > p, the third when 
k < P; if k = p then these terms are of the same order of magnitude. 
We thus obtain 

Theorem 79. If a = P~\~iy, ft ^ — 1, k > — 1, \6\ < tt, and 6^0, 
then the series ^ e nid is summable (C ,k) when k > ft, to sum 

(1— giflj-a- 1 . It oscillates finitely (C,k) when k = ft, and infinitely when 

k < fi. 

It is plain that the argument will prove uniform summability in any 
closed interval of 6 which does not include 0 = 0. 


When 6 = 0, z = 1 


(n+oi\ 




and 


'n-\-k 

k 




T(t+1) „a + l 

r(a+A;-|-2) 
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Theorem 80. 


The series 



is never summable 


(C ,k) y for any 


k , unless P < —1, in which case it converges absolutely to 0, or p — —1, 
y — 0, in which case it reduces to its first term 1. 


6.10. The series J n a e nid . From Theorems 79 and 80 we can deduce 
corresponding results for the series J n a e nid . f We suppose for the present 
that p > — 1, leaving the case ft = —1 to the next section. 

If y = 0 and p is integral (so that a is integral) then 


(6.10.1) 1 1 )+~+i’*. 

where p 0 , p lt ... are independent of n. If a is not an integer then 

= c -.v re “' v +V + i » 01 - , '- l +...+c. A n“-*+O(^-*- 1 ) > 

where h is arbitrary, v = 0, 1 ,..., h, and c vv 0; and, combining these 
equations, we can express n a in the form 

(6.10.2) ^ = ^o( n +“)+^( n +:7 1 )+...+^(”+“; A ) + 0(^). 

Combining Theorem 79 with (6.10.1) or (6.10.2), we obtain 

Theorem 81. If « = p-\-i y> p > -l, k > —1, \6\ < n and 0 =£ 0, 
then the series ^n a e nid is summable (C, k) when k > p , oscillates finitely 
(C, k) when k ~ p } and oscillates infinitely (C, k) when k < p. 


6*11* The case p — —1. The case in which p — —1 is in some ways 
particularly interesting. The series 


( 6 . 11 . 1 ) 


2 ( n -l+!y) eni$ ’ 2 n-'+ire»<*, 


where y =£ 0, are convergent unless 6 = 0 (mod 2 tt). In that case they 
oscillate finitely, since 


In —l+iy\ __ T{n-\-iy) . _ 

\ —l+iy) ~ r(iy)r(w+l) — 


n~ 1+i Y 




"v 1 i4. iv n*Y— 1 

z m~ 1+i Y -:- 

i ly 

n-l 


n 


n-l ”+l 


= 2 m _1+ *V— J <-i+<y dt = J f (m-i+iy—i-i+iy) dt, 

1 1 1 m 

f The series starting from n = 1 when /3 < 0. 
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and the general term of the last sum is 0(m~ *).f Since the series (6.11.1) 
are not convergent, and their general terms are 0(n~') } it follows from 
Theorem 63 that they are not summable (C, k) for any k. 

It is interesting to investigate certain other properties of these series, 
and in particular to prove their partial sums bounded uniformly in 8. 
More generally, we prove 

Theorem 82. If 

(6.11.2) A n = a 0 ~h a i + **-+ a n = 0(1), A a n = 0(n ~ 2 ), 

then 


(6.11.3) 


n 


l*»(*)l = 

0 


m 


<H 


for \z\ ^ 1, H being independent of z and n. In particular this is true 
when a n is ^ ^ ^ n ~ 1+ly a o = 0 in the second case). 

We note in passing that the hypotheses (6.11.2) imply a n = 0{n~ l ). 
In what follows we shall be dealing with functions of n and z, and O’s 
will be uniform for \z\ ^ 1. It is sufficient, by the principle of the 
maximum modulus, to prove (6.11.3) when z = e id and 0 < \0\ < tt. 
We suppose 6 > 0, and wTite p = [^/d], so that p ^ 1. 

If p ^ n then 


n 


n —1 


*„(Z) = 2 = I A m Ae"' ie +A n e’'< e 

0 0 

= (l-e'i20(1) + 0(1) = O(n0)+O( 1) = 0(1). 

0 

If p < n then 

sjz) = 2 a m emi6 + 2 e m ‘ e = 'Sj+Sa, 

0 p + 1 

and the argument just used show's that S x = 0(1). Also 

(1— e id )S 2 = 2 a m ke mid = a +1 e^ +1He —a n e {n+1Hd — 2 e mid Aa m _1 


p+i 


p + 2 


= 0(p~')+ I 0(m~ 2 ) = 0(p - 1 ) = 0(0), 

p +i 

since a n = 0(n~ x ), and so S 2 = 0(1). 

It follows from Theorem 82 that, for example, the series 

2 *j-l+iy 

2 - 2 « (n = 2,3,..., y # 0) 

logn 

is uniformly, though not absolutely, convergent on the unit circle. 

'S?/m — l+ty\ (n + iy\ 

| Alternatively, wo may use the identity > y ) = \ iy / * 



6.11] 


ARITHMETIC MEANS (2) 


141 


We leave it to the reader to prove 

Theorem 83. If — 1 < 0 < 0, a n = o(I), A a n = OinP- 1 ), then 
(6.11.5) K(z)| 

for \z\ <1. If a n ~ 0(1), A 2 a n = 0(n~ 2 ), then (6.11 .5) is true for fi = 0. 


6.12. The series 2 n~ b e Ain *. The series 

(6.12.1) 2 a n = 2 

where A > 0, 0 < a < 1, 6 = fi+iy, 

is particularly interesting and may be used to illustrate many points 
in the theory of summable series. It is absolutely convergent if 0 > 1, 
and we shall suppose throughout that 0 ^ 1. 

The order of a n is decreased, by a factor n a ~ l , by differentiation, so 
that the series is adapted for study by means of the Euler-Maclaurin 
sum formula; but the discussion of its summability on these lines is 
rather tiresome in detail, and we shall use a different method depending 
on a direct use of Cauchy’s theorem. 

Theorem 84. The series (6.12.1) is summable (C, k), where k > — 1, 
if and only if 

(6.12.2) (*+l)a+/3 > 1. 

We write 


(6.12.3) 


u(z) = z~ b e A< * r t u 0 =0, u n = u(n) (n > 0), 
1 having their principal values in the half plane 91(z) 

S = T(*+ 1 )C 7 * = V r(n—m+*+l) 

A r ( »-»+i) **• 


0, and 


We have to show that n~ k S tends to a limit if and only if k satisfies 

( 6 . 12 . 2 ), 

We denote by C the rectangle n~iY,n+iY, *+»T), shown in 

yg* l> by C i and C 2 the two half-rectangles formed by the lines L, to 
Zr 4 and L 5 to L 8 respectively. If 



r(n~z+*+l) 

r(n-z+l) 



then Cauchy’s theorem gives 


(612.4) S' = 8—lf(n) = - L. J tt cot Tzf(z) dz, 

c 
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integral along (n—iY, n+iY) is a principal value.f Also 


(6.12.0) JL J mf(z) dz = 0, 



1 + iY 




L 7 1 


1-iY 



n + iY 



n 



n-iY 


Fio. 1. 


Hence, combining (6.12.4) and (6.12.5), we obtain 


( 6 . 12 . 6 ) 





dz -f- 


where 


n 



i Li + L 7 + 


ip(z) = 7r(C0t irz±i) 


according as y — 3(z) is positive or negative. The integral along L b -\-L x 
is a principal value. 

Now 

0 ( 2 ) = O(e-^I), r( pr 2 + n r ) = 0(\y\ k ), e Aiz " = 0(^1" '•) 

1 (n— 2 +1; 


■f* Wo apply Cauchy’s theorem to C modified by a semicircular indentation round 
= n, and then make the radius of the indentation tend to zero. 


z 
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for fixed n, £ < x ^ n, and large \y |. Hence the integrals along L 2 and 
L q tend to 0 when Y -+oo, and (6.12.6) gives 


n 


00 


(6.12.7) 


/ f{z) dz -h f 


+ 


— CO 
CO 


/ 


— co 


say, the last integral being a principal value. 


The integral 


CO 


I 


— CO 




is majorized by an integral with integrand independent of n, and the 
function in curly brackets tends to 1 when n oo, for every y . Hence 


( 6 . 12 . 8 ) 


n~ k J x -► — f 

1 2tt J 


— OO 
00 


= *' / dy = il, 

— CO 

say. As regards J 2 , we have 

* (n+iy) = (y > o). (y < o); 

and so 
(6.12.9) 


— CD 

= -i f ) dy 

j \ r(i -iy) ^ r(i+tV) u(n 

the last integral being absolutely convergent. It follows that 

J t = 0(n-f>), f 

. t We dlV,do J th8 ran 8° of integration into (0. 8) and (8, co 1 where 0 S ^ 1 T. ■ 
is 0(n-“)3. S)°!ve m^ n 6 a x pld° nVergen0e ’’ that the part of th0 “'’or (8, ®) 

n^ n+iy) , 

as uniformly convergent power series P(y,„,. « (y) . P (v); and it then becomes plain that 

” /y( P (n) <?(!,, “' p (~^)®( _ S')}-S(y)dy = O(n-0). 
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Now 


n 


(6.12.11) j = J r(»-*+*+D 


r ( *- 2+ ir"^ 2 = /-J=W, 

1 . Mi M t 

where M x and M 2 are the lines through \ and n parallel to the positive 
direction of the imaginary axis. On M x , z = re id , where 0 < Q < \tt, 
6 -> far; and \e Ai * a \ = e~ Ar<IsIriad . It follows*)* that 

(6.12.12) I x ~ in k j (l+iy)-b e Am + i V )’ dy = in kj* 

We now take a (small) fixed 8, and write 

(6.12.13) 

h = *• J r( r ( t ^iyf u{n+iy) dy = *■ / +i J = 7 3+ 7 4- 

0 0 8n 

In / 4 , y > 8n, and z = n-\~iy == re i0 , where 0 < co < 6 < £rr and 
depends only on 8. Hence 

IgAtz*! — f>—Ar* sin ad g-2?r° 

\z~ b \ = r~^ey d < Cr~P, dy = cosec 6 dr < D dr, 

and 


Sn 


60 


(6.12.14) 


r 4 = o( J r k ~h- B '‘ drj = 0(e" £n *), 

' 8n 

H, C, D, and E being positive functions of 8. 

Finally, if 0 < y < 8n, we have 

gAHn+iy) a — e Ain a -Aan*~'i/+... — 0{e~ Fn * lv ), 

where F is a positive function of 8. Hence 

Sn 


1 /1 on 

n-Pt J dy + f y 
'0 1 


k e ~ F n- 


’*dy )) 


= 0(n-P) + o(n~P Jy k e- Fn "' v dyj = 0{n-P^ k + 1 * 1 -°>}, 
since (A:-f-1)( 1 —ct) > 0. 

Finally, S and S' differ by \f(n) = 0{n-P). Hence, eoUecting our 
results from (6.12.10)-(6.12.15), and remembering again that 

(fc+l)(l-a) > 0, 

we find that 

S = in k (J*-I)+o(n k ) + 0{n-P^ k+m ~ a> }. 

f Again by a simple argument based on majorization. 
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If k satisfies (6.12.2) then — p+ (&-f-l)(l — a) < k and n~ k S i(I*~ /), 
so that the series (6.12.1) is summable (C ,k), to sum 
To prove the negative assertion of the theorem, we must estimate 
/ 2 more precisely. If we replace {n+iy)~ b by n"*, and Ai(n+iy) a by 
Ain a ~AanP-'y , we obtain 


in~ b e Ain * f — ~ — ill) e ~Aan*~ v v dy 

J m-iy) a v- 

When n is large, n a 1 is small, so that the integral here is dominated 
by the part in which y is large; and we are thus led to replace the 
quotient of gamma-functions by (~iy) k . This leads us to the conclusion 


that 



~in- b e Ain ‘ j ( — iy)k e -Aan-'u dy 


— g-i(A:+l)7rtr(&_j_ l)(Aa)~ k ~bl~ b +^+m-a) e Ain s 

There is no particular difficulty in making this conclusion rigorous, 
and we suppress the details of the proof. It follows that, when 

{k+ \)a+P < 1, S involves an oscillating term whose order is at least 
n k t and that the series is not summable. 


NOTES ON CHAPTER VI 

§ 6.1. Theorem 63 was proved by Hardy, PLMS (2), 8 (1910), 301-20, except 

0 L th /u ] V? e J concernin ^ summability by means of negative order, which was 
^ ** &Tdy and Ll ttlewood (l.c. under § 5.7); and Theorem 64 by Landau, 

rf* F ’a Va 97-177 (103-13). The method of proof here, based on Theorems 

65 and 66, is Hardy s. A good many other proofs have been given, particularly 
for the special case k = 1, which is important in the theory of Fourier series. See, 
or example, Bromwich, 423-6; de la ValI6e-Poussin, Cours d'analyse infinUisimale 

JLM- S3 m T». n HI: “ man ' JLMS - 15 (1940) ’ 9U6: 

Theorem 67 was found by Hardy, PLMS (2), 12 (1913), 174-80, in the more 
~‘/ 0rm m ^ ? °» “ « iven summable by Riesz's typical means of some 

m H “ rd y 8 P roof was fiHed by Ananda Rau, PLMS (2), 17 (1918), 
334-6 The form of the proof here for * = 1 is due to Bosanquet. 

the mmLr 163 erroneous 'y that »« > *.,)/A. ia a sufficient condition: 

ihl u f 3 ° orrented b y Ananda Rau, PLMS (2), 30 (1930), 367-72. On 
the other hand, the two conditions 


( 1 ) o„ > -,zr(A„-A_ l )/A 11 , 


(2) limo n > 0 


r* nt: i “ 0880 * 8low] y decreasing in the sense of §6.2. This 

RRA 13 molu d®dm one due to SzAsz, Miinchener Siizungsberichte (1929), 326-40: 

§ 6 2 fi ^ ^ lf then ^ ““P 1 * 63 13 sufficient in itself. 

seaueLT l Sl ° Wly ° 9cUlatin S d°wl Y decreasing functions and 

two fold 7tha U df£ V MZ> 22 (1924) ’ 89 " 162 (127 " 42) - We ^ ^ 

to (loo Ja-T s ^ r 118 - hG fil * 8t a PP ro P riate the interval ( 0 , co), the second 
4780 * 866 ^ 12 2 * 13 the firsfc ^ 0rra wll * c h “ Levant here. 
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rv' 3 ;-^ ar f„ yand L *‘ tIewood ’ MM ’ 43(19U >' 134 -4 7 - Actually the convergence 
suitability (A) & SUffi ° lent conditlon for the corresponding theorem concerning 

§ , 6 'u, Z 0, f ° r totegraI Parameters, is proved (though not quite 

explicitly) by Hardy and Littlewood, PLMS (2), 11 (1913), 411-78 (437). The 

theorem rs the case0 = 0 of their Theorem 19, with ‘bounded (C,r- k), summable 

(L,r) in the hypotheses. They state their result only for B > 0, but the proof is 
valid for = 0. 

There is a considerable literature concerning the general form of the theorem 
with unrestricted parameters, and extensions of it important in the theory of 
Dirichlet’s series. See, for example, Ananda Rau, PLMS (2), 34 (1932), 414-40; 
Andersen, Sludier, 55 et seq.; Bosanquet, JLMS, 18 (1943), 239-48; M. Riesz, 
MTE, 29 (1911), 283-301, and ALJH, 1 (1923), 104-13; Zygmund, MZ, 25 (1926), 
291-6. Bosanquet gives further references. 

§§6.5-6. Theorem 71 was proved independently by Bohr [ CR , 148 (1909), 
75-80; Bidrag , 61-9] and by Hardy [PLMS (2), 6 (1908), 255-64; and 8 (1910)! 
277-94 (278-81), where a mistake in the earlier paper is corrected]. A number 
of special cases had been proved earlier by various writers, e.g. by Bromwich, 
MA , 65 (1908), 350-69, and by Hardy [ PLMS (2), 4 (1906), 247-65 and MA, 
64 (1907), 77-94]. 

The theorem was extended to general k by Andersen, Sludier, 44-55. Simplified 
proofs of the generalized theorem, and further extensions, have been given by 
Andersen, PLMS (2), 27 (1928), 39-71, and Bosanquet, JLMS, 17 (1942), 166-73. 

The necessity of the conditions (in the sense explained on pp. 130-1) was proved 
for integral k by Fekete, MTE, 36 (1917), 309-24, and for general k by Bosanquet, 
l.c. supra. 

There are a number of theorems which include both of Theorems 71 and 76, 
especially for integral parameters. Thus Bosanquet, PLMS (2), 50 (1948), 295- 
304, has proved that if k and l are integers, — 1 < l < k, and p is any real number, 
then, in order that ^ a n f n should be summable (C, l) whenever A* = 0(n k+J> ), it is 
necessary and sufficient that 

fn = o(n*-*-*), 2 n*+*|A*+y n | < 00. 

If, for example, p = 0, we obtain necessary and sufficient conditions that £ a n f n 
should be summable (C ,1) whenever ]£ a n is summable or bounded (C, k). This 
case of the theorem was stated without proof by Schur, JM, 151 (1921), 79-111 
(106), and proved by Bosanquet, JLMS, 20 (1946), 39-48. It reduces to 
Theorem 71 for l = k; and there is a variant in which a n is summable (C,k) 
and f n = 0(n l ~ k ). 

The special case l = 0, p = 0 is considerably older. The sufficiency of the 
conditions in this case was proved by Bromwich, l.c. supra, for integral k, and by 
Chapman, l.c., under § 5.5, generally; and the necessity by Kojima, TMJ, 12 
(1917), 291-326. See Moore, Convergence factors, 45-6. 

More recently Bosanquet, PLMS (not yet published), has extended his theorem, 
with the slightly narrower conditions 0<J<&, p > 0, to non-integral k and l. 

Theorem 76 was stated (at any rate for integral k) by M. Riesz, CR, 148 
(1909), 1658-60; and proved, for general k, integral s, by Chapman, l.c., under 
§ 5.5, 388-9. There is a proof for general k and s by Zygmund, BAP (1927), 
309-31; und another by Ananda Rau, left incomplete at one point in his paper 
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referred to under § 6.4, has been completed by Mi naks hisundaram, JIMS (2), 
2 (1936), 147-55. 

There are analogues of these theorems for ‘absolute summabilityThe series 
2 a„ is said to be absolutely summable (C, A:), or summable |C,fc|, if 

2 \C*(A)-C*_ X {A)\ < co. 

Thus summability |C, 0| is absolute convergence: the definition is Fekete’s. We 
shall not be concerned with absolute summability here, but theorems corre¬ 
sponding to Theorem 71, and others of these sections, have been proved by 
Bosanquet, Fekete, and Kogbetliantz. References will be found in Kogbetliantz 
and in Bosanquet’s papers quoted here. 

We add a remark about the argument in the text. We deduce Theorem 76 
(for integral k and s) from Theorems 47, 71, and 65. Alternatively, we may deduce 
it from Theorems 47 and 66. It is trivial if k = 0. If k > 0 then, in order that 
2 n_,fl n should be summable (C, fc — 1), it is necessary and sufficient that £ n~ 
should be convergent, and this is easily proved by partial summation. The proof 
is valid for non-integral k. 

We can also vary the proof so as to avoid an appeal to Theorem 47. 

§6.7. Theorems 77 and 78 were proved by Hardy and Littlewood, MZ , 19 
(1924), 67-96: they are closely connected with others proved independently by 
Knopp, ibid. 97-113. Later, Andersen, PLMS (2), 27 (1928), 39-71, and Hardy 
and Littlewood, ibid. 327-48, transformed and generalized them in various ways. 
See Kogbetliantz, 33. 

§ 6.8. It is, as usual, difficult to give precise references for the integral theorems. 
For the equivalence theorem, see Landau, Leipziger Sitzungsberichte, 65 (1913), 
131-8; for the analogue of Theorem 71, Hardy, MM, 40 (1910), 108-12; for the 
points discussed at the end of the section, M. E. Grimshaw, JLMS 9 (1934) 
94-102. 

§§ 6.9-10. The substance of the results here is due to Chapman and Knotm 
l.c., under § 5.5. 


§ 6.11. The bounded convergence of the series (6.11.1), and the uniform con¬ 
vergence of (6.11.4), were proved, less directly, by Hardy, QJM, 44 (1913) 
147-60. See also Landau, Ergebniase, 68-9. 

The most interesting case of Theorem 83, in which 2a„z" = (l_ 2 )-^-i ^ 
equivalent to a theorem of M. Riesz, AVH, 1 (1923), 114-26. It is stated more 
explicitly by Fej4r, MZ, 24 (1925), 267-84 (269). Szego, MZ, 25 (1926), 172-87 
gives a different proof, based on Kaluza’s Theorem 22, and a generalization to 

case tj (j. 


8 < h 0 P n;L 0t k h d°T 8 ? ia -, a r llttle m ° re com P lex wheQ 0 = 0 than when 
OQJ, 16 a945) 4^68 " ““ = ”” » y Hardy “ d Rogosinski, 


§ 6.12. The main result is due to Hardy, PLMS (2), 9 (1911), 126-44- but the 
discussion there is not quite satisfactory for our present purpose, sbicTit'is ba^d 
on the restricted form of Riesz *s means of 8 5 16 in whioh 

1 . 

non-integrals, and prove that the series is summable (R,n,fe) when (A: 4- l) a 4-^ l 



VII 

TAUBERIAN THEOREMS FOR POWER SERIES 

7.1. Abelian and Tauberian theorems. We shall be concerned 
throughout this chapter with a set of theorems of the kind usually 
called ‘Tauberian’. We used this word in §6.1, and gave a short 
explanation of the nature of a Tauberian theorem. The theorems which 
we prove here are more difficult, and our exposition of them more 
systematic, so that it will be best to begin by a more precise definition 
of the meaning of the word and of the word ‘Abelian’ with which it is 
contrasted. It is convenient to use notations differing in some points 
from those which we have used hitherto. 

We denote the series and integral 

(7.1.1) 2> n , J a(t) dt 

by S and J, and their values, when they are convergent, by s and j 
(so that, for example, S — s means that 2 a n converges to s). We write 


and 


s n — a 0 ~\~ a i 



0 


<%) = 2 a n e ~ nv > J(y) = J a(t)e-y‘ dt, 


when y > 0 and the series and integral are convergent. By S = s (A) 
or J = j (A) we mean that S(y) -> s or J(y) ->j when y -> 0, and by 
S = «s(C) or J = j (C) we mean that the series or integral (7.1.1) is 
summable (C, 1) to s or j: we shall not have occasion to consider Ces&ro 
summability of any other order. We denote the hypotheses 

S = s, J = j, S = s (A), J=j( A), S = 5 (C), J =j (C) 
by K, K', K a , K' a , K c , K' c 

respectively. 

An ‘Abelian’ theorem is, roughly, one which asserts that, if a sequence 
or function behaves regularly, then some average of the sequence or 
function behaves regularly. Thus ‘if s n -> s then 



n-f 1 



or ‘ K implies K c ' and its integral analogue l K' implies K' c y are Abelian. 
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Abel's theorem on the continuity of power series is an Abelian theorem 
(and it is from this that the name is derived). For 


... 


s 0 -fs 1 :c-|-*2 a;2 + — 
l+x+x 2 -^-... 


when 0 < x < 1 and the series are convergent; the right-hand side is a 
certain average of the s n ; and Abel’s theorem asserts that this average 
tends to s, when x 1, if s n itself tends to s. Generally, any theorem 
asserting the regularity (§3.2) of a method of summation is an Abelian 
theorem. 

The direct converse of an Abelian theorem is usually false. It is 
obvious, for example, that, if the regularity theorem for any method of 
summation is reversible, then the method is trivial in the sense that 
it will sum convergent series only. There are, however, many important 
theorems which may be called corrected forms of the false converses of 
Abelian theorems. Thus we saw in § 6.1 that the false theorem l o n s 
implies s n s\ or ‘ K c implies K\ becomes true if we subject s n to an 
appropriate additional condition, such as a n = Ofa- 1 ). Such theorems 
are called ‘Tauberian’, after A. Tauber, who first proved one of the 

simplest of them; and the supplementary condition is called a ‘Tauberian 
condition’. 

The most important Tauberian conditions with which we shall be 
concerned here are 


(o) a n = o(7i-i), (O) a n = 0{n~ x ) y (0 L ) a n >-Hn~\ 

(Or) a n < Sn- 1 , 

and their integral analogues 

(o') «(<) = o(l-i), (O') a(l) = 0(|-i) f (0' L ) a(t) > -Ht-\ 

(Or) a(t) < Htr 1 . 

Here H is a positive constant, and the conditions on a(t) are supposed 
to be satisfied for large t . The behaviour of a(t) for small t will be 
irrelevant; we shall usually suppose only that it is integrable down to 0. 
We shall also use two generalizations of (o) and (o'), viz. 

a 1 -f2a 2 +...+n a n = o(n), 

t 

(“0 J wl^u) du ~ o(t). 


7.2. Tauber's first theorem. The first of Tauber’s theorems was 

Theorem 85. If £ a n is summable (A) to sum s , and a n = 0 (n~~ l ) 
then 2 , a n converges to 8 '* 
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or ‘K a and o imply K\ The integral analogue is ‘ K' A and o' imply 

K'\ We call this Theorem 85 a, and use this notation for integral 
analogues generally. 

We begin by proving Theorem 85 a, and deduce Theorem 85 as a 
corollary: we might also prove Theorem 85 directly by an argument 
running parallel to that used in the proof of Theorem 85 a. 

It is plain that (o') implies the absolute convergence of J(y) for y > 0. 
Also 



= J (1 —e-v'Mt) dt 



e~ vl a(t) dt = P—Q\ 



l/v 

1/1/ 

y J o(l) dt = o(l), 

o 


since 0 ^ 1— e~ vl ^ yt ; and 


oo 


Q 


I 


e~ vt o 



CO 


J 



e~ u du\ = o(l) 


y i e~ vl dt 

l/i/ ' l/i/ 

Hence j(l/y) = J(y)+o(l) -+j when y 

To deduce Theorem 85 we take a(t) = a n for n < t < n+1. 


0, i.e. j(t) ->j when t 


> oo. 
Then 


n+1 1 ^ 

J(y) = 2a n j e~ vt dt = - ^ a n {e~ ny —e~ ( - n+1)v } 

n y 


1 - e~ v V mi 1 — ( 

=- > a n e~ nv = - 

y ^ y 


l—e-v 


S(y). 


so that S(y) -> s implies J(y) -> s. Also a n = o(n _1 ) implies a(t) = o(t x ); 
so that Theorem 85 follows from Theorem 85a. 


7.3. Tauber’s second theorem. In Tauber’s second theorem the 
hypothesis o is replaced by w. This changes the character of the 
theorem; for the convergence of S implies co, by Theorem 26, so that 
co is a necessary condition for K. 

Theorem 86. If 2 a n ™ summable (A) to s, then co is a necessary and 
sufficient condition for its convergence to s. 

The integral analogue is ‘i/ K A is true, then co' is necessary and suffi¬ 
cient for K'\ It will be convenient, here and later, to prove the main 
theorem and its integral analogue together, as special cases of a theorem 
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concerning Stieltjes integrals. We take for granted the definition and 
elementary properties of the ‘Riemann-Stieltjes’ integral 

T 

f m Mt), 

a 

where (a, T) is finite. In particular we assume that the integral exists 
when one of the functions is continuous and the other of bounded 
variation, and that 


(7.3.1) 


/ /«) Mt) ~ f(T)a(T)—f(a)at(a)— j “W df(t). 


a 


We shall always suppose that a(*) is of bounded variation and that 
a(0) = 0. We shall also use the equation 


(7.3.2) 


-L JL 

J /(<) m ^ = J <m 


t 

where f$(t) — J g(u ) d*(u), f and g are continuous, and g > 0. 

a 

We define the Stieltjes integral over (a,oo) by 

00 x 

j f(t) da(t) = lim J f(t) da(t). 


The integrals with which we shall be concerned are of the type 


CO 


(7.3.3) 


Hy) = J e-v*da(t). 


_ 

We shall always suppose I{y) convergent for all positive y, in which 
case a(£) = o{e vt ) for all such y. If a(£) is absolutely continuous, and 
<x'(0 = a{t), then I(y) reduces to J(y). If a (t) is the step-function with 
jumps a n at the points t = »,f then it reduces to S(y). Thus any 
Abelian or Tauberian theorem concerning I(y) will contain one for J(y) 
and one for S(y). 

Theorem 87. If a(<) -> l when t ->• co, then I(y) is convergent for y > 0, 
and I(y) l when y -> 0. 

For ^ 

I(y) = lim j j e~ vt d<*(*)| 

~* <X3 ^o ' ^ 

= J™, \f- vT «(T)+y f e-* a (t) dtj = yj e -v< a (t) dt. 


CO 


I{y) ->]imly f e-v*dt = l. 

v^o J 

t And «(+0)—a(0) «= a(-f 0) = a 0 . 


and so 
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Next, we prove a theorem which includes Theorems 85 and 85 a. 

Theorem 88. If I{y) is convergent for y > 0, and I{y) -+ l when 
y ^ 0, then a necessary and sufficient condition that j dct(t) = l, i.e. that 
aft) -> l when t -> oo, is that 


(7.3.4) 
when t oo. 


fi(t) = j udoc(u) = o(<) 


First, the condition is necessary because 


j8(0 = ta(t)— J «(a) du, 


m 


M = a (t)~ - r <x(u) du -+i-i=o 

t t j 


if oc(t) l. 

Secondly, if (7.3.4) is satisfied, then (7.3.2) and (7.3.4) give 


t 


t 


«(0—<*(i) = 


J d(x{u) = J 


dB(u) 


u 


i 

/ 


m 


du 


t 



du 


and so 


Now 


= o(l) + 0(l)+o| j^| = o(Iogt) = 0(0 

1 
t 

y(t) = f (u+1) da(u) = jS(0+«(0 = o(t). 


J e~«‘ d<x(t) = J ^ dy(0 = 2/ J 


y(0 »it j* i f ytt) v i 


\ 


«+r 1 j (t+ 1 ) 2 

The first term on the right is o(y J e~ vl dt) = o(l), and so 


/ 


8(«c 


I 


y(0 


(H-i) 


e -vi dt -> l. 


But 8(0 = o(£ -1 ), and therefore, by Theorem 85 a, j 8(0 dt converges to l. 
Finally, 


J 


f dyft) 


H 


y(0 


dt 


j 


dt = l. 


t +1 J (*+l) 2 

Thus (7.3.4) is a sufficient as well as a necessary condition. Specializing 
a(t) as stated, we obtain Theorems 86 and 86 a. 
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7.4. Applications to general Dirichlet’s series. (1) If A 0 > 0, 
A* +1 > A n , A n co, and a (t) is a step-function with jumps a n at the 
points A n , then 

(7.4.1) I(y) 

and this specialization of a{t), in any of our theorems, leads to a theorem 
about such a Dirichlet’s series. Thus Theorem 87 leads to the regularity 
theorem for the (A, A) method of summation. We shall not consider 
the properties of the general series (7.4.1) in any detail here, but we 
illustrate our remarks by proving the Tauberian theorem for Dirichlet’s 
series which corresponds to Theorem 85. 

Theorem 89. If S{y) = 2 a n e~ XnV is convergent for y > 0; S{y) -> s 
when y -» 0; and 


a n = 


(7.4.2) 

then 2 a n converges to s. 

We apply Theorem 88, taking 


An-VlV 


An 


> 


% 


Then I(y) = S{y) 

t 


<*W = I <v 

An« 

s. Also, if A v is the last A^ less than t y then 



V 

= A 0 o 0 -f 2 °(A n ~-A n _ 1 ) = o(Aj = o{t). 

Thus the conditions of Theorem 88 are satisfied, and a(£) -> s, i.e. 

2 «n = 

(2) The condition (7.4.2) is, roughly, the stronger the more slowly 
A„ tends to infinity: thus it is a n = o{n~ x ) when A n = n, and 

a n = oflnlogn)- 1 } when A* == logn. A divergent series which satisfies 
the first condition cannot, after Theorem 85, be summable (A), but it 
may well be summable (A,logw). The latter method is not/in the 
language of §§3.8 and 4.12, so ‘powerful’ as the A method, since it can 
apply only to series 2 such that 2 is convergent for all posi¬ 
tive y. Thus it is not applicable to such a series as 1 — 2-}-3_...; but, 

as is shown by Theorem 28 of §4.8, it is at least as effective within its 
limits of applicability; and the example of the series 2 n shows 
that it is sometimes more so (§ 7.9). 


7.5. The deeper Tauberian theorems. W 
of theorems of a more difficult character, of whi< 
in some ways the most typical is 


pass now to a series 
the best-known and 
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2 a n converges to s. 
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0(n ~ l ), then 


That is to say, ‘K A and 0 imply K\ This theorem is a direct 
generalization of Tauber’s theorem 85, the condition o being replaced 
by 0. Some prefatory remarks will be useful. 

(1) If 2>„ is summable (C,&), for any k, then, by Theorem 55, it 
is summable (A). Hence Theorem 90 includes Theorem 63 of Ch. VI. 
Generally, any Tauberian theorem for A summability includes one for 
(C, h) summability, though an independent proof of the latter is usually 
easier. 

(2) There are naturally variants of the theorems of §§ 7.2-4 in which 
‘ o ’ is replaced by ‘ 0 ’ in both hypotheses and conclusion , and the proofs 
of these are trivial variants of those of the ‘o’ theorems. Thus Theorem 
85 has the variant 


'if s n = 0(1) (A), i.e. if S(y) is bounded when y^O, and a n = 0(n~ l ), 
then s n = 0(1)’, 

and the proof, being a slightly simpler variant of that of Theorem 85, 
need not be set out in detail. We shall sometimes use such theorems, 
and shall indicate them by an [0], Theorem 85 [0], for example, being 
the theorem just stated; but we shall take the proofs for granted. The 
significant theorems of the next sections will be those in which, as in 
Theorem 90, ‘0’ occurs in one of the hypotheses but ‘o’ in the conclusion. 

Similarly an integral analogue, Theorem Xa, will have an ‘0’ form, 
Theorem Xa [0]. 

(3) We shall sometimes use one-sided order conditions of the types 
a n > —H<f>(n) or a n < H</>(n ), where a n is real and H and <f>(n) are posi¬ 
tive. We shall write these as a n = 0 L {<f>(n)} or a n = 0 R {<f>(n)}. Thus 
a n > — Hn -1 or a n = 0 L (n~ x ) is the condition 0 L of §7.1. Actually, 
only 0 L will occur in our theorems, since a theorem with an 0 R may 
be deduced by a change of sign from the corresponding theorem with 0 L . 

We now state a series of theorems which we shall consider together 
with Theorem 90. 

Theorem 91. If 2 a n = s (^), a n is real, and a n = 0 L (n~ l ), then 
2 a n = s- 

Theorem 92. If Ja n = 5(A), and s n = 0(1), then 2 a n == s (^> 

Theorem 93. If 2 a n = s (A) and s n ^ 0, then 2 a n = s (C> *)• 

Theorem 94. If J a n = «s(A), a n is real, and s n = 0 L ( 1), then 

2 a n = 5(C, 1). 
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Theorem 95. If 

Q 

(7.5.1) /(*) = £ a„ ~ — 

when x~>\, and a n = 0(1), then s n ^ Cn. 

Theorem 96. If (7.5.1) is true , and a n ^ 0, then s n ~ Cn. 

Theorem 97. If (7.5.1) is true, a n is real , and a n = 0 L ( 1), then 
s n ^ Cn. 

In the last three theorems (7.5.1) is to be interpreted as (1— x)f(x)^-0, 
and s n ~ Cn as s n = o(n), when 0=0. Since 1— e~ v ~ y when y ->■ 0 
(7.5.1) is equivalent to S(y) ~ Cy~ x . 

All these theorems are of the same depth, and it is comparatively 
easy to deduce any one of them from any other: the most interesting of 
these deductions will be found in§§ 7.7 and 7.8. In some cases the deduc¬ 
tions are quite trivial. Thus Theorem 93 is obviously a special case of 
Theorem 94, and Theorem 96 of Theorem 97. Theorems 90, 92, and 95 
are special cases of Theorems 91, 94, and 97 respectively when a n is 
real, and may be reduced to special cases of them in any case by con¬ 
sidering real and imaginary parts separately. Thus we have only to 
prove Theorems 91, 94, and 97. 

Next, Theorem 94 is a corollary of Theorem 97. For if the conditions 
of Theorem 94 are satisfied, then 


and s n = 0 L (1). Hence, assuming the truth of Theorem 97, and apply¬ 
ing it to 2 s n xTi > we obtain 

or 2 a n = s (C, 1). 

Finally, while Theorem 96 is a special case of Theorem 97, the latter 
is a corollary of the former. For if the conditions of Theorem 97 are 
satisfied, and a n > — H, say, then b n = a n -\-H > 0 and 

Hence (assuming Theorem 96) we have 
and therefore s n ~ Cn. 

Thus it is enough to prove Theorems 91 and 96. The set of integral 
analogues of the theorems may be reduced in the same way. Actually, 

we shall prove Theorems 96 and 96 a directly and deduce Theorems 91 
and 91a from them. 
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and 96 a as special cases of a theorem concerning Stieltjes integrals. 

Theorem 98. If a (t) increases with t, 


Hy) = j e~y‘ d a (t) 

is convergent for y > 0, and I(y) ~ Cy~\ where C >0, when y0 then 

oc{t) ^ Ct. * 

We need two lemmas. 

Theorem 99. If g(x) is real, and Riemann integrable in (0,1), then 
there are polynomials p{x) and P(x) such that p{x) < g(x) < P(x) and 

r 00 

J {P(x)~p(x)} dx = f e~‘{P(e-‘)~p(e-‘)} dt < <r. 

0 0 

(i) Suppose first that g is 1 in (a,/?), where 0 < a < 0 ^ 1, and 0 
outside (a,£). We can plainly find a continuous such that 

9 < h, j (h—g) dx < e. 

By Weierstrass’s theorem, there is a polynomial Q such that \h—Q\ < e. 
If P = Q+e, then g ^ h < P and 


/ (P-g) dx < J (P-Q) dx + J \Q-h\ dx + J (h-g) dx < 3e. 

Similarly there is a p such that p < g and f (g — p) dx < 3e; and p and 
P satisfy the requirements of the theorem (with 6e for e). Thus the 
theorem is true for this special g. 

(ii) It follows by multiplication and addition that the theorem is 
true for any finite step-function. 

(iii) If g is any Riemann integrable function, then there are finite 
step-functions g x and g 2 such that 

9i < 9 < f (92—9i) dx <e. 

We associate polynomials p v P x with g v and p 2 , P 2 with g 2 , in the 
manner prescribed by the theorem. Then p x < g < P 2 , 

/ ( P 2 — 92 ) dx < <r, J (S',—PJ dx <e, 
and J (Pg—p,) dx = J {(P 2 -0 2 ) + (S7 2 -0i)+(?i—P i)} dx < 3<r, 

which proves the theorem. 


f Which may be g in (a, /?). In what follows integrals with respect to x, without 
limits shown, are over (0,1), and those with respect to t over (0, oo). 
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In our second lemma we require a little more knowledge of the 
Stieltjes integral than we have presupposed up to the present. We 
assume that, if / and g are of bounded variation, but not necessarily 
continuous, in a finite interval, and have no common points of dis¬ 
continuity, then each is integrable with respect to the other. The 
formula for partial integration is still valid, but we shall not need it. 
Integrals up to co are defined as limits, as in § 7.3. 

Theorem 100 . Suppose that oc(t) increases with t, that I(y) is convergent 
for y > 0, that I(y) ^ Cy~ l , and that g(x) is of bounded variation in 
(0,1). Then 

X(y) = / e~ vt g(e~ vl ) d*(t) 

exists for all positive values of y except values t/co , where co is a discontinuity 
of a. and t a discontinuity of g(e~ t )\ and 


( 7 - 6 - 1 ) X(2/) ~ — f dt 

V J 

when y -> 0 through any sequence of positive values which excludes these 
exceptional values. 

The values of y excluded are those for which g{e~v l ) and oc(t) have 

common discontinuities: x iy) is not defined for such y. Since the a> and 

the r are at most enumerable, we exclude at most an enumerable set 
of values y k of y. 

Since a function of bounded variation is Riemann integrable, we can, 
by Theorem 99, choose polynomials p and P so that 


Then 


P <g < P, J e->{P(e-‘)-p(e~<)} dt < c. 

J e- 4 p(e-‘) dt < J dt < j e-‘P(e-<) dt- 

and J e-vtp^e-*) da(t) < J e~>"g(e-v‘) dot(t) < J e~v‘P( e -vi) da(t), 
for y ^ y k , because a(t) increases with t. Now 

f d«(t) = f e-<»+w d«(t) ~ = £ f e -t e -ru dt 

J J (n+l)y yj 

and therefore 


/*- 


/ 


Hence, ify 0 through any sequence free from values y k< we have 
(7.0.2) li my j e-v‘g(e~v>) d«(t) < Umy J e-w.P(e-W) da(t) 


= C / e~<P(e-‘) dt<Cj e~<g(e-‘) dt+Cc. 
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Similarly, using p instead of P, we obtain 

(7.6.3) lim y f e-v l g(e~v‘) d<x(t) > C f e-*g(e-*) dt -Ce; 

1/—>o J J 

and (7.6.1) follows from (7.6.2) and (7.6.3). 

We can now prove Theorem 98. We suppose, as always, that a (0) 
We take 

g{x) = x- 1 (e- 1 < a: < 1), g(x) = 0 (0 < z < e- 1 ), 

so that g(e~ t ) = e* for 0 < * < 1 and g(e~*) = 0 for t > 1 . Then 

® i/v /n 

X(2/) = J e-^g(e-vt) doc(t) = j da(t) = «(-). 


Also 


J e- l g(e~ l )dt = j dt = 1. 


Hence, by Theorem 100, a.(y~ l ) ^ Cy- 1 when y -> 0, i.e. a(t) ~ Ct when 
t ->oo, exception being made in either case of a certain enumerable set 
of values. Here there is just one r, viz. 1, and the values of t excluded 
are the discontinuities of <x(t). Thus ap) ~ Ct when t-> oo through 
points of continuity of asp). Finally, since <x(t) increases with t, it is true 
without reservation. 

Theorem 98 includes Theorem 96 and its integral analogue Theorem 
96 a. If asp) is a step-function with jumps a n > 0 for t = n, then 

I{y) = S(y) = 2> n e- n1 ', 

and S(y) ~ Cy -1 implies s n ~ Cn. This is Theorem 96. Similarly, if 
oc(t) is absolutely continuous, and <x’(t) = a(t ), we obtain Theorem 96a. 


7.7. Proof of Theorems 91 and 91a. We can now prove a theorem 
which includes Theorems 91 and 91a. We require two further lemmas. 

Theorem 101. If f(y) is twice differentiable for positive y y and 

(7.7.1) M-+1, (7.7.2) f"(y)>~Ky-\ 

when y -> 0, then yf'(y) -> 0. 

The theorem is one of an important type, and it will be instructive 
to give two proofs. 

(1) If y and y-\-rj are positive, then 

(7.7.3) f(y+y)-f(y) = vf(v)+W/"(y+ e vh 

where 0 < 8 < 1; or 

(7.7.4) f'(y) = te+ltM _ Jij/Ty+fc,). 

1 
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We choose S so that 0 < 8 < 1 and 
(7.7.5) 


< e, 


2(1 — S ) 2 

and apply (7.7.4) with 77 = Sy and 77 = — Sy. 

First, taking 77 = 8 y, (7.7.1), (7.7.2), (7.7.4) and (7.7.5) give 

/n n\ € 

(y+08y) 2 ^ °\Sy) + 2y ^ ' \Syj + y ’ 

and so 


/'(y) < 


°($y) 


+ 


/'(»,)> o(i-)_« 

' Is y) 2 (y- 


limy/'(y) < <r. 

Secondly, taking 77 = — Sy, they give 

K*y >0 /!\ ** >n /n € 

%) 2 ^ w 2(l-8)*y^ W y’ 

and so limy/'(y) ^ — e. 

Hence yf'{y) -> 0 . 

( 2 ) We observe first that if <£(y) = f'(y) — Ky~ l then 

* # (y) = /"(y)-ftfy - 2 > 0. 

Thus <f> is an increasing function which has a finite derivative <f>' for 
each y, and is therefore the integral of <£'+ Hence/' is the integral of f\ 
If yf (y) 4* 0 > then one or other of the inequalities 
(7.7.6) f'(y) > By- 1 , f{y) < - H y~ 1 

is true for some positive H and a sequence of values of y tending to 0 . 

Let us suppose, for example, that the first inequality ( 7 . 7 . 6 ) is satisfied 
for the values y = 7. If 

S = B/2K, 7 < y < 7+87, 


then 


f 

F+Sf 




and therefore 


J 


f+8f 


f(Y+SY)~f { Y) = / +'(«) > * sr = g, 

which contradicts (7.7.1). Similarly, considering an interval 

Y-&Y < y < 7 , 

we obtain a contradiction from the second inequality (7.7.6). Hence 

/ (y) = ofy- 1 ). 

t See, for example, Titchmarah, Theory of function*. 308. 
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We can now prove 

Theorem 102. If (i) I(y) is convergent for y > 0, and I(y) -> l when 
y 0; (ii) there is a function fi(t) such that fi(0) = 0, fi(t) ^ t, and 

t 

(7.7.7) y(t) = Lfi(t)- f- J u doc(u) 

o 

is, for some positive L, an increasing function of t ; then a {t) -> l. 

It follows from the definition of fi(t) that it is the difference of two 
bounded and increasing functions, and therefore of bounded variation, 
in any finite interval (0, T). 

We observe first that 


(7.7.8) 


J e~ yt dfi(t) = y J e~ yi p(t) dt ~ y J te~ yl dt = 


(7.7.9) | e~n dfi{t) = J e-«‘(yt~l)P(t) dt 


~V\ t2e ~ V ‘ ^ ~ j dt = y2~y2=J* 

i'(y) = - J te-y‘ Mt), i"(y) = J Mt). 


Hence, first, 


I"(y) = J te-v‘ dy(t) — L J le~v> dp(t) ^ -L J le-* 1 d/3(t) > -j 2 , 

for an appropriate M. It follows, by Theorem 101, that I'(y) = o{y~ l ). 
But 

I'(y) = - J e-*dy(t)+Lj e- y ‘dp(t)l 

and therefore, by (7.7.8), 

(7.7.10) J e~y‘ dy(t) ~ 

/ %j 

Since y(t) increases, it follows from (7.7.10) and Theorem 98, that 
y(t) ~ Lt; and so that 

t 

(7.7.11) J ud<x{u) = y{t)—Lp(t) = o(t). 

o 

Finally, it follows from (7.7.11) and Theorem 88 that oc(t) ->l. 

This proves Theorem 102. If oc(t) is the step-function of §7.4(1), with 
A n = n, and na n > — H, we may take 


Then 


m = 2 l - 

n<t 

y(t) = Lfi(t) + 2 na n = 2 {na n +L) 

n<t n<t 


increases with t if L > H, and we obtain Theorem 91. If <*(<) 13 
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absolutely continuous, a'(t) = a(t), and ta(t) > — H, then we may take 
fi(t) = ty and obtain Theorem 91 a similarly. 

We make one further specialization of Theorem 102. Suppose that 
4 < K+i> K ■* °o and 
(7.7.12) 

that a(t) is the step-function of § 7.4(1), and that 


(7.7.13) 

If 


a n > Ki-l)IKi • 

■ m = V (K-K-i) 

K<t 


(with A_ x = 0) and L > H, then 

t 

y(t) = Lp(t)+ f uda(u) = Y {MK>-K~i)+K°n} 

o * H<t 

is an increasing function of t. Also fi(t) ~ \ N , where N is the last value 
of n for which A n < t; and (7.7.12) then shows that p{t) ~ t. Hence the 
conditions of Theorem 102 are satisfied, and we obtain 


Theorem 103. If A„ tends to infinity so as to satisfy (7.7.12), a n satisfies 
(7.7.13), and S(y) = 2 a n e-*» v s when y -> 0, then 2 & n converges to s. 

This theorem corresponds to Theorem 91 as Theorem 89 corresponds to 
Theorem 86; but there is an additional condition on A n , viz. (7.7.12). This 
restriction is essential; the proof fails without it, since it is then no longer true 
that p(t) ~ t; and the theorem itself becomes false. Suppose, for example, that 

Km = 2™+2-™-*, Km+i = 2 W+1 , 
and a n = (— l) n . Then a n > 0 if n is even. Also 


Ajm+i 'A 


am 


2™+i_2 m _ 2~ m ~ i 


"2m+1 

°*m+l = 

Thus (7.7.13) is true with H 


i-i-i> 


bo that 


2”H-i 

^ ^ ^(Aam+i A tm )/A tm+l 

= 4. Also 



S{y) = —*») = rl»+0(jJ2-«^) = 1 + 0(1/)-. 1 ; 

but 2 a n is not convergent. 

There is a difference in this respect between Theorem 103 and the more direct 
generalization of Theorem 90, viz. 

Theorem 104. If S(y) = £ a n e-*»v -+ a and a„ = 0{(A n -A n _ x )/A n }, then T a_ 
converges to a. 

Here it is not necessary to assume (7.7.12). f 


7.8. Further remarks on the relations between the theorems 
of §7.5. There are various methods of proving the theorems of § 7.5, 
the simplest being Karamata’s, which we have followed here. The 
original method of Hardy and Littlewood involves a technique of 
repeated differentiation, about which we shall say something in §7.12. 

f See the note at the end of the chapter. 

M 


4780 
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There is also the method of Wiener, which is the most powerful and 
the most general, but also the most difficult, since it depends on deep 
theorems in the theory of Fourier transforms. This we leave to Ch. XII. 

Each method involves a characteristic idea, leading to one of the 
theorems from which the others are deduced by more elementary 
devices. Thus Karamata’s idea is embodied in Theorem 100, and the 
Tauberian theorem to which it leads naturally is Theorem 96. The 
method of Hardy and Littlewood leads to Theorem 90 or Theorem 96, 
according to the manner of its use; while that of Wiener leads most 
naturally to Theorem 92. 

It is therefore interesting to examine the relations between the 
theorems more closely. We show here (i) how to deduce Theorem 92 
from Theorem 90, and (ii) how to deduce Theorem 96 from Theorem 92. 

(i) Deduction of Theorem 92 from Theorem 90. We suppose that the 
conditions of Theorem 92 are satisfied and, as we may without real loss 
of generality, that a 0 = 0 and s = 0. We write 

w 

w 0 = 0, w n = a 1 +2a 2 +...+na„ (n > 0), v n = 
so that 

w n = ( n + Iki—<s 0 — Si— •••—«5„ = 0{n), v n = 0(71-!); 
and f(x) = J a n x n > g(x) = 2 v n x n+l . 

Then 


**)+(!-*)✓(*)=2^3rr +i + Z%* n - 


+i 


= 2 


W n v n V n+1 


n 


x-t n -\-1 


= y Wn ~- W n-J x n =f(x)j 

x—t n 


Hence 


1 


g(x) + (l-x)g-(x) = o(l), jUfg) = 


and therefore, integrating, we have 

9(x) 


1 —x 


= o 


li 


g(x) = o(l). 


Since g(x) = 2 = o(l) and v n = 0(n~ l ), it follows from 

Theorem 90 that 2 v n converges to 0. But 

% Vn 2 (re n+l) " 2 n N +1 


— S N — 


w N _ 

iv+T _ n+i 


Hence s 0 + 5 i+•••+% = o{N), i.e. 2 a n — 0 (C> !)• 

f Tho summations running from 1 to go 
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(ii) Deduction of Theorem 96 from Theorem 92. We suppose the hypo 
theses of Theorem 96 satisfied. Then, if n > 1, we have 






m 




3- 


O(Ti). 


We write t n ~ s n /(n-\- 1), so that t n = 0(1). Hence, if 


h — t _/ ,9 «+i 

°n — ‘n+l 1 - 


a 


n+1 


n 


then 

(7.8.1) 

(7.8.2) 


" n-\ f-2 7i+l n + 2 (7i+l)(7i+2)’ 


6 0 +6i+...+6 n = t n+l —s 0 = 0(1), 


n 


6n> (»+l)(» + 2) 


H 

>- 

n 


for an appropriate H. Next, 


X X 


= i f/w 

x J 1 —£ 


eft 


p r ^ ^ 

C J ( 1—<) 2 1 — z ’ 


and so 
(7.8.3) 


IM" = (< 1 -<o) + (<*-*l)* + (< 3 -«.)Z S + ... 


—J+ 1 ? 2 


From (7.8.3), (7.8.1), and Theorem 92 it follows that 2 b n = C—t 0 (C, 1), 
i.e. 

( 7 - 8 - 4 ) tn = t 0 +2b m -> C (C,l). 


Finally, from (7.8.4), (7.8.2), and Theorem 64, it follows that t n -> O, 


i.e. that 8 n ~ Cn. 


7.9. The series 2 n - 1 ~ ic . We have seen in §6.11 that the series 
2 n- x ~ ic i where c is real and not 0, is not convergent, and that in fact 

*n=-^ + *+o(l), 

where l is independent of n.f Since a n = 0(n^), it foUows from 

t We shall identify l as £(l-f tc) in Ch. XIII. 
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Theorem 90 that 2 a n is not summable (A): that it is not summable 
(C) followed from Theorem 63. It is summable (A,logn), since 

2 n-1-*-* = {(1+y+tc) -> {(1+ic). 

Theorems 63 and 90, and the other theorems of §7.5, have many 
applications in the theory of Fourier series. It is known, for example, 
that the Fourier series of any integrable/(0 is summable (A), or (C, 1), at 
any point of continuity or jump of /(/). If/(*) is of bounded variation, 
then its Fourier coefficients are 0(n- x )\ and it then follows, from 
Theorem 90 or Theorem 63, that the series is convergent for all t. 

7.10. Slowly oscillating and slowly decreasing functions. We 

can generalize Theorem 91 further by the use of the ideas of §6.2. 

Theorem 105. If (i) I(y) = j e~ vl da(t) is convergent for y > 0, and 
I(y) l 'when y 0; (ii) a(J) is slowly decreasing ; then a(t) -> l when t-> oo. 

Theorem 106. If J t a n = s (A), and s n is slowly decreasing, then 

2 a n = *• 

It is convenient to suppose, as plainly we may, that a(t) = 0 in an 
interval (0, r). We need a lemma. 

Theorem 107. If a(£) is 0 in an interval (0, r), and of bounded variation 
in any interval (0, T), and I(y) is convergent for y > 0, then , if p > q > 0, 


J *(pt)-*(qt) & _ yl dt = T 


o i /Ip 

The integral for I(u) is uniformly convergent in any interval 
0 < v ^ u ^ U , and oc(t) = o(e €l ) for all positive €. If 0 < v < U> then 


u 


s 


I{u) 


V oo 

du 


da(t) 


du = f — f e~ 

U J u J 

V 0 

J da{t) ] e -^ du= - S a{t) (it J ir du ) dt 


V 


CO 


U 


oo 


t 


J r c p~ vl _ p~ut 

a(t) dt I e~ u du— I - T -a(t) dt. 

o v o 

Finally, taking v = yip, U = yjq, we obtain 


J e -vtlp r 

-j- oc(t) dt — J 


J e -^cc(pt) dt- j e -fcc(qt) dt= j 
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Passing to the proof of Theorem 105, we may suppose l — 0. Since 
a(£) is slowly decreasing, and bounded in any finite interval of positive t> 
we have 


(7.10.1) 


*{pt)—ocjqt) 
t 



for any fixed p and q with 0 < q < p and an appropriate H Since 

i{y) 0 , 

® VlQ 

(7.10.2) J a{pt) - a{qt) e~*dt = j ^du = o(log|j = o(l), 

0 yip 

for any fixed p and q with 0 <q <p\ and from (7.10.1) and (7.10.2) 
it follows, by Theorem 91a, that 

J cdpty-cdqt) d( = 0 

Hence 

pT t 

(7.10.3) j^ du = j°M=m dt -> 0 

qt o 

when T -> oo. 

If a.(t) does not tend to 0, there is a positive M. such that one or 

other of the inequalities <x{t) > M, <x(t) <-M is true for a sequence 

of values T tending to oo. Let us suppose, for example, that the first 

inequality is true for t = T. We take q = 1, and choose p > 1 so that 

' > for v > v 0 , v ^ u ^ pv. Then, for sufficiently large 

t = T, we have 


<x(u) > <x(T)—\M > \M (T < u < pT); 

P r 

and therefore J ~du > \M\ogp, 

T 

in contradiction to (7.10.3). 

Similarly (considering an interval to the left of a T) we obtain a 
contradiction from <x(T) < -M, and the theorem follows. Finally we 
obtain Theorem 106 by supposing a (t) an appropriate step-function. 

7.11. Another generalization of Theorem 98. We have so far 
proved our theorems in their simplest forms, ignoring the many 
generalizations which involve additional functions or parameters. We 
now illustrate these by an important extension of Theorem 98. We 


t See § 6.2. 
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suppose throughout this section that <£(*) is positive and increasing 
for a; ^ x Qi and tends to infinity with x ; and that 


(7.11.1) <£(a;) = x°L(x), 

where ct > 0 and 


(7.11.2) L(cx) ^ L(x) 

for every positive c. Thus x°(\ogx) r is a possible form of for x > 2, 
if a > 0, r real, or a = 0, r > 0. 


Theorem 108. If oc(t) increases with t, I(y) = J e~v l dot(t) is convergent 
for y > 0, and 


(7.11.3) 

when y -> 0, then 

(7.11.4) 

when t -> co. 


I(y) ~ <f>(y -i) 


«(0 




r(a-fl) 


We suppose first that cr > 0, when the proof is a simple generalization 
of that of Theorem 98. We write 


p(x) = (0 < x < 1), 

and use 


Theorem 109. If g satisfies the conditions of Theorem 99, and a > 0, 
then there are polynomials p and P such that p < g < P and 


(7.11.5) 



{P(x)~p(x)}p(x) dx — J e- t i a - l {P(e- t )—p(e- 1 )} dt < <rr(cr).t 


Theorem 110. //<*(*) and I(y) satisfy the conditions of Theorem 108, 
and g(x) is of bounded variation in (0,1), then 


(7.11.6) 


X(V) = J e-v‘g(e-»‘) da(t) 


exists for all positive y except those specified in Theorem 100, and 


(7.H.7) x (y) ~ J dt 

when y -> 0 through any sequence free from these exceptional values. 

The proof of Theorem 109 is a straightforward generalization of that 
of Theorem 99, the changes necessitated by the presence of the weight 

f As in § 7.6, integrals with respect to x, without limits, are over (0, 1), those wit 
respect to t over (0, oo). 
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function p(x) being almost trivial. If g is 1 in (a, /?) and 0 outside, then 
there is a continuous h such that 



J* (k — g)p dx < e j p dx — cI^ct), 


and a polynomial Q such that | Q—h\ < e. If P = Q+e then g < A. < P 
and 


J (P—g)p dx < j (P—Q)p dx + j\ Q—h\p dx + j {h—g)p dx < 3er(cr). 


Similarly we can determine p so that p < g and J (g— p)p dx < 3er(a), 
and the result (with 6 e for e) follows. Thus the theorem is true for this 
g , and so for any finite step-function. 

The final stage of the proof needs a little elaboration. We write 
M = max | 0 |, and determine £ and £' so that 0 < £ < £' < I and 


? i 

(7.11.8) 2M j p dx < €r(a), 2 M j p dx < €r(cr). 

o f 

We can then find finite step-functions g x and g 2 such that 

—M < g x < g < g 2 < M 


in {£, £') and 




«T(g) 

max{p(f),p(n}’ 


from which it follows that 


r 

( 7 * U * 9 ) j ( 92 ~ 9 i)p dx < €T(a).t 

I 

If we define ^ as - j)f and g 2 as Hf in ( 0 , f) and {£', 1 ), then g x < g < 
throughout ( 0 , 1 ), and 


(7.11.10) J (ft—oJptfv < 3 € r(or), 

by (7.11.8) and (7.11.9). 

Finally, since g x and g 2 are finite step-functions, there are polynomials 
p and P such that p<g x ^g^g 2 <P and 

J (P~92)p dx < er(or), J (g 1 -p)p dx < € I». 

It then follows from (7.11.10) that j (P- p ) p dx< 5el», and this 
completes the proof of Theorem 109. 


0 = 1 ^ monotonic m (°» !) 01111 to infinity at one end or the other, except when 
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Passing to Theorem 110, we have 

f da(t) = f e-< n +i doc(t) ~J,( _ 1 _) 

= (n+l)-^[_L__} „ (w+ i)^- L g 

= («+ D-^g) = ^*(1) J «ft, 

for fixed n, when y -+ 0. From this it follows that 

(7.11.11) J e~ vt Q(e~ vl ) doc(t) ~ J e~ 4 t°- 1 Q(e- 1 ) dt 

for any polynomial Q. 

There are polynomials p and P such that 

p <g <P, j e-^-i{P(e-0—p(e-0} dt < el», 

and a fortiori J* e- l t°- 1 {P(e~ i )—g(e- t )} dt < er(a). 

Hence, if y ->co in the manner prescribed in Theorems 100 and 110, 


lim 


J e ' 1 " ?(e "" ) rfa(0 .< lim ^W) / ^ 1 " P(e_1/ ' ) da(<) 


= J e-'< I ’- 1 P(e-') dt < J e~ l t'’- 1 g{e-‘) dt +e. 


Similarly 


J e-*g(e-*) da(t) > J dt —e, 

and these two inequahties prove (7.11.7). 

We can now prove Theorem 108 (when a > 0). Choosing g as in the 
proof of Theorem 98, we obtain 

co 1/1/ /j\ 

J e~ vl g(e~ vl ) da{t) = J «fo(0 = <*(-), 

o o' 2 '' 

CO 1 

1-53 J - rfe / * - FFPtf 

0 o 

and the theorem follows from Theorem 110, since c*(t) increases with t. 
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The argument fails when a = 0 and <f>{y~ x ) = My -1 ) go. In this 
case we replace Theorem 110 by 

Theorem 111. If oc(t) increases with t y 

e-v 1 d<x(t )>—' 



and g{x) is continuous in (0,1), then 


Here 

and so 



for any polynomial Q. Since g is continuous, there are polynomials 
P> P such that p <g < P < p+ c for 0 < z < 1. Then 


J d<x(t) < J e-v‘P(e~*‘) d a (t). 


hm WJi)S e ~ v<9{e ^ ) 


^ lim 


MW) / e ^ P(e ~ v,) Mt) = p m < ?(!)+'. 


and similarly lim-^1^ J e-«g(e-v<) da(t) > ? (l)- € . 

This proves Theorem-111. We pass to the proof of Theorem 108, 

with <r = 0. We cannot now choose g as in the proof of Theorem 98* 
that g being discontinuous. We take 


9(x) 


= ^ — lo g^ (e -1 < * < 1), 0 (0 < X < e- 1 ), 


so that e- , g(e- t ) is l-< for 0 <<< 1 and 0 for t > 1. This g is con- 
tmuous, so that, by Theorem 111, 


i/y i iv 

y J «(<)*= f (1 -gt)da(t) 

0 o 

X 

J a(J) dt ~ xL(x). 


£[-)> 


(7.11.12) 
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It follows from (7.11.12) that 

x+8x 

J oc(t) dt ~ (x-f-Sa;).L(x-|-S:r) ~ (x+bx)L(x), 


o 


x+8x x+8x 

j a(t) dt ~ SxL(x), j a (t) dt = SxL(x) -f o{xL{x)} 

X X 

if s > 0. Since a(£) increases with t 

hxa(x) < hxL(x)-\-o{xL{x)} i 


(7.11.13) 


Similarly 


(7.11.14) 


.. a(x) 

inn -rA l. 

L(x) 

a?+8x 

J a(£) dt ~ hxL(x-\-hx) 

X 

8a;a(x-{-8:r) ^ hxL(x+hx)-\-o{xL{x-\-hx)}, 

a(z+8:r) 


lim 


L{x-\-hx) 


Finally, (7.11.13) and (7.11.14) show that a(#) ~ L{x). 


7.12. The method of Hardy and Littlewood. We insert here a 
short sketch of the method by which Hardy and Littlewood first proved 
Theorem 96. The method is less simple than Karamata’s, which we 
followed in §7.6, but depends on ideas which are interesting in them¬ 
selves. We begin by proving 

Theorem 112. If g(x) is differentiable for 0 < x < 1 ,g{x) ~ C(l—x)~ a , 
where C > 0, a > 0, when x -> 1, and g'(x) increases with x, then 

g'(x) ~ Ccl(\-x)-*-\ 

If z = 1— y, g{x) = G{y), then G(y) ~ Cy~ a and — Q'(y) increases 
as y decreases. We choose a positive 8 such that 

(1 — e)8a < 1 — (1-4-8)-“ < (1 + e) 8a. 

Then G(y)-Q{y+hy) ~ C{l-(l+8)“«}y-, 

and therefore 

Q(y)-G(y+hy) > C(l-£){l-(l+8)- a }y-“ > C(l-€) 2 oc8y-“ 

for sufficiently small y. But — G'(y) increases as y decreases, and 
therefore 

v+8i/ 

—SyO'(y)> J {— Q'(t)}dt = 0{y)-G(y+Sy). 

V 
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Hence — ByG'{y) > (7(1—e) 2 aSt/ _ “ 

for sufficiently small y, and 

Um{-y^lO'(y)} > Coc{ 1-e) 2 . 

Similarly the upper limit does not exceed (7a(l + e) 2 , and the theorem 
follows. 

A simple corollary is 

Theorem 113. If c n > 0 and 

g{x) = 2 c n x n ~ 0(1—3:)-“ (C > 0, 0 t> 0), 
then <7a(a-{-l)...(a-{-p—1)(1— x)~ a ~ p t 

for every positive integral p. 

Plainly g'(x) increases with x, so that g'(x) ~ Oa(l—a:)-®- 1 ; and the 
argument may be repeated. 

From this point on we do no more than indicate the main lines of 
the proof. One preliminary remark will help to make it more readily 
intelligible. It follows from (7.5.1), by the simple argument used at 
the beginning of §7.8(ii), that s n = 0{ri)\ but the argument fails us as 
soon as we try to obtain a more precise result. The reason is, at bottom, 
that there is no such ‘peak’ in the sequence (a: n ) or (e~ n v) as would 
enable us to infer that the series is dominated by terms near a maximum 
term. We can, however, create such a peak artificially by p differentia¬ 
tions with respect to y. This replaces e~ nv (apart from sign) by nPe~ nv , 
which has a maximum where n is about N = p/y. The maximum is 
about (p/ey)P , which increases rapidly with p , so that the peak is 
pronounced when p is large. Thus the fundamental idea of our proof 
will be that of differentiating a large number of times. 

Coming more to detail, we take C — 1, so that 




a n x n 


1 



and, after Theorem 113, we may differentiate this relation any number 
of times with respect to y. We thus obtain 

P* 12 - 1 ) 2 ^s n e- n v ~ (p+l)\y-P-2 

for every p. Now 


(7.12.2) 2 ^ p ! y~ p ~ 1 . 

The terms of this series have a peak about where n = N, and decrease 
hHrly rapidly on either side of it. It is therefore natural to suppose 
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(and is easily verified) that we can choose first a large p, and then an 
M depending on both p and y , so that M = o{N) and 


(7.12.3) 



for small y. Also s n — O(n), so that s n cannot behave violently, and 
it is therefore natural to suppose also that we can make a similar 
reduction of the series (7.12.1). 

It will follow that we can choose, first p = p( € ) and then 


, yo=y 0 (P> <0 = 2/o(e)> 

so that 

N+M N + M 

(l-€) 2 n p s n e~ nv < {p+\)\y-P- 2 < (1-J-e) Y v?s n e~ n v 

N-M N-M 

for y ^ y 0 (e). A fortiori , since s n increases with n, we shall have 

N+M N+M 

t 1 ~ f ) s N-M N l M ^- nv < (p+\)\y- p ~* < V+e)s N+i , N Z j r>re- n ii. 


It will then follow from (7.12.2) and (7.12.3) that 

(1 — 2e)5 v _ 3/ < {p-\-\)y~ l < (1-f-2e).S iV+u 
for large enough p and small enough y. Finally, since 

N±M ~ N ~ py~ l , 
it will follow that s s ~ N. 

There is a good deal of detail to be added, but it is mostly a matter 
of routine; and the proof, though admittedly less simple than Kara- 
mata’s, should not be found difficult when once the ideas underlying 
it have been understood. 


7.13. The ‘high indices’ theorem. If A n+1 /A n 1 or, what is the 
same thing, if 

(7.13.1) 

(7.13.2) a„ = 

and S(y) = then 2 a n = This is a special case of 

Theorem 103, and we stated in Theorem 104 that the result is true 
without the restriction (7.13.1). 

A particularly interesting case is that in which A n increases sufficiently 
rapidly and regularly to make 

(7.13.3) A n+1 >* cA n , 

where c > 1 (as, for example, when A n = 2 n ). Then p n lies between 
(c—l)/c and 1, so that (7.13.2) reduces to a n = 0(1). Thus in this case 
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the theorem asserts that the series is convergent whenever its terms 
are bounded. This assertion, however, does not contain the full truth, 
which is that, when A„ satisfies (7.13.3), then no restriction on a n is 
necessary. 

Theorem 114. If A^ satisfies (7.13.3), and S(y) -> s > then 2 a n con¬ 
verges to s. 

We may suppose A 0 > 0. The kernel of the proof lies in that of the 
lemma which follows. 


Theorem 115. If A n satisfies (7.13.3), A 0 > 0, 

f(y) =fx(y) = 2 Q a n e ~ Kv 

a, nd 1/(2/) I < H far y > 0, then n_ ° 

Kl < CH, 

where C = C(c) depends only on c. 

Suppose that p(y) — £ p r e~ v ' v y 

r =0 

where u r is positive and increases with r. Then 

F(y) = | « n P(A n2 /) = 2 a n | p r e~^v 
and therefore ° r 0 

< 7 - 13 - 4 ) \F(y)\ < n f \ Vr \. 

We take, in particular, r ° 


= 2 vJ(y r y)> 

r =0 


P{y) = {j>(y)} R = { 4 ( 2 -"— 

Then p(y) is 0 for y = 0, increases to a maximum 1 at y — 1, and then 

decreases to 0. It is 0(y) for smaU, and O(y-i) for large y, so that the 
senes 

s =Ip(c-*). S' = | pic”) 
are convergent. Also * * -1 


(7.13.5) 

Suppose now that 
largest. Then 


r f IPrl ={4(1 + 1)}*= 8 «. 

a m is the a n (or one of the a n ) whose modulus is 


(7.13.6) 
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since A n+1 /A n ^ c and p(y) decreases as we move away from 1 in either 
direction. Also 


2 {p(c~ K )} R < {^(c- 1 )}^- 1 ^, 2 {p(c K )} R ^ {^(c)}*- 1 ^", 

each of which decreases as R increases and tends to 0 when R-> oo. 
We can therefore choose an R = R(c) for which Y fp(c~*))K < i 

2{p(c«)} r < i, 

(7.13.7) |J^(l/A m )| ^ Kl(l-J-J) = J \a m |. 

It now follows from (7.13.4), (7.13.5), and (7.13.7) that 

|a m | < 2.8 R H. 

This proves Theorem 115, but we need its extension to infinite series. 

Theorem 116. The result of Theorem 115 is true for an infinite series 
f(y) = 2 a n ^~ XnV convergent for all positive y. 


We choose a particular n , say, n = m, and a positive e. Then the 
series for /(y+e) converges uniformly for y > 0, and we can choose 
N = N(m, e) > m so that 


2 a n e-^e~^\ < |/(y+e)|+t < H+e 

n=l 


for y > 0 . Hence \a m e~ x ™*\ < C{H+e), and the result follows when 
€-> 0 . 

It is now easy to prove Theorem 114. Since S(y) -> s when y -> 0 , 
there is a 8 = 8 (e) such that | S(y)—S{y')\ < e when y and y ' both lie 
in ( 0 , 28). Since S{y) is continuous for y > 8 , and S{y) -> 0 when y -> co, 
there is an rj = ^(e, 8 ) = 77 (e) such that 0 < 77 < 8 and 


(7.13.8) |>Sf(y)-^(y+T 7 )| <e 

% 

for y ^ 8 ; and this is true also for 0 < y < 8 , since then y and y-f ?? 
both he in ( 0 , 28). Hence (7.13.8) is true for y > 0. Since 

S(y)—S(y+r)) = 2 i a n {l—e- x nv)e- x *v > 


it follows from Theorem 116 that 


|a n |(l-e-V»)< Ce 

for all n, and so that \a n \ ^ 2Oe for large n. Hence a n = o(l)- But 
then a n = o(/x n ), because of (7.13.3), and the conclusion follows from 

Theorem 89. 
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NOTES ON CHAPTER VII 

§ 7.1. A great deal has been written about Tauberian theorems during the last 
thirty years, and the literature is rather confusing, since almost every theorem 
carries a number of variants, analogues, and generalizations, and it is often 
difficult to trace a proof, or even an explicit statement, of the precise theorem 
which one may need. We confine ourselves here to theorems of ‘power series 
type’, i.e. theorems associated with the exponential kernel e~ xv , and to the 
simplest and most striking among them. 

Our treatment of the subject in this chapter is based mainly on the work of 
Hardy and Littlewood and of Karamata. We return to it in Ch. XII, where we 
adopt the more general point of view of Wiener. There is a clear account of the 
fundamental theorems in Widder’s ch. 5. The following list of papers may be 
useful:— 


Ananda Rau [1], JLMS, 3 (1928), 200-5; [2], PLMS (2), 30 (1930), 367-72; 

[3], RP, 54 (1929), 455-61; 

Bosanquet [4], JLMS, 19 (1944), 161-8; 

Doetsch [5], MA, 82 (1921), 68-82; 

Hardy and Littlewood [6], PLMS (2), 11 (1912), 411-78; (7], ibid. 13 (1913), 

174-91; [8], ibid. 25 (1926), 219-36; [9], ibid. 30 (1930), 23-37; [10], MM, 43 
(1914), 134-47; 

Ingham [11], OQJ, 8 (1937), 1-7; 

Karamata [12], MZ, 32 (1930), 319-20; [13], ibid. 33 (1931), 294-300; [141 JM 
164 (1931), 27-40; J> 

Landau [15], Monalahejte fur Math. 18(1907), 8-28; [16], RP, 35(1913), 265-76- 
Littlewood [17], PLMS (2), 9 (1910), 434-48; 

Rajagopal [18], Math. Gazette, 30 (1946), 272-6; 

R. Schmidt [19], MZ, 22 (1925), 89-152; 

Sz&sz [20], Miinchener Sitzungsberichte (1929), 325-40; [21], TAMS, 39 (1936), 


Tauber [22], Monatshefte fur Math. 8 (1897), 273-7- 
Titchmarsh [23], PLMS (2), 26 (1927), 185-200- 

Vijayaraghavan [24]. JLMS. 1 (1920), 113-20; [25], ibid. 2 (1927), 215-22. 

Th 5 e 7 1 2 * b°°7| , 7i te ’™ d d ° eS n °* lnclud ° papers based on Wiener’s ideas. 

l 1 analogue, for the more general integral 

J <j>(yt)a(t) dt, where ^ (t) is bounded, = 1 , and J |^(t)| dt convergent, was 
proved by Hardy, TOPS, 21 (1910), 427-51 (432). 

in § 4 3 't, T f Uber [22] ' The f ° rm of Theorem 88, with Stieltjes integrals is that 
m which ,t is proved by Widder, 187, Theorem 3 6. 

§ 7.4. Theorem 89 was proved by Landau [15]. 

Tul 7 :!' Theore “ 90 was Proved, and Theorem 92 stated, by Littlewood ri71 
mov d 8 the0reras 8X6 duo Hard y and Littlewood [7]: all of them are 

f0rmS • Th6re ^ Dirichlet s " n" 

L ]• oetsch also proves theorems equivalent to 91 a and 94 a. 
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* I’'!: ThC ‘ explicit P roof of Theorem 101, in the form given here seem, 
to be that of Landau, Ergebnisse , 58. The theorem is stated and used by’nSy 

■ 1 ^ eW mu d ’ 7 and [1 ° ] ' The less 8 enoral form in which f(y) = 0(y-») l 
included in Theorem 2 of [6] (420). J ^ ' 13 

^(Theorem 102 is a slight generalization of Widder’s Theorem 4.5 (195): he has 

Theorem 103 is proved by Hardy and Littlewood [10]. The example showing 
the necessity of the condition (7.7.12) is due to Ananda Rau [2]. 

VV ! h r^ An ! atisfies ( 7 - 7 * 12 )> Theorem 104 becomes the main theorem of Little- 
wood [17]. Littlewood says there that it is true without the restriction (7.7.12) 

but the first published proof of this is that of Ananda Rau [1]. We may complete 
the proof as follows. ^ 

We suppose a 0 = 0. Then, first, if 

^ a n = 0{(A„-A^_i)/A n }, 

we have 


^ X \n a m — ol 2 (Kn~ A^!)) = 0(A n ). 

m —1 'm — 1 / 

Secondly, by Theorem 88 [O], (2), together with S(y) -> 5 , implies 

M*) =!«„ = 0 ( 1 ). 

Next S(y) — 2 a n e _A * v = j e~ vt dA{t) = y f A(t)e~* dt. 


since A( 0 ) = 0 , and so 


f {A(t) + H)e~vtdy 


s+H 

y 


for any H. Choosing H so that A(t)-\-H > 0, and applying Theorem 96a, we find 
that t 

J du ~ ( a-\-H)t , J A(u) du ~ st. 

0 0 

Finally, the conclusion follows from Theorem 67. This form of the proof is due 
to Bosanquet. 

Sz&sz [20, 21] proved that £ a n converges to s if S(y) -h>- s and a n satisfies both 
(7.7.13) and (a) lima n > 0. This theorem includes Theorem 103, since (7.7.13) 
implies (a) when A„ satisfies (7.7.12), and also the theorem referred to in the 
note on § 6.1. 

Dr. Bosanquet has pointed out to me that (as was suggested to him by Mr. 
Ingham) (7.7.13) and S(y) —> s imply 


Ia n = « (R,A,/c) 

for every positive k ; and Rajagopal [18] has proved this explicitly for k = 1. 
Both Bosanquet and Rajagopal use a result of Sz&sz [20], and Bosanquet also 
uses the theorem of Riesz for (R,A, k) summability which corresponds to 
Theorem 70. 

Sz&sz [20] and Ananda Rau [3] have proved that if £ a n e~ x * v ~y~ a , where 
a > 0 and a n > 0, then A n necessarily satisfies (7.7.12). 

§ 7.10. Theorem 105 was proved by Sz&sz [21]: it includes his theorem referred 
to under §7.7. The method used in this section is that referred to at the end of 
Hardy and Littlewood [9]. 

§ 7.11. The proof is substantially that of Karamata [14]. 



Notes] 


POWER SERIES 


177 


§ 7.12. The technique of repeated differentiation was used first by Littlewood 
in [17]. 

§ 7.13. Theorem 114 was conjectured by Littlewood in [17], and proved by 
Hardy and Littlewood in [8]. The proof given here, which is much shorter, is 
due to Ingham [11]. Ingham proves a good deal more, in particular that, when 
^n+iMn —> °°« the limits of indetermination of $ n , when n —> go, are the same as 
those of S(y) when y —> 0. 

Bosanquet [4] has proved a theorem which includes both of Theorems 104 
and 114, viz. that S(y) —> s and 


imply £ a n = «. 
summability. 


lim lim Max lOn+x 

6~+<S n-KX> A,<A m <(i + fl)A w 


+ ••• + a m| = 0 


Sz&sz [21] had proved the corresponding theorem for (R,A, 1) 


4760 
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THE METHODS OF EULER AND BOREL (1) 

8.1. Introduction. In this and the next chapter we study more 
systematically a group of methods of which the most important are 
the E and B methods defined in §§ 1.3, 4.6, and 4.12-13. The definitions 
which we consider differ widely in form, and might seem at first sight 
unlikely to have much in common; but the relations between them turn 
out to be much closer than might have been expected. In particular 
the Tauberian theorems associated with them are essentially the same. 

8.2. The (E,g) method. We begin with a generalization of the 
definition of §§ 1.3 and 4.6. Suppose that the series 2 a n x n + 1 converges 
to f(x) for small x, that q > 0, and that 


( 8 . 2 - 1 ) 

l —yy i +q* 

so that y = (1-j-g)- 1 w'hen x = 1. Then, for small x and y, 


(8.2.2) f(x) = 



2 a " 2 (™)r-"y m+1 

n—0 m=n ' 


= 2 


co m 

rn+l ’ST 


y 


where 

7n=0 n=0 ' 

(8.2.3) 

= ---; 


If 


(8.2.4) 

K 


m 


n =0 


then we say that 2 a n is summable (E,^) to sum A. For q — 1 the 
definition reduces to Euler’s definition of §§ 1.3 and 4.6, and for q = 0 
to that of ordinary convergence. 

If a n = z n , then 


= (g+ z ) m 

m (g4-l) r7 ‘+ 1, 




1 

r^z’ 


if and only if |gH- 2 | < q+1. Thus 2 zn * s summable (E,g) in the circle 
whose centre is —q and whose radius is q-\- 1. The circle increases with 
q, and tends to the half-plane < 1 when g->co. We saw in §§ 4.12-13 
that this is the region of B, or B', summability of the series. 
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We may write (8.2.3) as 

(8.2.5) (g+ i)m + i a (j) = ( q +E) m a 0 , 

where E is defined as in § 4.G. Also 

1 aA-x {q+x) m 1 (?-j-l) m+1 — {q-{-x) m + l 


i ?+* i , 

i / . i “j • 4 • i 


7+1 (7+1) 


(7+l) m+1 (7+1) 

m+l 


m + l 


l—x 


1 ”v /w+n 

( 7 + 1 )-2 ( n 


n (l + a;+a: 2 +...-f a+ -1 ). 


Hence, writing E for x , and observing that 

. (l + £'+...+^ rt - 1 )a 0 = a 0 +a 1 +...+o n _ 1 = A n _ lt 
we obtain 


(7+^r 


(7+1) 


(8.2.6) + + 

■ppT'KrK-W 

There is a slight lack of symmetry in this formula which is incon¬ 
venient and will lead us to modify it in § 8.3. 

We call AW = 2 < <7) the ?-th Euler transform of A = £ a n . The 
formal relation between the two series is defined by 

2 a »* n+1 = 2 «S?{(7 + l)*/}" +1 = 2 z 


x = 


1+7 —Qz 


^m.n 


>0 (»<»»). c m,n = 0 ( n>m ), 


8.3. Simple properties of the (E, ? ) method. We must first prove 

Theorem H7. The (E,q) method is regular. 

Tor, in the notation of §3.2, 

1 (m~ f-l\ 

—--- I l /ym-7l 

te+i) m+1 U+ir 

C m>n -> 0, and 2 C,„, n = l-to+l)-m-igm+1 -> i when m ->oo. 

Theorem 117 is the particular case q' = 0 of 

+ 1 w a Series iS mmmabU (E,<?'), and q > g ', tten it is 
summable (E,^) to the same sum. 

This plainly follows from Theorem 117 and 

Theorem 119. The r-th Euler transform of the q-th Euler transform of 
a senes is the ( q+r+qr)-th Euler transform of the series. 


For X - 2/(1 +q-qz) and z = w/(l+r-rw) imply 


X = 


w 


1 +S~sw’ s = 1+r+qr. 
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It follows from Theorem 118 that, as q increases, the (E, q) methods form 
a scale of increasing strength, j* 

Theorem 120. The (E, q) method has the properties (a) —(8) of Theorem 
40. 


We need only consider (y) and (S). We have to show the equivalence 
of the two assertions 

(8.3.1) = (8.3.2) 2 b ^ = A-a 0i 

where b n = a n+1 . We may suppose a 0 = 0, so that B n = A n+1 . Then, 
after (8.2.6), 


B {q) = 1 

m (q+l) m+1 


and so 


((’7‘h-+(T) 


q m ~ 1 A 2 -\-...-]-A 


m+lf > 


(8.3.3) 

B vx ~= —— — Js rW ai+...-f-a lll+1 J = (g+l)a ( «> +1 . 

(i) If (8.3.1) is true, then a ( «> +1 -* 0, and (8.3.2) follows from (8.3.3). 

(ii) We may write (8.3.3) as 

*s> = 

and it follows, since A ( 0 Q) = 0, that 

This is a transformation 

^avi = 2 «*« b<?» 

with c mn = q m - n (q-\-l)- m + n - 1 (n < m) f 0 (n > m), 

and we can verify at once that the conditions of Theorem 2 are satisfied. 
Hence (8.3.2) and (8.3.3) imply A l ^ +1 -> A, which is (8.3.1). 

It follows from Theorem 120 that A n ^-A (E,^) is equivalent to 
A n+ 1 -> A (E,g), and so to 

(q+ \ r+ \ ^ iA ^V) qmAi+ --- +Am+ ] ^ 

Hence, changing ra-f-1 into m , we may replace -> A by 

asp = toqhrl 9mA °Hfy m ~ 1Al+ " +A J " A; 

and it is usually most convenient to define the ‘Euler mean’ of A n in 
this way. We may say that A n -> A (E, q) if 


(8.3.4) 



I Tho example of the series £ z n shows that no two (E, q) methods are equivalent. 
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If then we write s n and t n for A n and A%\ we have 


(8.3.5) 
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1 

(q+i) m 



an equation whose full significance will appear in Ch. XI. 

Theorem 121. If J a n is summable (E,g), then a n = o{(2?-f-1)*}. 

It follows from (8.2.4) that (?+!)<> = o(l), and so, from (8.2.5), 
that 

(q + E)">a 0 = o{( ? +l)’»}. 

Also a n = E n a 0 = ( E-\-q—q) n a „, and therefore 


a n - °j(?+l) n +^jj?(?+l)"- 1 + ...+ 9 '’'J = o{(2gr-f-1)”}. 

The example of the series J 2 ", which is summable (E, q) for 

~2q—l <z < 1 , 

shows that we cannot replace 2 q +1 by any smaller number. 


8 .4. The formal relations between Euler’s and Borel’s 
methods. We saw in § 8.2 that the region of (E, ? ) summability of 
1 tends to its region of Borel summability when ?->oo; and this 
suggests that Borel’s method may be regarded as in some sense a 
hmitmg case of Euler's. We shall make this connexion more precise 

harm ( e ° re ™. 12 * ); , but ma T be w orth while to show here how it 

harmonizes with the formal ideas of §§4.18 and 8 3 

If we write m/x for q in (8.3.4), we obtain 





m- 2 


-^2 + ••• “ f “-4 


m 


' + 5)T* + ^- + (’-i)(‘ -^.+- 

+ ( 1 ~«)( l ~m)"'( 1 7 ri ),I.' tt™,*). 


4- 


lim lim <f>(m, x) = lim A 

x—*<o 


m-+co 


m> 


lim lim 4>(m, x) = lim e~ x 'S' 

m-KX> *—<*> Z^ n \ n ' 


say. Then 



182 


THE METHODS OF EULER AND BOREL (1) [Chap. VIII 

The first way of proceeding to the limit leads to ordinary convergence, 
the second to Borel’s exponential method of summation (§4.12). The 
various Euler methods correspond to the limit process m = qx ->oo. 


8.5. Borel*s methods. Borers exponential and integral methods 
were defined in §§4.12-13. If 


we say that A n 


A (B), and if 


~ 2 >-S 


\ e~ x y a n - dx = lim f e~ x S a n -dx = A 
J ^ n ! J n\ 

0 u 0 0 

we say that A n -> A (B'). The methods are of quite different types, the 
first being an ‘integral function’ definition in the sense of §4.12, with 
J(x) = e x , and the second a ‘moment method’ in the sense of §4.13, 
with [x n — n\, x(z) = l~e~ x ; but the special properties of the ex¬ 
ponential function make them all but equivalent. First, however, we 
observe 


Theorem 122. The B and B' methods are regular. 

This is a corollary of Theorem 33 (for B) and of Theorem 34 (for B'). 

We now consider the relations between the two methods: we shall 
find that they are nearly, but not quite, equivalent. We write 


(8.5.1) 



If one series is convergent for all x , then so is the other. Also 


(8.5.2) 


(8.5.3) 


a '( x ) — 2 a ” +1 ft!’ A ^ — 2 ^ n+1 n! > 

X X 

j e~ l a'{t) dt = e~ x a(x)-a 0 -\- J e~ l a(t) dt, 


o 


X 


(8.5.4) e~ x A(x)—a 0 = J dt = J e~<{A'(t)~A(t)) dt 


0 


= f e-‘^(A n+1 
^ 0 


-AJ^dt = J «-'2“n + i J* = J e -'“'W dt - 


0 o 

and hence, comparing (8.5.3) and (8.5.4), 

X 


e~ x A(x) = e~ x a(x)+ J e~*a(t) 


dt. 


(8.5.5) 
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The last equation gives 

Theorem 123. The B and B' methods are equivalent if and only if 
e~ x a(x) -> 0. 

We can, however, go farther. It follows from (8.5.5) that, if 



then e x A(x) = If A then, by Theorem 53, <f>' -+ 0 

and <f> A. Hence we deduce 


Theorem 124. A series summable (B) is summable (B') to the same sum. 
The converse is false. If 


then 




(-l) p (2p+2)" 

(2p+l)l 



(~1 ) p 


(2P+1)! 


e (2p+2)x — e^sin 



r m 00 

j e~ x a(x) dx = j sin e* dx = J du, 

o o i 

but e-*a(x) does not tend to 0, so that the series T a n is not summable 
(B). Thus we have 


Theorem 125. There are series summable (B') but not summable (B). 
Next, we observe 


Theorem 126. The assertions 

a 0 +a 1 +a 2 .+... = A (B), a 1 +a 2 +o 3 +... = A-a 0 (B') 

are equivalent. 

Theorem 127 . The B and B' methods possess the properties (a), IB), 
and (y) of Theorem 40, but not the property (S). 

Theorem 126 follows from (8.6.4), and Theorem 127 from Theorems 
124, 125, and 126. 

§ conclude this section with the theorem to which we referred in 

128 ’ If 2 ^ SUmmabk {E ‘ q) ’ then il is «mmable (B) or 

(B ) to the same sum. v J 


For 




-f. . g^n-2 , 

n\ T («-l)m + (^ 2 )! 2 ! + -+-^-. 


where 
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so that c n = (?+I) n A^>, in the notation of (8.3.4). Hence 


x A(x) = e~* y A n — = e -c + iu V a<,?) {(?+ l)z} n 

^ n! Z., 71 n \ 


If 2 a n is summable (E,g) to A, then AJ?> and so e~M(z) -> A, 

by Theorem 122. Thus the series is summable (B), and a fortiori 
summable (B'). 


8.6. Normal, absolute, and regular summability. If 

a pd~ a p+i+ a p+2~K-- 

is summable (B) for every p, in which case, after Theorem 124, it is 
also summable (B') for every p, and conversely, by Theorem 126, then 
we shall say that J a n is normally summable. For this, it is necessary 
and sufficient that J a n should be summable and that 







n+p 


n\ 



If Borel’s integral is absolutely convergent, we shall say that ^a n 
is absolutely summable. If the series a p -\-a, p+l - (-... is absolutely sum¬ 
mable for every p, i.e. if J e~ x \a {J}) (x)\ dx < oo for every p y then we shall 
say that 2 a n regularly summable. Our language here differs from 
that of Borel, who defines absolute summability as we have defined 
regular summability. In any case the definitions will not be very 
important here. 


The series 


* n- f-1 


is normally but not absolutely summable. Its sum is 


CO 


J* e~ l a{t) dt = J 


cos t—e~ l 
t 


CO 


dt 


+ ij^dt= ini. 


0 


8.7. Abelian theorems for Borel summability. Our next theo¬ 
rems are ‘Abelian’: they belong to the class typified by Abel’s theorem 
on the continuity of power series. Here, and throughout the rest of the 
chapter, we work primarily in terms of summability (B'): the transition 
to summability (B), when desirable, is easily effected by means of 
Theorem 126. 

Theorem 129. If a power series 2 “n 2 " 25 summable (B') at a point P, 
then it is summable at every point of the stretch OP from the origin to P. 
If Q is a point on OP between O and P, then the series is uniformly 

summable on QP. 
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It is not assumed that the series has a circle of convergence. We 
may suppose (making a trivial transformation) that P is the point 
2 = 1 . Then the integral 

(8.7.1) J{z) = j e~ l a{zt) dt 

is convergent for 2 = 1 , and we have to prove it convergent for 
0 < 2 < 1 and uniformly convergent for 0 < 8 < 2 < 1. Now 

(8.7.2) J( Z ) = 1 f e-<l‘a(t) dt = ^ 

z J 2 

say, when 0 < 2 ^ 1; and 


(8.7.3) 


K(z) = j e- sl e~ l a(t) dt = Ar(s), 



This integral is uniformly convergent for s > 0, i.e. for 0 < 2 ^ 1, and 
therefore J(z) converges as stated in the theorem. 

Theorem 129 does not state the full truth; actually, J(z) converges 

uniformly for 0 < 2 < 1. The argument above fails to prove this 
because of the factor z* 1 in (8.7.2). 


Theorem 130. If J a n z tl is summable (B') at P, then it is uniformly 
summable on OP. J 


We may again suppose that P is z = \ ■ and it is also convenient to 
suppose, as plainly we may, that a n is. real. We have to prove that 

w 


(8.7.4) 


|/| = \I(z,H,H')\ = j e~ l a(zt) dt 

H 


< e 


°r H >H > 7/ o( f ) and 0 < « < 1 . Since Theorem 129 proves uniform 
convergence over (J, 1), we may suppose 0 < z There are three 
cases to consider, according as (a) H'z < 1 , (6) Hz < 1 < H'z or 

( f.f Z > \ We State , the ar g urae nt for case (6), the arguments in’the 
other cases being simpler variants. We may suppose H > 2 
We write 
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where 5 = Z' 1 - 1 and 1 < T < H'z. Hence 

(8.7.7) \I 2 \ ^ ^©xp^l — < *L e -H2z ^ 

since 0<z<J, 1/z, and decreases for u > 2. From 

(8.7.5)—(8.7.7) it follows that 


„ y \I\< Me-n+NHe-t* < € 

for H^H 0 (e). 

As an application of Theorem 130 we prove 
Theorem 131. If ^a„ is summable (B') f and 

( 8 - 7 - 8 ) c n = j x n d x {x), 

0 

where X (x) is bounded and increases with x, then J.c n a n is summable (B'). 
For, if b n = c n a n , then 

6w =2 6 4=2 a 4/*" d *=J a{tx)d * 


co 


J e *6(/)d< = J d* J e~ t a{tx)dt, 

0 0 0 

because the inner integral on the right is uniformly convergent for 0 ^ x ^ 1. 

Theorem 132. If £ a n z n is summable (B') at P, then its sum on OP 
is an analytic function of z regular inside the circle C described on OP as 
diameter. 


We may again suppose that P is z = 1. The series is summable on 
OP, and its sum is given, for 0 < z < 1, by (8.7.2). It is sufficient to 
prove that K(z) converges uniformly in the region D bounded by any 
two circular arcs from O to P making acute angles g with OP. We write 

z = re id , s = z- 1 — 1 = pe't 

and use the formula (8.7.3). Since /r(s) is convergent for s = 0, it is 
uniformly convergent in the angle |<£| < rj. The arms of this angle 
correspond to the circular arcs which bound D, and its interior to the 
interior of D. Hence K(z) is uniformly convergent in D. 

It will be observed that the transformation from (8.7.1) to (8.7.2) presupposes 
the reality of z. Thus, although we have proved that J(z) is regular inside C , 
we have not proved the series summable except on OP; and we shall see later 
(§ 8.9) that it is not necessarily summable at any other point of C. 


8.8. Analytic continuation of a function regular at the origin: 
the polygon of summability. If the series J a n 2 ” a circle of con¬ 
vergence, it defines a function regular at the origin, and the integrals 
J(z) and K(z) of §8.7 may be used to find representations of this 
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function valid outside the circle. We can define the region of con¬ 
vergence of J{z) in terms of the singularities of the function. 


The function f(z) — (c—z)- 1 = ^c~ n ~ l z n 


is regular except at z = c, or P, and its circle of convergence is 
In this case 



e ~i(l-zlc) dt 



is convergent if and only if <R(z/c) < 1, i.e. if z and the origin lie on 
the same side of the line L p through P perpendicular to OP. If 


( 8 . 8 . 1 ) 


/(*) = 2 

m —1 



y 


and z — c m is P m , then z must lie on the same side as the origin of all 

the lines L Pm . The region thus defined is the inside of a convex polygon, 

which may be closed or open and may reduce to an angle, strip, or 

half-plane. The series is summable ‘inside’ this polygon. Cauchy’s 

integral formula, which is a generalization of (8.8.1), suggests that there 

may be a corresponding result for an arbitrary analytic function regular 
at the origin. 

We suppose then that f(z) — J a n z n is regular at 0 , that P is a 
singular point of/(z), and S the set of all points P. We define II or Il(/) 
as the set of all points Q such that Q and 0 lie on the same side of 
every L p , T as the set of frontier points of n, and n* as the part of 
the plane complementary to n + I\ We call T the Borel polygon of /, 
n its interior, and II* its exterior; and we shall prove that II is the 
region of summability of £ a n z n in the sense that the series is summable 
at all points of II and is not summable at any point of II*. 


(* z 2 ) h then V is formed by the two lines x = ± 1 and II is the 

s rip between them. If the circle of convergence is a barrier of singularities, 

to" 5 7th -'V X vT V- ° iS a barrier ° f "h&teritieB, and f(z) is regular 
ha O f ° f h ‘ S lme ’ hen r 15 the parabola which touches the line at /and 


It follows at once from Theorem 132 that the series is not summable 
at any point <2 of II*. For, if <? belongs to II*, there is a line L P passing 
between O and Q , and the corresponding P lies inside the circle C. 
It remains to prove that the series is summable at points of II. 

Suppose that /(a) is regular in and on a closed curve K surrounding 
the origin in the w-plane, and that 


( 8 . 8 . 2 ) 


<R(z/w) < I—8 < 1 
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for all points u on K (in which case 2 necessarily lies inside K). Then 


(8.8.3) 


m - 25 J 


/(«) 

U — 2 


du 


K 


= SS J /J ? du / dL 


The repeated integral is majorized by 

S /'t-' / •-“* 


We may therefore invert the integrations; and we obtain 


(8.8.4) f(z) = j e-'dt^-, j du = J e -</( <>2 ) dtf 

K 

say. Since/( m) is regular inside K , and regular except at the origin, 
we can calculate I(t, z) by contracting K into a curve K' inside the circle 
of convergence of/(w). The power series for f(u) and eM u are uniformly 
convergent on K', and so 



Hence f( z ) = j e-‘a(tz) dt, 

i.e. 2 a n 2 ” sumraable to f{z). 

It remains to show that, if 2 is in II, we can draw K so as to 
satisfy our conditions. If Q is a point of II, then f(z) is regular inside 
the circle C described on OQ as diameter; for, if there were a singular 
point P inside C , the corresponding L p would pass between O and Q. 
Further, since there are points Q' of II on QQ beyond Q y and f(z ) is 
regular at 0, it is regular on a slightly larger concentric circle C' inter¬ 
secting OQ in O’ and Q' . If 2 is at Q and uata point A of C' f then 
y{(z/u) < 1 if Q and O lie on the same side of the line through A per¬ 
pendicular to OA. The envelope of these lines, when A runs round C’, 
is an ellipse whose foci are O and Q and whose major axis is O'QC' is 
the ‘auxiliary circle’ of the ellipse, which is flat when O' is near to O, 
but always includes OQ in its interior. Also 5I( z/u) < 1 for all u on C', 
and therefore, since 9{(z/u) is continuous, (8.8.2) is satisfied, with an 
appropriate 8, for all u on C'. It follows that, when 2 is at Q, we can 
take C' as the curve K of our argument, and therefore that the series 
is summable at Q. Thus it is summable at any point of II. 

Our argument actually proves rather more. The repeated integral 
(8.8.3) is absolutely convergent; and therefore (8.8.4) is absolutely con- 
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vergent, so that the series is absolutely summable at Q. Also the 
function f p (z) = a p z p +a p+1 z p+1 -j-... satisfies the same conditions of 
regularity as/(z), so that all the series a p z p -f- ... are absolutely summable. 
Hence ^ a n zn is regularly summable at Q. 

It is also plain that the whole argument works uniformly for all z in 
any closed region interior to IT, so that the series is uniformly summable 
in any such region. 

Summing up, we have proved 

Theorem 133. The power series representing a function regular at the 
origin is summable (B') inside the Borel polygon of the function, regularly , 
and uniformly throughout any closed region interior to the polygon; and 
is not sumnmble at any point outside the polygon. 

In particular we have 

Theorem 134. A power series is summable (B') at any regular point 
on its circle of convergence , and uniformly summable in some neighbour¬ 
hood of any such point. 

We may plainly substitute B for B' in these theorems. 


8.9. Series representing functions with a singular point at the origin. 

The analysLs of § 8.8 rests throughout on the assumption that the series Ta n z n 

converges for small 2 . When this is not true, the series may still be summable 

tor certain z, and give a complete or partial representation of an analytic function; 

but the region or regions of summability may have very diverse characters, and 

the sums in different regions may represent different functions. In all cases 

lowever, after Theorem 130, a region of summability which includes a point P 
must mclude all of the line OP. , P 

The two examples which follow are interesting. 

(1) If the series is 


H-O-^z’ + O + i^-fO-..., 


then a(zt) = e-* 1 '*, and the sum 


IS 


(8.9.1) 


J(Z) = / dr 


If i then the integral converges in the quadrant -in < 6 c in und its 

image with respect to the origin. If « = , = i/f > 0> then * 

J(Z) = S ! du = *** / «—*,) = 

ZnZtoT jJZ C fZ 0 !/; T T J(Z> = " Wz) fOT Also is 

differ by nhvL' Thus t '" 8 oppo9,te 1 uadrant l and these two functions 

Its two regions of summability. rePr6S6ntS » 
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(2) Suppose that 
where c > 0. Then 



[Chap. Vm 



e~ t ~ c ^ t dt = j e~ t ~ ce * t i c ° 3Vt+i sinvf) fa' 

If a: < 0 then J(z ) converges for all y , but if x > 0 it converges for y = 0 only. 
Thus the series is summable (1) in the half-plane x 0, and (2) on the positive 
real axis. 

Let us first suppose z real. Then 


and 


J(z) = J 


CO CO 

J(z) = J e-*-*** dt = J e _cuI ^- 

o 1 

Putting u z = v and Z = —l/z, we find that J(z) is P(Z) or Q(Z), where 

® i 

P(Z) = -Z J dv, Q(Z) = Z J dv, 

i o 

according as z > 0 or z < 0. Here P(Z) is an integral function of Z; and 

Q(Z) = r(Z+l)c~z + P(Z) 

if WZ > 0, so that Q(Z) defines a function analytic and meromorphic all over 
the plane. The two functions represented by the series differ by r(Z-f-l)c -z . 

This example is particularly interesting as an illustration of Theorems 130 and 
132. If P is a point on the positive real axis, then the series is uniformly sum¬ 
mable on OP, and is regular inside the circle C of Theorem 132, but it is not 
summable at any point in C except points on the axis. In this sense Theorem 130 
states the most that is true. 


8.10. Analytic continuation by other methods. The principles 
used in § 8.8 may be applied to other methods of summation. The most 
interesting for this purpose are those which, like Lindelof’s and Mittag- 
Leffler’s methods of § 4. 11, sum ^ z n in its Mittag-Leffler star. We con¬ 
sider, generally, a method P of summation in which 2 a n * s defined as 

(8.10.1) lim £^n( S ) a n> 

5-*-o 

where A n (8) 1, when 8 0, for every n. Thus 

A 0 (8) = 1, -d n (8) = e -8nIogn (n > 0), 

for Lindelof’s, and A n (S) = {r(l-f-S7i)} _1 for Mittag-Leffler’s method. 

Theorem 135. Suppose that (i) 2 A n (8)z n is an integral function of z , 
for every positive 8; (ii) that 

U*) = 2 An(*)z n 


1—2 
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when 8 —>■ 0, uniformly in any closed and bounded region containing no 
point of the line (1, oo); (in) that f(z) is the principal branch of an analytic 
function regular at O and represented by £ a n z n for small z. Then 

J.A n {8)a n z n ^f{z) 


uniformly in any closed and bounded region A interior to the Mittag-Leffler 
star of f{z). 


We may suppose that A is star-shaped, i.e. that if it includes P then 
it includes every point of OP. We can expand A about the origin, in 
a ratio p > 1, into a region A' still lying in the star of/(z). If K is the 
boundary of A', and z is inside A, then z/a is not on (l,oo) for any u 
of K, and 


uniformly on K. Hence 





= lim-i-. 
8-^o £rn 




Contracting K into a contour inside the circle of convergence of f(u), 

as m §8.8, substituting the power series for f(u ), and integrating term 
by term, we obtain 


f(z) = Bm^»(S)a n z« 
5-*o 


It is plain that the argument works uniformly for 2 of A. Methods such 
as these give better results in this problem than Borel's, but Borel’s 
method is much more manageable, owing to the simple formal properties 
of the exponential function and series. 


8.U. The summabillty of certain asymptotic series. Ithasbeen 
proved by Borel and Carleman that there are analytic functions corre¬ 
sponding to arbitrary asymptotic series (§ 2.5). More precisely, given 

any sequence (a n ) and any positive a, there are functions flz) = fire' 6 ) 
such that . / JK ) 

/(z) ~<Vf“ l z‘ 1 +a 2 z - i! +... 1 

when r co, uniformly in the angle \6\ < an. If B > 0 and 2k<x < 1 
then r»e B 0 for every n, uniformly in the angle. Thus all the 
funetmns/^-Me- * have the same asymptotic expansion in the angle 
The situation is changed if we adopt more precise hypotheses con¬ 
cerning the error-term of the expansion. It may then be possible to 
prove that there is at most one /(*) which satisfies the conditions and 
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that f(z) is in some sense, for example Borel’s, the sum of the series. 
We show this by proving a theorem of Watson. 

We denote the region 

r > k > 0, — \n — fi. ^ 6 < I-it+X, 

where 0 < A < 0 < /a < \tt, by D(X,p.,k), and its boundary by 

C(X,fx,k)] the latter is formed by part of a circle whose centre is the 
origin and parts of two radii from the origin to infinity in the negative 
half-plane. Usually A and p will be equal. 

Theorem 136. Suppose thatf{z) is regular in D{ A, A, k),for a given X and 
k , that a > 0, and that 

( 8 - 11 - 1 ) f( z ) = «o+ a i z - 1 + ...+a n z~ n +-ft n (z), 

where 


(8.11.2) a n = O(n\o n ), R n = 0{(n+ 1)! 
uniformly for all n and for z in D( A, A, k). Then (i) the series 


(8.11.3) 



where t = pe't, is convergent for p < 1/cr; (ii) the function a(t) is regular 
in any angle | </> | ^ S < A; 



L 


where L is a contour C(v, v, l) with 0 < v < A and l > k/a, described from 
below ; and 


CO 



0 


for r > k, \6\ <8. 


The last clause of the theorem asserts that J a n z ~ n summable, to 
f(z), by an extension of Borel’s method which is often useful. If (a) the 
series (8.11.3) is convergent for small t , (b) the function a{t) defined 
by the series is regular on (0, oo), and (c) J e~*a(t) dt = s, then we shall 
say that ^ a n * s summable (B*) to s. Thus here 2 a n z ~ n summable 
(B*) to f(z). 

As another example, if a n = ( — l) n n!z n , and z is not real and negative, then 
a(t) = (1 -Hz/) -1 and 

1 — 1 !2-j-2!z 2 —... = J Y+J t dt < B *)- 


This is the sum found heuristically in § 2.4. 

If the inequalities (8.11.2) are true for every positive <r, then a(t) is an integral 

function, and B* reduces to B'. 
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Passing to the proof of Theorem 136, (i) is obvious from (8.11.2). 
Next, suppose that t = pe^ t p < 1/a. Then, replacing f(u/t) by its 
asymptotic expansion, we have formally 


(8.11.4) 




e u 

u m +1 




and we have to justify the term-by-term integration. If u describes L 
then ujt describes l/ P ), which lies inside Z>(A,A,&) if 

(8.11.5) l>k/(x>kp, \<f>\ < 


Th enf(u/t) is bounded on L, and the integrals in (8.11.4) are convergent. 
We now write the integral (8.11.4) in the form 



say, and find an upper bound for |P n | for large w. We may suppose 
n >l > Since R n {z) is regular inside D(\,\,k), we may increase 
the radius of the circular part of L from l to n. Then the contribution 
of the circular part is 


(<jp) n+1 e n n- n - 1 } = 0{n i (Gp) n + 1 }, 
and that of the rectilinear parts is 


0 


/ g-rslni' ) ® 

= 0{(n+l)!(a / ,)»+i 7l --.-i f e -r*>,dr 

o 

_ n t(n+1)1 ( ap )»+i\ 

~ °l ^»8inv ) = 


Thus P„->0, and (8.11.6) gives (8.11.4), subject to the conditions 

(8.11.5) . 

Suppose now that t varies in any region T defined by |^| < 5 < A, 

0 < Pi < P < Pi- Then we can choose x and l so that the conditions 

(8.11.6) are satisfied for aU t of T, and the integral (8.11.4) is then 

uniformly convergent in T, so that it defines a function a(t) regular 
in T. We have thus proved (ii) and (iii). 

If u, is positive, * = re<», r > k, |0| < 8, and ( = w/z = pe<*. then 
lp| ^ 8, so that 



4780 
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When u describes L, v = uz/w describes C{v-\-6, v— 6, l/p) or L', and 

l w \ 1 f r/ v eWvlz j 

a b)=J f(v) —■ dv - 

L ' 

We choose r x so that k < r x < r. Since l/p > k/{ap) > k, we may 
replace L' by ^ = 0 {v+ e, v -8.r t ). 

We have then 



e~ w dw 


2t ri 


\ 


pWVls 

J(V) — dv 

V 


- S3 /■V* f - 53 J-/<■)' 

ii Li 

provided that we may invert the integrations; and this is so if the 
double integral is absolutely convergent. We consider the circular and 
rectilinear parts of L x separately. On the circular part 

91(1 -viz) ^ l-rjr > 0 , 

so that its contribution is majorized by a multiple of J \ v\~ l \dv\ < 2n. 
On the upper rectilinear part 

WV . . cr,l WV \ 

am — = am u = pr-f-u, 9tl—J = — 


w 


sin v, 


so that its contribution is majorized by a multiple of 

f e~ w dw f e - wlv '* lB = f -i- <co; 

J J M J M |z| + Msinv 

and the lower rectilinear part may be dealt with similarly. Thus the 
double integral is absolutely convergent, and this completes the proof 
of the theorem. 

Theorem 136 shows incidentally that at most one f(z) can satisfy 

(8.11.1) and (8.11.2). But if we are concerned only with the uniqueness 
of /(z), then we can prove more, and without reference to the theory 
of summability. We need only suppose that/(z) satisfies (8.11.1) and 

(8.11.2) in the angle |0| < Jtt, instead of the larger region of Theorem 
136. If f x (z) and / 2 (z) both satisfy (8.11.1) and (8.11.2) for \0\ < Jtt, and 

9(z) =/i( 2)-/ 2 ( 2 )> then 

\ 9 (z)\ = 0{(n-{- 1)! a 1l+1 r~ n ~ 1 } 

uniformly in n and Q. We take n = [r/a], and a simple application of 
Stirlings theorem shows that \g(z)\ = for every positive 8 

and \0 1 < h t. It follows, from familiar theorems of the Phragmen- 

Lindelof type, that g(z) = 0. 



8.11] 


THE METHODS OF EULER AND BOREL (1) 


195 


Carleraan has gone much farther, and found a necessary and sufficient 
condition that 

\9(z)\ < (r > r 0 > 0 , \9\ < Jtt) 

should imply < 7 ( 2 ) = 0 . For suitably regular a n , the condition is the diver¬ 
gence of 2 “tT 1 . In our case this is effectively the harmonic series 2 n ~ l - 

It will bo observed that we prove the sumraability of the series in an angle 
smaller (by tt) than that in which it is supposed to represent f(z) asymptotically. 
The example of § 8.9(1), with 1/z for 2 , shows that this is a real limitation corre¬ 
sponding to the facts of the case. There a(t) = e~ l \ and the integral 

f(z) = I e-i-^t'dt 

converges if |0| < but not if \tt < |0| < fr. If z is positive, 

f(z) = z J du = ^ — l p, Z — j e~ u *u» du 

= iz ' v 2^rS = i2 ' v ' E * ( “ iz)> 

where Fj(z) is Mittag-Leffler’s function. It is known that /(z) has the asymptotic 
expansion 

i_i ! l+i J I_ 

1! 2 2 ' 2! z* •“ 

for J B\ < so that the series is asymptotic in an angle greater by tt than that 
in which it is summable. We could enlarge the angle of validity of the integral 
representation of/(z) by taking it along a line making an angle with the real axis. 


NOTES ON CHAPTER VIII 

§§ 8.2-4. The first systematic account of the (E, q) methods was given by Knopp 
MZ, 15 (1922), 226-53, and 18 (1923), 125-56; and much of the argument of these 
sections is modelled on his. In particular Theorems 117-21 are Knopp’s. 

The (E, 1) method, and those derived from it by iteration, had been used 
frequently before, especially for purposes of numerical computation. Examples 
will be found in Bromwich, 62-6 and 196-8. r 

There are some passages in the first edition of Bromwich (302-10) which may 
seem at first to contradict some of the assertions here and in § 8.5. The explana¬ 
tion is that Bromwich, when he applies ‘Euler’s method’ to power series, does 
not use the right definition. According to our definition J a n z n is defined by 

i a o+i( a o+< 1 i 2 )+i(ao + 2a l z-j-a 2 z 2 )-f.... 

Bromwich, in effect, uses the identity 


a 0 +a 1 z+a 2 z 2 + ... = a. 


1 


-Kao + aj) 


+ (a 0 +2a 1 + a 2 ) 


-2 




1+2 ’ ' v * 1 ' ( 1 + z) 2 ' ‘ w ■ 4 ' -*'(l +2 )3 

vahd for small z, and then defines the first sum by means of the second. This is 
a definition of an entirely different type, since it is not linear in a fl , a, 2 a z* • 
and the odd results to which it leads show that it is not a happy one. *Thus 
Bromwich finds that 2 3 »«" is summable inside the circle on (- 1, $) as diameter, 
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but that 2 2~ n z n is summable outside the circle on (§, 2) as diameter, so that 
the region of summability does not include all the circle of convergence. 

We add a remark concerning the calculations of Euler and Lacroix referred to 
in §2.6. No Euler transform of l-l!-f 2!-3! + ... is convergent, and it may 
seem remarkable that the method should have been applied to such a series 
successfully. We may, however, explain Euler’s success as follows. If we write 
On = ( — l)"n! = (-1 ) n A n and 

2 

e~H n dt, 

2 P +2 P ~ X -1 

then it is easily verified that £ ( — l) n a n . P is summable (E, 2** 1 - 1) to 



2P + 1 + 2* —1 

j e~H n dt ( p > 0), 



2 p+x +2 p —l 


I 


,-t 


2 P + 2 P ~ X —1 


1 -\-t 



for p = 0 and p > 0 respectively; and if we add the results we obtain 



in agreement with the B* sum found in § 8.11. 

The remainders after N 1 terms in the appropriate Euler transforms are 


2 

N-i J e - 


(l_*)W+i 

1 +t 


dt. 


2 P + X +2 P -1 

1 f _ t (2P+ 1 -l -t)N+l 

2 (P+DUY+I) J e 

2 p +Z p ~ l -l 



which are 0(2“^ -1 ), 0(e~ tr 2~ N ~ x ) respectively; and the Euler sums of the series 
are 0(e~ 2P 2 p ). Thus the error in taking only the first N-fl terms of the first P 
series, and ignoring the rest, is 

0(2 - ^ -1 )+ 0(e~* i>+1 2~ i>-1 ). 

If, for example, we take N = 10, P = 2, we can easily prove that the error is 
less than *001. 

This is naturally not quite what Euler does, and it would not be a convenient 
process; but Euler’s process of reiterated transformation is roughly equivalent. 

§ 8.6. Borel’s earliest writings on divergent series, in his ‘M6moire sur les series 
divergentes’ [AEN (3), 16 (1899), 9-136] and the first edition of his book, contain 
a number of oversights corrected later by Hardy [TOPS, 19 (1903), 297-321, and 
QJM, 36 (1903), 22-66]. Here Hardy proves Theorems 122-7; these were 
rediscovered, with more concise proofs, by Perron, MZ, 6 (1920), 158-60 and 
286-310. Sannia, RP, 42 (1917), 303-22, has extended the theorems in various 
directions. 

Knopp, l.c. under § 3.7, observes that, since 

e-*(A a x + A^+..) = j e-*-<‘k-'‘(A 0 + A l y + ...)dy, 

0 

the B kernel of 0-f ao + cq-b... is included in that of a 0 -j-ai + **- • He gives a further 
generalization in RP, 54 (1930), 331-4. 

Theorem 128 is due to Knopp, l.c. under §§ 8.2-4. 

§ 8.6. Hardy, l.c. under § 8.5, gives an example of a convergent series which 
is not absolutely summable. 
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§§ 8.7-8. The contents of these sections, except Theorem 130 and its corollary 
Theorem 131, are substantially Borel’s. Theorem 130 was proved by Hardy, MM, 
40 (1911), 161-5: the proof here is due to Landau, AM, 42 (1920), 95-8. 

The region of (E.t?) summability of f(z) may be determined similarly. If £ is 
the first singular point of f(z) on a radius from O, and is the circle 

l?£+z| < (?+i)|£|. 

then the region is the set of points interior to all C^. It tends to the Borel polygon 
II when q—> co. In particular (1) the series is summable (E, q), for some q, at all 
points inside IT, and (2) it is summable (E,g), for all q > 0, at any regular point 
on the circle of convergence. For all this see Knopp, l.c., and Rademacher, 
Sitzungsberichle d. Berliner Math. Gee. 21 (1922), 16-24. 

Perron, MZ, 18 (1923), 157—72, has generalized Euler’s method as follows. If 

y m > 0, Xrm = L F{z) = X y m z m+l , 

2 b m z m ^ is the result of developing X a n {F(z)}"+i in powers of z, and X &*» con¬ 
verges to A, then we say that X a n = A(F). The method is regular, and succeeds 
at every regular point on the circle of convergence. The (E, q) method corresponds 
to F(z) = zf(q+ l — qz). 

§ 8.9. Hardy, MM, 43 (1913), 22-4. 

§ 8.10. The three most elegant representations of (1 -z)~ l in its Mittag-Leffler 
star, viz. 



lim 
S— i 


VWI,. 

Z ra+n) ' 


C° 

(6) 1-flim X e~ 8nlotn z n , 

&-*o 1 




z n 

r(l+8 »)* 


all lead, after Theorem 135, to representations of a general f(z). The first is due 

to Le Hoy, AT (2), 2 (1900). 317-430 (323), and the second to Lindelof, J. de M. 

(5), 9 (1903), 213-21. The third is mentioned by Mittag-Leffler in his address to 

the tourth international congress (Rome, 1908: see Aui del IV Congresso Intemaz. 

i. 67-85). In his series of memoirs published in AM between 1899 and 1904 he 
uses the representation 


{d) T^ = / e -‘Xr(T 

Which is valid in the open region containing the origin and bounded by the curve 

e 


" (sec g\ 


rrv 4 ^ 8 < if 0 < “ < 2 ° nd < 0 < » if « > 2. The proof 
depends on the asymptotic properties of EJz). The region tends to the star if 

throughoutlhe ^ ^ " th ~ gi ' e valid 

The behaviour of Mittag-Leffler’s function 


f{z) = Etz) = 




^ T(cm+ 1)’ 

for large i = re« where -n < 6 < n, may be determined as follows. We have 


rfon + l)-^ / e “ u ‘ du ■ 


zz r &ZZ s—r, 
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of the plane. We consider two positions of C. In the first, C„ it is k 

parts of the circle p = 1 and the radii \<f>\ = *w + S > *„•• In the second C it is 

ZZZtZ nslfU ta Then fr0m ““ ° rigin 8 ~ t " th “ (2r), '°’ 80 that of 


Cr 


C x 


and hence, by Cauchy’s theorem, 

/(z) = 2 ^/ e -^~ z du + 2 ** = Uz)+ 2 s„, 

Co 

where the B k are the residues of the integrand at the poles, if any, which lie 

between C 0 and C x . If 8 is chosen so that no pole lies on C 0 , and is sufficiently 

small, then these poles are given by u = r 1 /a e i <*+ 2 *")/», where k runs through 
integers satisfying 

—\0LTT < d + 2tC7T < %0C7T; 

and al? fc = exp{r l l a e' i0+2kir )l a ) 

is one of the values of e 2 ‘ /a . Now 


7 ( 2 ) = 


27rt 



1 U a U lP~l)CL 

"+T5*+ •••+* 




2 P 2 p (u a —2) 


“ } u .-. e u 




V 

~2 


m 


ro —1 


r(l-ma) 


+ *»(*). 


where 




for large 2 . Thus 7(2) has the asymptotic expansion 


( 2 ) 


m 


.-1 


r-2 


r(l-a) T( 1 — 2a) ** 

We must now distinguish the cases a < 2, a > 2. Ifa = 2then f{z) = cosh V 2 , 
and tends to infinity in any direction except that of the negative real axis. 

(1) If 0 < a < 2 and fan < |0| < tt, then there is no k satisfying (1). In 
this case E a (z) lias the asymptotic expansion (2). If, on the other hand, \9\ < \<xv, 
then we have to take account of the exponential term R 0 , and 

(3) oJSJz) ~ e z,/a 

when 2 -> 00 in the angle |0| < $octt. 

(2) If a > 2 then we have always to take account of at least one exponential 
term. The modulus of such a term is 

1 I ii« *+2far\ 

- exp (r 1 /* cos-I, 

a \ a / 

and this is larger for k = 0 than for any other relevant k, except when 6 = tt. 
Thus (3) holds for all 9 except 6 = tt. When 6 = tt there are two terms of equal 
importance, with k = 0 and k = — 1 . These combine to give 


(4) 


- {exp(r l l*e in l a ) + exp(r l l*e~ in l a )} = - exp(r 1 /*cos^)cos(r 1 /*sin-J, 


and E a (z) behaves approximately like this function. 
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Wiman, AM, 29 (1905), 217-34, lias shown that all the zeros of E a (z) are real 
when a > 2, and all but a finite number in any case. 

We may also use the integral representation of E a (z) to prove that, as was 
stated in § 4.11, z n is summable (M) to (I— z)~ l throughout its Mittag-Leffler 

star. For if 0 < \0\ < tt, and a is sufficiently small, then \ d+2kir\ > ±oltt for all 
integral k. Hence 



round C 0 , and this tends to 0 with a for all z of the star, and uniformly in any 
closed and bounded region interior to the star. 

§8.11. Watson, PTRS (A), 211 (1912), 279-313. See also F. Nevaniinna, ASF, 

12 (1916), no. 3, and Carleman, Les fonctions quasi-analytiques (Paris, 1926), ch. 5. 

The Phragm^n-Lindelof’ theorems required will be found in Titchmarsh, Theory 
of functions, 176 et seq. 
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9.1. Some elementary lemmas. In this chapter we shall be 
concerned primarily with Tauberian theorems for Borel and Euler 
summability. We begin with three elementary theorems concerning the 
exponential and binomial series, on which much of our later work will 
depend. Their content is familiar. 

Theorem 137. Suppose that x > 0 and 
(9.1.1) u m = ujx) = e-*— (m = 0, 1, 2,...), 

<50 that 2 u m = 1. Then 

(1) the largest u m is u M , where 

(9.L2) M = [x], 

two terms, u M _ x and u M , being equal when x is an integer; 

(2) if 

(9.1.3) m = M+h 
and 0 < 8 < 1 , then 

(9.1.4) y u m = 0(e-Y x ), 

|/i|>5x 

where y = JS 2 ; 

(3) if 

(9.1.5) *<£<§, 
then 

(9.1.6) 2 u m = 0(e-*), 

lh[>zt 

where g is any number less than 2£ — 1; 

(4) if A > 0, then 


(9.1.7) 

for x > x 0 { € ), A > A 0 (e); 

(5) if \h\ x^ then 


2 U m < € > 



(9.1.8) 

where 

(9.1.9) 


c = \\ 



THE METHODS OF EULER AND BOREL (2) 


201 


9 . 1 ] 


(6) the estimates (9.1.4) and (9.1.6) remain valid if u m is multiplied 
by any fixed power of m. 

Theorem 138. Suppose that q > 0 and 


(9.1.10) u m = ujn) = (q+ 1) 


tv 


m (0 ^ m ^ n), 


so that 2 u tn — (g~fl) _n ^ ^j<7 n-w — 1. Then 


(1) the largest u m is u M , where 


(9.1.11) 


* - [ft!]' 


two terms, u M _ x and u M , being equal when (n-j- l)/(#-f-1) is an integer; 
(2) clauses (2)-(6) of Theorem 137 hold with 


(9.1.12) 


c — 


2 q ' 


= 1 


some positive y — y(q, 8) in clause (2),f and n in the place of x. 

Theorem 139. Suppose that 0 < k < 1 and 

(9.1.13) u m = u m (n) = & n + 1 |™j(l— &) m ~ n (?n ^ n), 

so that 

Zu m = fc"+ 1 [l+(«+l)(l-^) + ( ” +1 ^ re+2) (l-fc)» + ...| 

Then (1) the largest u m is u M , where 

(9.1.14) ==(>/£], 

two terms , u M ^ and u M , being equal if n/k is an integer ; 

(2) clauses (2)—(6) of Theorem 137 hold ivith 

(9.1.15) c =_*_ 

2 ( 1 — k) 

some positive y = y(k , 8) in clause (2), and n in the place of x. 

We shall prove Theorems 137 and 139, which are the most impor¬ 
tant for our present purposes. The proof of Theorem 138 is like that of 
Theorem 139, only a little simpler. 

9.2. Proof of Theorem 137. The first clause of the theorem is 
obvious because u m /u m _ l = x/m. 

t We do not assign a definite value to y in this case. 
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Next, we divide 2 u m or 2 u M+h into the five pieces 

(9.2.1) ^ + Z + V + y + y 

5x -Sx^h<-xt Itlfxi xC^Sx^/.Ac 


[Chap. IX 


-Y+ M f+ f + 2 


CO 


7/1=0 w-Afi ' * m='&, + 1 + wl =^ 4 + 1 _ ' 

(a; being large enough to make xl < Sx). Then 

(9.2.2) 

M, = [x]-[8x], M 2 = [*]-[*<], if, = [*]+[*«], ^ 4 = M+[84 
It is plain that 

(9.2.3) <S\ = 0(xa Vi ), y 2 — 0(xu Vt ), S t = 0(xu Vl ). 

Also M t +2 > x+Sx, and so 


(9.2.4) 


“"•"I 1 +JU 


+ 2 (M t + 2)(M t +3) 


...) 

< “"‘I 1 + (!+S) + (1 + 8)2 + ‘") = 


(1+8) (1+8) 

Hence, in order to prove clause (2) of the theorem, it is enough to prove 
that 

(9.2.5) u Mx = 0(e~y*), u Mi = 0{e-v*). 

x Ml / x \ M ' 


Now 


u Mx = e ~ X 


MA 


< e -x+M i 




*—8x—1 <M 1 = [x]-[8x] < x—Sx+1. 


x-Sx+l^ ( / ] \x-Sx\ 

=■ °nn )=0(e-n 


and 
Hence 

(9.2.6) - 0(,-.-(_A_ 

where 

(9.2.7) A = a-d-ajlogjlj = £+£+£+... > i8 . 
Similarly 


%/. = ole 8x (-^—) 
- u \ \l+8) 


+8x 


= 0(e~**), 


(9.2.8) 
where 

(9.2.9) A' = -8 + (l+8)log(l+8) = IL- > §8*. 


It follows from (9.2.6)-(9.2.9) that (9.2.5) is true, with y = $8 2 . This 
proves (9.1.4). 

We could prove (9.1.6) similarly, but it is shorter to base it on (9.1.8), 
which we have to prove in any case. For this, we write 

x = M+f (0 </< 1), m = 

lo g u m = —x+(M+k)logx—logr(M+k+l), 
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and approximate to log -f-A+1) by the formula 

Iogr(y+l) = (y+£)logy— y+Uog2TT+0{y-'). 

A simple calculation gives 

log*„= -Jlog2^-^ + o(W±i) + o(a 3 ).t 

Since |&| — o(x ), |^| 3 = o{x 2 ), this is equivalent to (9.1.8). Also, since 

M ~'~ x ~ k =° {x ^' -(s-a = ° xp (°0) = i+ °(Sj’ 

we can replace M by x in (9.1.8) if we prefer to. 

It is plain from (9.1.8) that u Mi and u Ml are 0{e ~ xV ): rj may be any 
number less than 2£—1. It follows that S 2 and £ 4 are 0(e ~ xV ); and this 
proves clause (3) of the theorem. 

As regards clause (4), the sum is 




9 


and the first term here is 



dt 



The last two terms are 0{x~t), and the first is 


O 

which is small for large A. 

There remains clause (6). It is plain that, when u m is replaced by 

m K u m , our estimates of<S„ S t , and S, are affected only by a power of x, 

and that these sums are still of the orders required. The same is true 
of u Mt ; and 



s 5 = W + 




+ 2 (Jr 4 +2)(Jf 4 +3) 




•) 

+_i_+...j = OfAj,,). 


Thus S 5 also is of the order required, and this completes the proof. 

t We must write |A| +1, not |ft|, in the first error term, in order to include h = 0. 
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Proof of Theorem 139. The first clause of the theorem follows 


u 


m 


m 


u 


m —1 


m—n 


( 1 -*). 


The remainder of the proof follows the same lines as that of Theorem 
137, though the calculations required are a little more elaborate. 

We divide £ u m again into five pieces: M v ... are now 



we may suppose 5 < &- 1 —1. As in § 9 . 2 , 

S i = 0(nu Ml ), S 2 = 0(»u 3fi ), S, = 0(nu Mt ). 
Also M A ±2 > and so 


u 


m 


m 


u 


m —1 


m~n 


( 1 -*) < 


1 ±kS 


1 — 


(!-*) = !_ 


m 


1 ~k±k5 


= 1-Sl> 


say, if m > 1, and 


^5 < %/«{l + (l- 8 1 ) + (l- 8 1 ) i +...} = 0(u Ml ). 

Thus we have to prove, as in §9.2, that u Mx and u Mt are 0(e~v n ) and 
that u Mt and u Mt are 0(e~ nV ). 


We have 



for every l between 0 and 1 , and so 



If m = M±\5n], this is 0(6 n ), where 

•=«=i 

Now 6(1) is 1 when l = k, tends to infinity when l -> 0 or l -> 1, and 
has a single minimum given by l = ^/(li&S). Also 


d'(k) = ±5/(1—k) ^ 0. 

It follows that 9(1) assumes values less than 1 for values of l on one 
side or the other of l = k (according to the ambiguous sign). Hence we 
can certainly choose l so that 6 < 1 , and thus u Ml and u Ml are 0(e~y n ). 
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This disposes of 3 1 and S A . We now suppose \h\ ^ n £, write 

M= [%] == l~ f (0 </ <1) - rn = M+h, 

logw m — (tt+l)Iog& + (wi—n)log(I—A;)+logr(wi+l)—logr(tt+l)— 

—logl^m—n+1), 

and approximate again by Stirling’s theorem. We find that 

h 27.2 

lo g w m = — J log 27m+log A:—Jlog(l— k)-~- 


2 (1— k)n 


+ 




and this is equivalent to (9.1.8), with the c of (9.1.15) and the M of 
(9.1.14). The rest of the proof does not differ materially from that of 
Theorem 137. 

9.4. Another elementary lemma. We shall also use another 
elementary lemma. Here sums without limits run over —oo <c h < oo. 


Theorem 140. 




when n —> co, uniformly in any finite interval of positive c. 
For the series is 1 + 2/5, where 


OO 


dt 


s = 2 e_cA * /n = f e- c * 1 < n dt+ 2 f (e- c ^/n_g-c#*/n) 

1 i 1 i 

= j e ^' ndt+T ' 

0 

say. The integral here is less than 1 . Also 

t 

e -ch'ln^ e -cl'ln = f w-cu'ln du < f? (*_ l) e -c(/-l)’/n 

n J n 

h 

for 2 < h < t < h+1, and is less than 1 in any case; so that 


OO 


T<1 +~J (<-dt = 3. 

1 

We could obtain a much more precise result by using the formula 

j - JM j 
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9.5. Ostrowski’s theorem on over-convergence. A famous 

theorem of Hadamard asserts that if £ b m is an integral power series 

with a finite radius of convergence, and <£(m + 1 ) > c 0 (m), where c > 1 , 
then every point on the circle of convergence is a singular point of the 
function represented by the series. The condition on has been 
generalized widely, Fabry having shown that it is sufficient to assume 
that m-'4>(m) co. Here, however, we are concerned with a generaliza¬ 
tion in a different direction due to Ostrowski, which Zygmund has 
shown to be deducible from theorems concerning Borel summability. 
We say that a power series £ a n z " has a gap (n k , n' k ) if a n = 0 for 

n k < 71 < n 'k- 

Theorem 141. Suppose that A > 0. Then there is a number 
8 — S(A) > 0 such that , if 

(i) Z a n Z ’ 1 has an infinity of gaps (n k , n k ) for which 

( 9 - 51 ) n k /n k > 1-f-A > 1 , 

(ii) A n = a 0 + ai +...+a n = 0{(l+8)”}, 

(iii) a n is summable (B) to sum A, then 

A„ k ->A. 

Given A, we can choose f > 0 so that 

( 9 -5.2) 1 —( > (i -f A) - *, 1-J-f < (l-fA)l, 

and then 8 so that 


(9.5.3) 

We write 


0^8 <i, 


s -(im< o. 


3(1+8) 


(1 + £)X 


Z + 2 + 2 

V n<(l-^)x (l-£)x n > (T+£)x 

where P = -P(f, 8),.... If 


= e*{P+Q+R ), 


y = (1-f S)x, 


V = 


then P(£, 8) = e bx e 


— /,8x0-x-8x 


t±8 

1+5 

2 

n<(l-£)z 


< 1, (1-,)(1+S)= 1-f, 


(l+S)^" 


n\ 


y y 

= 0(e**-W») = 0(expj8x-|±^ 


X 


by Theorem 137 (9.1.4); and i?(£, 8) has a similar bound with 8 in 
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place of £+8. Hence P -* 0, R 0 if £ and 8 satisfy (9.5.3). In 
particular this is true when 8 = 0; and, since 


o) = i, 

it follows that 


(9.5.4) 


Ctf, 0 )» I. 


We now fix a £ and a 8 > 0 satisfying (9.5.2) and (9.5.3), so that 
( = «A), S = 8(A), take 

(9.5.5) x = *J{n k n' k ), 


write 

e~ x A(x) — e~ x 




P'+Q'+R, 


and suppose that (ii) is true with our choice of 8. Then P' and R are 
majorized by multiples of P and R, so that P’ 0, R' -+ 0; and 
therefore, by (iii), 

(9.5.6) Q' -> \ime~ x A(x) = A. 

But 

> J( l3) > **• (*+f)» < V{d+A)n t ny < 


by (9.5.1), (9.5.2), and (9.5.5), so that every A n in Q' is A nt . Thus 

(9.5.6) is A nt Q(g, 0) -* ^4, and therefore, by (9.5.4), A rit -* A. 

We can easily deduce Ostrowskis and Hadamard’s theorems. 

Theorem 142. If J a n z n has an infinity of gaps satisfying (9.5.1), and 

its sum f(z) is regular at a point z 0 on the circle of convergence , then the 

partial sums s n fz) converge for z = z 0 , and uniformly in a neighbourhood 
ofz = z 0 . 


We may suppose *„ = 1. Then A„ = 0{(I+8)"} for every positive S. 
Also 2 a n z» is summable (B) for 2 = 1, by Theorem 134, and uniformly 
summable in a neighbourhood of z = 1, so that (9.5.6) holds uniformly 
m the neighbourhood. Thus the conclusion follows from Theorem 141. 

Hadamard’s theorem is a corollary of Ostrowski’s. We may suppose 
the radius of convergence to be 1, and it is enough to prove that 2 = 1 
is a singular point. If we write the series as £ a n z", then a n = 0 except 

when n is of the form and every term whose coefficient is not 0 
is the beginning and end of gaps satisfying (9.5.1). If 2 — i were a 

regular point, then the series would converge at points outside the circle 
of convergence; and therefore 2 = 1 is singular 
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9.6. Tauberian theorems for Borel summability. We pass to 
the principal topic of the chapter. Our main purpose in this section 
and the next is to prove the theorem concerning Borel summability 
which corresponds to Tauber’s Theorem 85, viz. 

Theorem 143. If Ja n = A (B) and 

(9.6.1) a n = o(rc-l), 
then ^ converges to A. 

Actually we shall prove a good deal more. Later (§9.13) we shall 
show that the o in (9.6.1) may be replaced by O; but this theorem 
(Theorem 156) is a good deal harder. All our conclusions will be true 
a fortiori, after Theorem 128, if £ a n is summable (E, q). We need three 
lemmas. 

Theorem 144. Suppose that 

(9.6.2) a>—1, 0<j8<l, p > -1, 0 < U < 1; 

that is defined as in §§ 5.4—5;f and that 

(9.6.3) A* = o(nfi). 

Then 


(9.6.4) A%+P = o(nP+P) 

and 


(9.6.5) A^P-A*^ = o(\m~nfnP) 

uniformly for 0 < (1 ~H)n ^ m ^ (1-f -H)n. 

We have already proved (9.6.4) in §5.7.{ For (9.6.5), we use the 
formula 


(9.6.6) 



1 V 

m^ o r(n-p+l) 


There are two cases, according as m > n or m < n, and the proofs in 
these two cases differ only trivially. We take the case m > n. Then 




m 



P=n +1 


r (m—p+P) . 
V(m—p+ 1) p 


Y l T(m-p+P) _T (n-p+P) \ A _ s +s 

+ Z o \T(m-p+\) r(n-p+l)) p 


say. Here, first, 

S 1 = o InP 2 (m-p-j-l)^ 1 } = o{(m—n)PnP). 

* n + 1 ’ 


f And = a n , as in § 5.4. 

t Strictly, for p = a ; but the proof for general p is substantially the same. 
§ (9.6.6) is (5.4.8), extended, as in § 5.5, to general k and k ‘. 
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If ft = 1, £ 2 — 0. If ft < 1, then the coefficient of in S 2 is negative; 
and 

v tr(n-p+p) r 

' ?2 - p 4 0 (r<»-l»+i) - r^-p+i)r pP} - S ° +Si ’ 

where S 3 and S 4 extend over the ranges 0 ^ p < \n and \n < p < n 
respectively. 

In we may replace pp by nP , and then sum over the whole range 
0 < p ^ n. Thus 


S 4 = ofnfi V f r j£-P+P) r (™~P+P) } I 

L £? 0 \ ?{n—p-\-\) V{m— i?+l)/J 


(f-.» 


3=0 


fl=» + l 


7 7i — n 

= y —- , 

4s iVH)/ 




{ Ti l n \ 

nP 2 (?-f = o{(m—»)/W} 

3 = 0 ' 


Finally, in £ 3 

r(n—r(m—p+jg) _ 

Hn-jp+l) r(m-p+l) ~ (n 


—p)?- 1 — (m—p)?- 1 -^ 0{nP~ 2 ) 


Hence 


= 0{{m-n)rifi- 2 }+0{riP- 2 ) = 0 {(m~ 7 i)nf~ 2 }. 


'3 = o((w-w)n ^- 2 ^ _pp} = o{{m—nlnP+P- 1 } 
= n j {m—n)PnP J = o{(m—n)PnP}. 


Theorem 145. If k > 0, a;->oo, then e~ x ^ 
For the sum is 




r(n+£-f-1) 


—> 1. 


z z 

W)^. S (X ~ t)k ~ Hn dt = W) S ix - t)k ~ le ‘ dt = Y^- ) f uk - 1 e- ud u-+l- 

Theorem 146. If k > 0, and ^ aj— is convergent for all i, then 

^Z^iranrrra/ 

0 

t Since 0 < m-n < Hn < n. 


4760 
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If we write x—u for t and multiply by e*, the identity becomes 


(9.6.8) ^ A n 


■n+k 


r (n 


The left-hand side of (9.6.8) is 


00 

2 


•n+k 


V r (w— p+k) 


Z o r W r ( w ~i J + 1 ) 


= V._ ^n-p+k) 

r ^r4 0 ” £? p nn+k+\)V(n-p+l) 


x n , 


while the coefficient of A p on the right-hand side is 


IWCp+l) 


^ x 
I uX-Hx-u)^ du = lW ^ — 2 ~ I «*->(*-«)’ du 

= ~f_ r( g+*> 

rwAra+p+t+i) r ( g+ir 


= x ' c V 

v(k) Z 


T(n—p+k) 


W) £r(n+k+\)r{n-p+l) 


x n . 


The identity may be regarded from another point of view whose full significance 
will appear in Ch. XI. Since, generally. 


the identity is 


2 x n T n 


* 

x*2 dfj J (—0‘-‘(2 (-D-AM.ipj dt 

r\ 


where 


B — -jfc C n 

n r(n+\+k) n ~ 1)' 


and C% is the &-th Ces&ro mean of 2 a n’> and this is 


V (-nn^n+^Mi *"+* _y, 1 )nA n A »"+* 

Z ( ) T(n+1) A ^°r(n + *+l) _ Z ( ] °r(n+A:+l)* 


Thus the identity is equivalent to 


(9.6.9) 


_ r ( fc+l)r(n+l) 
AC o- r(»+ifc+i) °- 


9.7. Tauberian theorems ( continued ). We can now prove 
Theorem 147. If p > — 

(9.7.1) a n = o(nP), 

and 2 a n l6 ‘ hummable (B) to A, then £ a n 15 summable (C, 2p-f-l) to A. 
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The theorem shows that a series which is summable (B) and of finite 
order (i.e. a n = 0(n K ) for some K) is necessarily summable (C, k) for 
sufficiently large k. Theorem 143 is the case p = — £. 

We assume, first, that 

(9.7.2) = o(nP), 

where k ^ 0, O<0<1, p>~ 1, p +p > 0: 

this reduces to (9.7.1) for k = 0, p = 1. By Theorem 144, 

(9.7.3) = o(nf+P) (m < n), A k m = o{mf+P) (m > n), 
and 


(9.7.4) n|%p) (jm—n\ < tfrc). 

We may take ^4 = 0. Then, by Theorem 146, with x = n and m for n, 

s 

We write 0 

(9.7.6) 

s = e-M* y = —jm _ 

^-r(m+i-+i) + Z (Am AJ r^+k+T) = s '+ s ‘- 

(9.7.7) /S 2 = e -»( 2 + n 2 + 2 ) = 'S‘ 1 > + 5«>+5< 3 », 

m<n—nC n — nt m>n+nt 

where *<£<§. Then (9.7.5) is 

(9 ' 7 ' 8 ) tii+SP+Sjp+pw = 0 (i). 

Here, first, -S, = n-^*{ 1+0 (l)}. 

by Theorem 145. Secondly, 

2 5 ) - 

m<n —' 

77 > °’ by ( 9 - 7 - 3 ) a nd Theorem 137(3). Tliirdly after 

(9.7.3) and Theorem 137,(3) and (6), y 

S i Z) = ofe~* ^ ^ \ 


m>n+n* r(m-M?+I)/ 


- °K2 


"^=-^1 = 0(e-"’ ); 


m>n+nC ^(w+l)/ 

and It now follows from (9.7.8) that 

(9.7.9) »-*^5{l+o(l)}+^») = o(l). 
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It remains to discuss &*>. Here we use (9.7.4) and Theorem 137(5) 
which give 



n m 

r(m+*+l) 




<5^) - •(--- Tl'iv*.) 



g-/ J /2n = o(nP~ k+ tP). 


Hence, finally, (9.7.9) becomes 

(9.7.10) w-MJ{l+o(l)}+o(nP-^) = o(l), 

i.e. 


(9.7.11) A k = o(n k )-\-o{nP+*P). 

Taking k = 0, = 1, so that a n = o{nfi), in (9.7.2) and (9.7.11), we 

obtain 


(9.7.12) A n = o( 1)-J- o(7iP +i ) = o(nP+*). 

Next, we suppose that v{$ = 2p-f-l, where v is an integer and /? < 1, 
and prove that 

(9.7.13) A r J = o(nP+i+W) 

for 0 ^ r ^ v. First, (9.7.13) is true for r — 0, by (9.7.12). We assume 
it true for r = s < v, and use (9.7.2) and (9.7.11), with k = (s-f-l)£ and 
$ S P in place of p. Then (9.7.11) gives 

A#* 1 # = = o{n^+*+*< s + 1) J 8 }, 

since £(s+l)j3 < \v$ = 

and this is (9.7.13) with r = 5+1. 

Thus (9.7.13) is true generally. Finally, taking r = v, we find that 

A*f +1 = o(n 2 P +1 ), 

i.e. that J a n is summable (C, 2p+l) to 0. 

We have stated the theorem for summability (B), but it is equally 
true under the slightly weaker hypothesis of summability (B'). For, 
if 2 a n is summable (B'), then O+ao+aj-J-... is summable (B), by 
Theorem 126, and the terms of this series are of the same order as those 
of the original series. Hence it is summable (C, 2p+l), and, therefore, 
by Theorem 47, the original series is summable (C, 2p+l). 

Incidentally we have proved 

Theorem 148. If a n = o(l) and 2 15 summable (B), then A n — o(n i ). 

We shall need this theorem later. 
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9.8. Examples of series not summable (B). Theorem 147 shows that no 

series of finite order can be summable (B) unless it is s umm able (C). On the other 

hand, we can find examples of series, summable (C) (and so of finite order) but not 
summable (B). 

(i) The series £ n a ~ 1 e Aina , where 0 < <* < 1, A > 0, is summable (C,k) for 
every positive k, by Theorem 84, but is not convergent. If « < |, then the 
general term is o(n *); and therefore, by Theorem 143, the series is not summable 
(B). A fortiori , by Theorem 128, it is not summable (E,g) for any q. 

(ii) If a i then the general term is 0(n~i) but not o(n~i). The conclusions 
o (i) are still correct but (in default of direct analysis) we must appeal to the 
more difficult Theorem 156, which we have yet to prove 

(iu) Suppose that A n = when „ = and= 0 otherwise: the 

senes is then that derived from 

~x( 1 -x) + 2x‘(l -x) - 3s®( 1 -x) -f-... 

by writing it as a power series and putting x = 1. If N* < n < (N+ i)* t then 

Ci(A) = = o(£) = 0 (n~ i), 

so that the series is summable (C, i) to 0; but it is not summable (B). In fact, if in 

S(x) = tr* ^ (- I ) m m xm 


m 


we take * = A7* and m = N+p, then it is easy to show, by use of tb« 

rrei^rT^r/ w 15 d —* - 

(~1) N v 

2 (-l)^e-*M*+ 0 (i) 


S(N 2 ) = 


V(2tt) 




assumes values of alternating sign, numerically greater than J, when N oo. 

I 9 . 9, * the ° rem ln ‘he opposite direction. The examples of the 
last section show that summability (0) does not necessarily involve 

(eTT^o y \r d ° f° rtWri that U does not involve summability 
(E, ? ) for any q . It ts natural to ask what strengthening of the hypo 

■isrzzi «~ h * * nd «—> 

Theorem 149. If 

(9SU > CiM) = = A+0(n ^ h 

tZiZm "™"* 1 * <E,J) *■ " M *■■ iw™i 

We may take A = 0, when, by (8.3.4), we have to show that 
implies A " = A »+ A i+-+A n = o(n») 

A "’ = dir i = «K1): 

m=o ' 7 m=o 
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here v m = v m (n). The largest v m , say v M , is given by (9.1.11), and, by 
Theorem 138(2), 

(9.9.2) v m < v M < Hn~f 

where H is independent of n and m. We choose /z so that 

(9.9.3) \A p -\-A p+1 -\-...-\-A r \ < er* 

for r ^ p > fi, suppose n so large that M > /z, and write 

An ’ = ( 2 + 2 + 2 

v 0 /X Af + 1 

say. Then, since v m decreases on either side of m = M, we have 

|^21 ^ Vj/.cJf* ^ #€, |S 3 | ^ ^ i/e, 

by (9.9.2) and (9.9.3); and -* 0 when /z is fixed and n ->oc. Hence 
|AJ| < 3i/e for sufficiently large w. 

Theorem 149 is a best possible theorem in the sense that the o of 

(9.9.1) cannot be replaced by O. This is shown by the series of § 9.8 (iii): 
we have seen that in this case C\{A) = 0(n~ -), but that the series is 
not summable (B). 

9.10. The (e, c) method of summation. Our primary object in 
the rest of this chapter is the proof of Theorem 156, the generalization 
of .Theorem 143 in which o is replaced by O. The proof is rather difficult, 
and will be simplified considerably by a preliminary study of some other 
methods of summation. These methods appear here as auxiliaries, but 
they have also some independent interest. 

We shall be concerned primarily with delicately divergent series, 
among which we distinguish three classes, the class for which 

(9.10.1) a n = o( 1), 

the class Q for which 

(9.10.2) A n = o(n»), 

and the class 91 for which 

(9.10.3) a n = O(n-t). 

It is plain that s $ includes 91, while Q does not (and a fortiori does not 

include ^3). We shall, however, find that all series of ^3, summable by 
any of the methods which we are considering, belong to Q. We have 
seen already! that this is true for series summable (B). 

We shall often use a number £ which, as in §§9.1-3, lies between £ 
and §. We shall be dealing, as there, with sums with respect to h, or 

| Soo the last remark of § 9.7. 



9.10] THE METHODS OF EULER AND BOREL (2) 215 

integrals with respect to t, in which the contribution of the parts 
\h\ >nt, or \t\ > is 0(e- nV ), or 0(e~ xV ), where v = v (£) > 0. These 
tails of the sums or integrals will therefore be trivial, and we shall 
hold ourselves at liberty to reject or retain them at our convenience. 
We define summability (e, c), in the first instance, by saying that 

( 9 - 10 - 4 ) I* n = A (e,c) 

means 

(9.10.5) 


A 


n+/» 


when n — > co. Here c > 0, the variable of summation h runs from —oo 
to oo, and A m is to be interpreted as 0 when m < 0. It is, however, usually 
convenient to vary this definition by introducing a continuous para¬ 
meter x. We define A(t) as A n when n ^ t < n- f-I, and take 


(9.10.6) 


MS 




*~ >CO continuously, as an alternative definition of summability 
We begm by proving ’ 

Theorem 150. Ifa n = o(l), and 2 a„ is summable (B), (E, q), or (e, c) 
xn accordance with either of the definitions (9.10.5) or (9.10.6), then 

W f P r e< ! w 8 [° r B in § 9 - 7; t * fortiori, after Theorem 128, it is 
(e c) We’tk have ther f ore °niy to prove it for series summable 
LL Nt definition - the proof for the second being 

After Theorem 140, 
and therefore, if (9.10.5) is true, 

(910 7) 7fe) 2 = ^+o(l)_^ n{1+o(I)} . 

which ft > °X andT + -Lh 6 T negl6Ct the t6rraa fOT 
left-hand side of (9.10 7)1s " “ W remainder - Hence the 


o(n~i 1 1 h\e-c»'ln) = 0 ( B -» J di j 

and therefore A n = o(n *). 


= *(»“*.») = o(n*), 


t Here < runs from —oo to co. 


t Theorem 148. 
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Next, we prove 

Theorem 151. If A n = o(Vrc), then summability (B) is equivalent to 
summability (e, £) by either of the definitions (9.10.5) and (9.10.6). 

We prove the implication B -» (e, \): our arguments will be plainly 
reversible. We may suppose .4 = 0. 

(1) We prove first that 


(9.10.8) 

implies 



(9.10.9) 2 e ~ h ' l2nA n+h = o(V») 

when n -> oo by integral values. We may neglect the ‘tails’ of the sums, 
for which m = n-\-h, \h\ > n £, and use the approximation (9.1.8). 
Then (9.10.8) is 


(9.10.10) ^ e-*’' 2 "{l + 0(l^) + 0(^ 3 )}^ = o(V»), 

and A n+h = o(Vn). Hence the O terms in (9.10.10) give 





g-/*/2n|^| 3 dt 


# 


respectively. Since these are o(Vn), we obtain (9.10.9). 

(2) Next, we replace (9.10.9) by 


(9.10.11) J e-^Mfn+O * = o(Vn). 

The difference is 

a + i 

(9.10.12) 2/ (e-**' 2n — e~ l 'l 2n )A(n+t) dt, 

h 

and here again we may neglect the tails and suppose A(n-\-t) = o(Vn). 
Any part of (9.10.12) in which h is bounded is plainly o(V?i), so that 
we may suppose h and t large. Then 


and (9.10.12) gives 


g—A*/2n g-/*/2n — 




e -/*/3 n |/| dt^ = 0(V7l). 


Thus we obtain (9.10.11). 

(3) Finally, we replace the n of (9.10.11) by a continuous x. If 
x = n-\-f, where 0 < / < 1, then the integral in (9.10.6), with c = J, is 

J e - / */ 2 ( n +/h4 (n +/+ 0 dt = 


J* rV-ftmn+flAfa+t) dt, 
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and what we have to prove is that 

j {e^-/mn + /)_ e -/*/2 n}A{n+t) dt = o(V»). 

We may again neglect tails, replace A(n+t) by o(Vra), and suppose t 
large. We have 

g—(*—/)*/2(n+/)—g-/*/2n _ -d-w)*l2(n+w)\ 

J dw l i 

for awof (0, 1), and this is 


\ 


Hence our error is 


\t~w\jt-u>i)) = oil If! + £W) 

n+w^2(n+w)*]) (\» + »V ]• 


Vn 




and this completes the proof. 

If cr n = o(l), and the series is summable, then A n = o(Vti), by 
Theorem 150, and the result of Theorem 151 holds a fortiori. Through¬ 
out the rest of this chapter we shall suppose that a n = o(l), not 
troubling to ask whether this hypothesis is essential; but there is one 

place in Ch. XII (§12.15) where it will be essential to have proved 
Theorem 151 without it. 

Theorem 152. If a n = o(l), and £ a n is summable (E ,q), then it is 
summable (e,c), where c = (q+l)/2q, to the same sum; and conversely. 

We write 


*-[$]• -rb. 

and we may then replace the Euler mean of A n by 


q+ x* 


Xn = 




Here, after Theorem 138, 

¥Ti = V(2^T) «-***■*{!+o +offl, 

and it follows, as in the proof of Theorem 151, that *„^is equivalent 


1 V' 

“77S-:—- ) g-**/(2rr'n)d 

J( 27 rrr n) ^ A M+h 


A, 


*J{27rrr'n) 
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If c = (q+l)/2q then c decreases from oo to \ when q increases from 
0 to co. If we suppose a n = o(l), and combine Theorems 152 and 118, 
we find that if a n = o(l) and £ < c' < c, then summability (e,c) implies 
summability ( e,c ). We shall, however, see in §9.11 that this theorem 
is incomplete, the result being true for 0 < c' < c. 


9.11. The circle method of summation. We shall say that 
(9-11-1) I a n = A (y,k) y 

where 0 < k < 1, if (i) 2 a n z n is convergent for \x\ < 1, and (ii) the 
Taylor series for f(l—k+ky), viz. 


(9.11.2) 


2 <**>" = 2 b n y ’* 


is convergent for y = 1. 

Here B m = b 0 +b x +...+b m is the coefficient of y m in the expansion, for 
I y I < 1, of (1— y) -1 /(l— k-\-ky). If x = 1— k-\-ky then 1—x = k(l—y), 
and so 


= = KlA^-k+kyr}^. 

Since y m occurs in Ar( 1 — k-\-ky) n only when n ^ m, and then with 
coefficient |^jA: m+1 (l—Ar) n_m , it follows that 

(9.11.3) 

B m = k^A m Mrn+m-k)A m+1 + (m+l) ^ + 2 \ l-kfA m+i +..^ 

It may be verified at once that the method is regular, and that the 
relation between b m and a n is 

(9.11.4) 

= ^ m |®m + ( m +l)(l~^) a m+l+"— 2 \—~ ~ (1 ^ : ) 2 ®m+2~b ...J * 

These formulae have been obtained under the hypothesis that the 
radius of convergence of £a n z n is 1, but we might abandon this 
hypothesis and say simply that ]£ a n is summable ( y,k ), to sum A, if 
B m , defined by (9.11.3), exists for all m and tends to A. It is, however, 
more convenient for our present purpose to keep the restriction, and 
the theorems which follow depend upon it. 

Theorem 153. If ^ a n 15 summable ( y,k ), and 0 < l < k, then 2 a n 
is summable (y, l) to the same sum. 
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We write 

x = \—k+ky = \—l+lz y 

k k 

fix) = 2 = 2 Kv n = 2 

and denote the series £ ««> 2 6 n> and 2 c n by A, B , and C. If ^4 is 

summable (y, A:) then 5 is convergent, and therefore summable (y, l/k). 

But this means that C is convergent, i.e. that A is summable (y,l). 

There is a theorem for the ( y,k) method corresponding to Theorems 
151 and 152. 


Theorem 154. If a n = o(l), and Ja n is summable ( y,k ), then it is 
summable (e,c), where 

(9.11.5) c =_*_ 


to the same suyn; and conversely. 
The (y, k) mean, of rank n , is 


2d -ky 


B n = t ntl |Q(l-l)-M f 


where 


u p = !—&)*-» 


when p ^ n, u p = 0 when ?<n, andm = [»/*]. After Theorem 139, 
we may neglect the terms for which \h\ > and write 


A 


W+i 


+o 


l&l 


•))■ 


where c is given by (9.11.5), in the remainder. The result then follows 
as in the proofs of Theorems 151 and 152. 

When k increases from 0 to 1, c inereases from 0 to oo. Henee 
Theorems 153 dnd 154 give 

If 5 ’ ¥ a ” = and 2 a n w summable (e,c), i* fo 
summable (e , c ), to the same sum, for 0 < c' < c. 

This theorem will play an essential part in the proof of Theorem 156 . 

»s. sr»,r. 

the proofs of Theorems 152 154 onH l ** vi _~ °» 18a series of th e class <P, but 
that it should belZTo 2 ° th “ ° f The ° rem ,51 ’ "**«> only 

a subclass of Q The ° r<5m 160 8h ° ws that * for our purposes here, 

series 00 We^eed'them ** ^er classes of 

necessary to coZidThow far th^ Z Pr °° f ° f The ° rera 156 ' * » not 

falls far short of the ultimate truth. Thua^slopt^pro^ ^ 



220 


THE METHODS OF EULER AND BOREL (2) [Chap. IX 

(e, £) methods are equivalent whenever a n = 0(n *) for some K, and the scone of 
Theorems 152 and 154 might be extended similarly. It would follow that Theorem 
155 also is true for all series of finite order. 

The range of this theorem might be extended still farther by the use of different 
methods. Let us consider, for convenience, the analogue of the theorem for con¬ 
tinuous limits. We say that f(x) -> l ( e , c) if 

(9. 12 .1) Ux) = J(±) j e-/*/( x-\-t) dt —> l, 

the integral being a Lebesgue integral. Then it may be proved that 

ax lb 

(SU2 - 2) "*> - M) J * 

0 

whenever 0 < 6 < a and the integral (9.12.1) is convergent fore = 6; and deduced 
that, subject only to this last condition, 

f(x) Z (e, a)-> f{x) ->■ l ( e , 6). 

This is another illustration of the principle of § 4.12. 


9.13. The principal Tauberian theorem. We are now in a 
position to prove our main theorem. 

Theorem 156. //Ja n = A (B) and 
(9.13.1) a n = 0(7i~*), 

then 2 CQnverges to A . 

We begin by proving that A n = 0(1). It follows from Theorems 150 
and 151 that 

i / 

c 


(9.13.2) 



J ^ e ~** lnA n+h = -4+0(1) 


for c = J. By Theorem 140 


M) 

and therefore 

(9.13.3) ^„{l+o(l)} = A n ^ e~ ch ' ln 

= J[^^ e " h '' n(An ~ An+h)+A+0(l) - 

We may restrict the summation to \ h\ <n r >. Then^4 n+A — A n is 0(n~* |^|), 
and the sum is 



Hence A n {l+o(l)} = 0(1), i.e. A n = 0(1). 
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Tlie next (and the critical) stage of the proof depends upon ‘ Vi tali’s 
theorem’. Suppose that D is an open and connected region of z, that 
<f> n {z) is, for each n, an analytic function of 2 regular in D, that <j> n {z) 
is uniformly bounded in D, and that <f> n (z k ) tends to a limit <j>{z k ), for 
each of a set of points z k with at least one limit point in D. Then there 
is an analytic function <f>(z) such that <f> n (z) -> <j>(z) uniformly in any 
closed and bounded region R contained in D. 

To apply the theorem, we suppose c = y +18 complex; choose S 0 , y 0 , y 1 
so that 8 0 > 0 , 0 <y 0 <i < yi ; define D by y 0 < y < y x> ]S| < 8 0 ; 
and write 

uc) - yfe) 2 *- ch ' ,n 

We may suppose that \a n \ < for large n. 

Since (as we have just proved) A n = 0(1), <£„(c) is, for each n, an 
analytic function of c regular in D. Next 


n+h 


\4>n(c)\ = 0 



(70 / 


uniformly for c in D and all n. By Theorems 151 and 155, </> n (c) -> A 

for every c on the stretch (y 0 , £) of the real axis. It follows from Vitali’s 

theorem that 4> n {c) A for aU c of D. In particular, since y 0 > 0 and 

y, are arbitrary, J a n = A (e, c) for all positive c. 

Thus (9.13.2) is true for all positive c. We may restrict the su mm a- 
tion to \h\ < »S and then 

, , \A„ +h ~A„\ < n-*|A| 

tor large n. Hence 


7 (; 




|ft|<nC 


702 




co 


70 I * + 7 ( : 


< 


V(Ctt) 




n -*■ A . This completes the 


It now follows from (9.13.3) that 

hm\A n -A\ < (cr)-l, 

and therefore, since c is arbitrary, that A 
proof. 

It is plain that we have also proved 

Theorem 157. If £ a n is summabU to A by any of the IE o) (e 
or (y, k) methods, and a n = 0(„-l), then j ZvergJto A ‘ ^ 

t has maxima J(r>/2 e c) when t = ± ,/( n / 2 c). 
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9.14. Generalizations. There are generalizations of all these 
theorems for extensions of Borel s methods such as we encountered in 
§4.13. There we defined summability (B',ct) by 



t na 

r(?i a -f-l) 




and we may define summability (B,a) by 



Thus, when a is an 
assertions that 


integer k, these assertions are equivalent to the 
a o~\~ 94" ••• + 0+... -J-a 2 -f~ •••» 


where there are 1 zeros between a n and a n+1 , are summable (B') 
and (B) respectively. We leave it to the reader to prove 

Theorem 158. If a n = o(l), then the methods (B,a), (B',a), (e,\<x)are 
equivalent. 

Theorem 159. Suppose that the parameters c, a, q, Jc are connected by 
the relations 

. k 1+5- 

c — — 2(1 — /) — ~2g~ 


(the parameter q being used only when c > £), and that a n = o(l). Then 
the summability of 2 & n by any one of the methods 


(e,c), (B, a), (B',a), (E,g), ( y,k) 


implies its summability , to the same sum , by any of the others. Summa¬ 
bility for a particular c, a, k , or q implies summability for any smaller 
positive c, a, or k or any larger q. 


It is to be expected, after §9.12 and the theorems referred to there, 
that the last clause of Theorem 159, with the restriction a n = o(l), 
should be far from expressing the full truth about any one of the 
methods in question. Thus the implications (E,g) —► (E,g') for q' > q 
and (y, k) —> (y, k') for 0 < k' < k are true, after Theorems 118 and 153, 
without reservation; and it can be proved that (B', a) —> (B',/3) for 
o<p< a whenever the series 



tpn 

T[pn+1) 


converges for all t. 


9.15. The series 2 2 ”* A good deal of light is thrown on the 
relations between these methods by their application to the geometric 
series. We summarize the results shortly. 
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(1) The (E, q) method. The series is sumraable inside the circle 
(x+q) 2 +y 2 = (q+1) 2 or 

r = J(l + 2q+q 2 cos 2 9)—qcosd {—n ^ 6 < tt). 

See §8.2. 

(2) The (B, a) and (B', a) methods. The success of the methods 

depends upon the formula (d) of p. 197.f The boundary of the region 

of summability is the curve r = {sec(0/a)}“. The region is bounded if 

a > 2 but extends to infinity if 0 < a 2, and tends to the Mittag- 

Leffler star when a -> 0. When a = 2, it is the inside of the parabola 
2/2= 4(1-*). 

(3) The (e,c) method. The method will succeed if 


A 


(where h > — n), and the question is easily settled by the aid of the 

formulae for the linear transformation of the theta-functions. We find 
that the region of summability is 

r < ( —7r ^ Q ^ tt). 

(4) The ( y , k) method. If we are to apply this method to £ z», with 

• c ^ t lif n WC mUSt abandon tbe restriction imposed on the definition 
m § 9.11. This invalidates the proof of Theorem 153, which ceases to be 

generally true. The region of summability is defined by the two 
inequalities 

1(1—£)z| < 1, |fe:| < (1 — (1— k)zj, 

and diminishes to the interior of the unit circle when k tends either to 
^ or to i • 

It will be found that the relations between these various regions, near 
’ are ° ° sest when the Parameters are connected as in Theorem 159. 

9.16 Valiron’s methods. Valiron has defined and used a more 

W«on d S fi e f ener ^ Zati ° n ° f BOre1 ’ 3 meth0d ' The 8 eneral -tegral- 
10n definition of §4.!2 was as follows. We say that A n -+A(J) if 

jj— V C A n-n — 2 c n A n xn . 


coefficients t “w ^ ^ a P 0 '™^ ™th non-negative 

coefficients c n . We now suppose that c n = where 8 


0{n) -> oo, Q\ n ) 


00 , 


<?» 


t Note on § 8.10. 
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with considerable regularity. The typical cases are 

(9-16.2) G(n) = Cn k (C > 0, 1 < k < 2) 

and G(n) = n \ogn — n: in the last case the method is practically Borel’s. 
We write H{n) for G"{n), so that 

H{n) = Ck{k—\)n k ~ 2 , n~ x 

in the two typical cases. Then Valiron, generalizing the arguments 
applied to Borel’s method by Hardy and Littlewood, proves that, 
subject to certain conditions of regularity on G{n ), A n ^>-A{J) is 
equivalent .to 

(9 - 16 - 3) 

whenever 


(9.16.4) A n = o[{H(n)}->]; 

and that this is true, in particular, whenever a n = o(l). 

We shall express (9.16.3) as A n -> A (V,H). The main interest of the 
method lies in the Tauberian theorem associated with it. If 2 a n I s 
summable (V, H), and 

(9.16.5) = 0[{H{n)Yl 

then J a n is convergent. When G(n) = Cn k , then (9.16.5) is 

(9.16.6) a n = 0{n* k ~ l ). 


We confine ourselves here to proving, as is easy, that (9.16.3), with 
H(n) = cn k ~ 2 (1 < k < 2), and 

(9.16.7) a n = ofw**- 1 ), 


imply the convergence of the series. It will plainly be sufficient to 
prove that 

»**-! 2 o, 


|A|<nC 


where f is now a number between 1 — \k and 1; and this is 

o(n*- 2 2e-**’»‘“ , |ft |) = o(l). 


NOTES ON CHAPTER IX 

§§9.1-3. The substance of Theorems 137-9 may be found in many books, 
particularly in books on the mathematical theory of probability. 

§ 9.5. Hadamard’s theorem was first proved mJ.de M. (4), 8 (1892), 101-8 
(118), and Fabry’s generalization in AEN (3), 13 (1896), 367-99. There are 
comparatively simple proofs in Landau, Ergebmsse, 76-86. Ostrowski s theorem 
was proved in BS (1921), 557-65: see also JLMS, 1 (1926), 251-63, where fuller 
references are given. Mordell, JLMS, 2 (1937), 146-8, gave a particularly simple 
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proof of Hadamard’s theorem; and Estermann, ibid. 7 (1932), 19-20, proved 
Ostrowski’s by a modification of Mordell’s method. The proof here is due to 
Zygmund, JLMS, 6 (1931), 162-3. 

See also Dienes, ch. 11. 

§§ 9.6-7. Hardy and Littlewood, PLMS (2), 11 (1913), 1-16. There is a direct 
proof of the theorem for Euler summability corresponding to Theorem 143 in 
Knopp, MZ, 18 (1923), 125-56 (136-9). 

Hardy and Littlewood state Theorem 147, but give the proof in full only when 
2/>+l is an integer. See also Lord, PLMS (2), 38 (1935), 241-56. 

§ 9.8. Hardy and Littlewood, l.c. supra, show that 


£ n -* e 4in« (A > 0) 

is summable (B) for all s if £ < a < I, but summable only when convergent if 

° IT a f They take A = and the ^gument is only sketched in places. 

Another example of an ordinary Dirichlet’s series summable (B) only when 
convergent, though summable (C, k) for some jfc, aU over the plane, is 

1-* + 0-f-0-f... — 8-* + 0-f 0-j-... + 2 7-•-f-0 +.... 

See Hardy, PLMS (2), 8 (1909), 277-94 (286-9). 

Series of the type (iii) are considered by Hardy, QJM, 35 (1904), 22-63. H&rdv 
shows in particular that the convergent series ]£ a n in which 


a n — ( 1 (n = TO 1 ), 


O n = 0 


(n to*) 


is not absolutely summable. 

§ 9.9. The analogue of Theorem 149 for B summability was proved by Hardy 
CLc. supra, 37-42), and Theorem 149 itself by Knopp (l.c. under § 9.6, 150-1). 
There are generalizations by Hardy and Littlewood [PP, 41 (1916), 36-53 (46-7)1 

and by Knopp (l.c. 151-2). v 

■"l 1 ” 1 ; The and ( y ,k) methods were introduced by Hardy and Little¬ 
wood m their paper in the PP, and the substance of most of the theorems proved 

here will be found there or in their later paper in JLMS, 18 (1943), 194-200. 

Knopp considers the relations between Euler summability and summability (e,c) 
but does not state Theorem 152 explicitly. 7 

! o !o* ^ Tefe ™ nceto H y sl °P to PLMS (2), 41 (1936), 243-56. 
v . * The mefchod 13 that of Hardy and Littlewood’s paper of 1943. For 

Tl ^rtm°;r ^ l 17 ' ° r Theory ^of ^functions, 168 

iJ The 166 was first proved by Hardy and Littlewood in their paper in the 

42 (1917^ 287 sin" . B ’rT aftcrwards g«“ a ralized further by Valiron [RP, 

(1926? 20«i«r ISchriften d. Kimigsberger gehhrUu Ge*. 1 

(1925), 205-56]. The most general form, due to Schmidt, is 

lirn(A n -A m ) > 0 

I 11 - 0: in particular this condition is satisfied if 

(1927), 316-26. P Simplified h ? Vijayaraghavan, PLMS (2), 27 

Ta^b!rian 8 ttT n alte ™ atiV l meth0d of P roof fa y oceans of Wiener's 'general 
iaubenan theorems’: see Ch. XH and in particular § 12.16. 

«to 6 theOT ° m referred to at tho the section wfil be found in 

Q • 
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Hardy, JLMS, 9 (1934), 153-7, and Good, POPS, 38 (1942), 144-65. Hardy 
proves the result only when /3 = $a, Good generally. Thus Hardy proves that if 

a od“0-f-ai + 0-|-a 2 -|-0 + ... = 8 (B'.a) 

and 

t na 

a "r(noc+l) 

is convergent for all t, then a 0 -f = a (B',a). The proof actually shows 

rather more, viz. that if the series (a) converges for small t, and a a (t) is regular 
for all positive t, then 

J e_ * a a (0 dt = 8. 

This is a generalization of the (B',a) method similar to that of the B' method 
in § 8.11. 

When q = 1, a = 2. Thus the (B', a) method most closely connected with the 
ordinary Euler method is (B', 2). 

§ 9.15. The main result under (2) is due to Mittag-Leffler, l.c. under § 8.10. 
The (e, c) region is determined by Hyslop, l.c. under § 9.12: he has c = 

§ 9.16. For all this see Valiron, l.c. under § 9.13. When k = 2, 

GT(n) = H(n) = Ck(k-l) ^ 0 

and (9.16.6) becomes a n = 0(1). In this case the method fails to sum 

1-1 + 1-... (§4.15). 




X 

MULTIPLICATION OF SERIES 

10.1. Formal rules for multiplication. It will be convenient, 
throughout this chapter, to use the same letter for a series and its sum 
whether the sum is a sum in the sense of ordinary convergence or not. 

If the series 2 a m — A and 2 b n = B are absolutely convergent, then 
the double series 22 a m 6 n is absolutely convergent, and has the sum 
AB however its terms are arranged. When one at least of A and B is not 
absolutely convergent, the convergence, or summability, of the double 
series will depend upon the rule prescribed for its arrangement, differ¬ 
ent rules giving different definitions of the ‘product’ oi A and B. The 
most familiar rule is Cauchy’s, in which the double series is summed 
‘diagonally’, by associating together the terms in which m+n has a 
fixed value. We then write 


( 10 . 1 . 1 ) 


'P ~ 2 a m 

m+n~p 


2 a m bp-m — 2 a j>-n^n>t 


l pld 


and define the product series C as 

(10.1.2) C = 2 Cp. 

The rule is suggested by the formula 2 a m* m 2 b n x n = 2 Cp z* for the 
product of two ascending power series. 

Another rule is important in the theory of‘ordinary’ Dirichlet series. 

We suppose that a 0 = 0, b 0 = 0, and associate together the terms in 
which mn has a fixed value p, so that 

(1<U3) c » 

the summation in the last sums extending over the divisors of p This 
rjde is suggested by the formula !«*»-. 2 A n »- = J and 

ttiere are other modes of multiplication associated with Dirichlet series 
2 a m of more general types. 

In this chapter we shall concentrate our attention on Cauchy’s rule 

“ We . f “ U dis ] 0U8 f. vel y thoroughly, and dismiss the various method 
of Dmchlet multiplication summarily. We shall also say something 
about the corresponding problems for series infinite in both directions 

1°.2. The classical theorems for multiplication by Cauchy’s 
rule The three classical theorems of the subject, due to Cauchy 
Mertens, and Abel respectively, are as follows. 7 ’ 

t Hero, and often in what follows, we use the convention of § 5 . 4 . 
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Theorem 160. If A and B are absolutely convergent , then C is absolutely 
convergent , and C = AB. 

This is a corollary of the absolute convergence of the double series 

22 &n- 

Theorem 161. If A is absolutely convergent, and B convergent, then C 
is convergent, and C == AB. 

If, as usual, A m = a^a^ ...-\-a m , and similarly with other letters, 
then 


a 


m 


2 a mK = 2 a mB p - m . 

m + n^p 


m, p is B ^ if m < p and 0 if 


( 10 . 2 . 1 ) C p = 2 2 

Q-^p m + n=q 

We may write this as 2 where 

m > p. Since is uniformly bounded, and A is absolutely convergent, 
the series 2 a mPm, P converges uniformly in p\ and so 

Hm 2 a mPm,p = 2 a m^Pm,p = ^ 2 fl m = -4U. 

*x> p-+co 


We may add that, if ^4 is not absolutely convergent, then there are 
convergent B for which C is divergent. For if C p = a 0 B p +...-\-a p B 0 
tends to a limit whenever B n tends to a limit, then 2 Kl < H, by 
Theorem 1. 


Theorem 162. If A, B, and C are all convergent then C = AB. 

The power series a(x) = 2 a n x n ,... are absolutely convergent for 
0 < x < 1, and a(x)b(x) = c(x) y by Theorem 160. Making x-> 1, it 
follows from Theorem 55 that AB = C. 


10.3. Multiplication of summable series. There are important 
generalizations of the preceding theorems for series summable (C, k). 
The fundamental theorem is Ceskro’s Theorem 164: but we begin with 

Theorem 163. If A, B, and C are all summable (C, k) for some k , then 
C = AB. 

In fact the proof of Theorem 162 shows that C = AB whenever all 
three series are summable (A). 

Theorem 164. If r > —1, s > —1, A is summable (C, r), and B 
summable (C, s), then C is summable (C, r-fs+1), and C = AB. 

We have 

(1— x)- r - 8 ~ 2 c{x) = (1 —x)- r - 1 a(x).(l—x)-'- 1 b(x) 
for | a: | < 1, and therefore, in the notation of §5.4, 

2 Cp"+hi* = 2 A r m x m 2 B* n x n . 
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Hence, equating coefficients, 

(10.3.1) C* +s+1 = A' 0 B° p +A1B‘ p _ 1 +...+A' p B* 0 . 

Since 


A m 


rr). 


K 


it follows from (10.3.1) and Theorem 41 that 


*'*:*)• 


(■ 


nr+s+1 

p 


AB(^ r ^ s+i \ 

{ r+H-1 )> 


i.e. that C is summable (C, r-fs+1) to AB. 

We can naturally prove (10.3.1) without using power series. Since 




Ic—?n+r 


m-0 


)°m> 


»>->=2( p - k - n + a 

u —0 


)bn. 


the coefficient of a m b n in the right-hand side of (10.3.1) is 

p ~ n p—m—n 


k+r\(p—m—n — k+8 

s 


) 


zrrr'n-i ent 

y ~ m k-0 

= /p-m-n-fr+«+l\ 

V r+8+1 )' 

by (6.6.10); and this is the corresponding coefficient in C r+ * +1 . 

In particular, when r = a = 0, (10.3.1) becomes 

A o Bv J t~A 1 B p _ l + ... B 0 . 

“ f d r“^r d to deduce - with ° ut ^Pealing to Theorem 41 

C iss ™bleTl w B mply °l ~ AB P- follows that 

of Th lm C ^r rg r nt ' SUm r fa necessar ily A B. We thus obtain a simple prooi 

* w JT 162 mde P endent of the theory of power series. P 

theomm oft°k1nT tiVe ‘b*™ Sh ° Wm8 that Tl ” 164 * a »~t Possible 

(C*“ * "* *** *“* ° * — 

Take p = r-8, c = s-8, where 8 is positive and small, and 

° m = (-l) m (rn+ l)o, 6 n = (—l) n ( n -f 1)®. 

Then 4 and 5 are summable (C,r) and (C ,s), by Theorem 81. But 

( — 1 )% = X (wi+l) p (p—m-f-I)°~ P(/>4-l)r(o+l) , ff[1 

T(p-{-CT+2) ™ » 

(C,r+: 0 + T^r d S0 ’ aft6r The ° rem 46 ’ C “ n0t 8 “.e ,C,p +CT+1 , ,, 
Ttoo REM 166. The result of Theorem 164 is not true for r = -1. , > _j. 

- (—l) m (m+ 2 )->(log(m+ 2 )}-<i, 6 „ = (-i)n (n+2) . {log( „ +2r<)> 
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0, p > 0, a+£ < 1. Then A is summable (C, — 1) and B is summable 


(-D%= y 


(p—m+2)' 


m-0 


(m-f-2){log(m-f- 2)} a (log(p — m + 2)}0 


Alp 


L V 


i 


(lo gp)0 ^ (m-f 2){log(m + 2)} 

m —0 




for constant M, N, and large p. Hence c p ^ o(p»), and C is not summable (C,«). 

Our next theorem is a generalization of Mertens’s Theorem 161, to 
which it reduces for r = 0. 

Theorem 167. // r > 0, A is absolutely convergent , and B is summable 
(C, r), then C is summable (C,r). 

Here a(a:){(l—ar)“ r_1 6(a:)} = (1— 2 r)- r_1 c(:r), and so 

Cp = G o Bp-i + ••• + a p Bq. 

We may write this as 

'p+r 
r 


where 


j Cp — 2 a m fim.p > 

R = ^ + 7 W 

rm.p I r I JJ p — m 


for m < p and p mp = 0 for m > p. Since, for m < p, 

( p-m-\-r 
r 

/ 

P mp is uniformly bounded, so that 2 a mPm,p converges uniformly in p. 


I An,* I A f 


'p-BJ-J, 


m 


f l ' 

Alsof^ ~ [^” r/ ^ for each m, when p ->co, and so 

r 


Then 


2 “mftn,* 1 “ml ™pm.p = B 2 a m = AB - 

Theorem 168. The result of Theorem 167 is not true when r < 0. 

Take a m = (- 1 ) m a m , b n = (- 1 ) n 0 n , where a m and p n are positive and 2 < co. 

|^p| = ^ Pp—m "* a p^0 (P ®)* 

and c p = o(p r ) involves a p = o(p r ), which is not, for any negative r, a consequence 
of the convergence of 2 <*p- 

10.4. Another theorem concerning convergence. 

consider a group of theorems of which the simplest is 

Theorem 169. If A and B are convergent and 


We now 


(10.4.1) 


a 


m 


= 0(m -1 ), b n = CHn- 1 ), 


then C is convergent (and C = AB). 
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In fact A and B are both summable (C, —1+8), for any positive 8 , 
by Theorem 45; and therefore, by Theorem 164, C is summable 
(C, —1 + 28), and a fortiori convergent. 

Theorem 170. If A and B are convergent ; r)(x) and £(x) are positive 
and tend to infinity with x; t}(x)+((x) = x; and 


(10.4.2) 


2 Kl = 0 ( 1), 

!?(*) 


2l*»l = 0 ( 1 ); 

£(*) 


then C is convergent (and C — AB).-\ 

We suppose that 0 < */ < 77 , 0 < z < £, and divide the triangle T 
of the (m,n)-plane in which m+n < x into regions T x , T 2i T 3 , T 4 , T s 
as shown in Pig. 2 . We may suppose x, v , f, y, and z non-integral' 



If AM th6re T, n ° latt r P ° infcs on the I** dividing the regions 
i A(x) } ... are the sum-functions of A and £ Q7 . 0 S 

II a mb n over 2 -.then the SUms 


Also 


C(x) = 2 1+ 2 2 +2 3+Sl+ £ 5 . 

* 1= I v a \l bn = A{v)m) -* AB - 


and the thlnmi hdufod °* ° th6r S6rieS “ absolutel y convergent. 
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It is therefore sufficient to prove that Z 2 -f S 3 -> 0 and S 4 + 2 0 

when y and z are chosen appropriately. 

We choose z so that 


V* 


Then 


2 b n < « i v 2 > V 1 > Z)- 

n=v i 


— 

x z x-m 

2 a m 2 b„ 

X — z 

< 2 l“ml 

x-m 

2 K 


771 = 7 ] 71 = Z 

m=7) 

71 = Z 


m 




771 = 7 ] 


for a constant K, by (10.4.2). And 


x —n 


x—n 


o 


S 2 I= I6 n 2a m <I|6 n | 

n =0 m — Tj n=0 m—T) 

when z is fixed and x and 77 tend to infinity. Hence 2 2 -fE 3 0; and 

we can prove that 2 4 +D 5 0 similarly. 

When the conditions of Theorem 169 are satisfied, we can take 
77 = £ = %x, since 

4 2 Kl = o( 2 = 


There are other interesting special cases. 

Theorem 171. If A and B are convergent, 

(10.4.3) a m = 0(m~>) (8 > 0), 6 „ = o( ;n L_), 

then C is convergent. 

We may plainly suppose 8 < 1. We take 77 = x—x 6 , £ = x 6 . Then 

f\a m \ = 0(x°.x~*)= 0(1), 

V 


f'*•'-»( 2^) 

X 6 


O(\og\ogx— loglogx a ) = 0 ( 1 ). 


10.5. Further applications of Theorem 170. (1) Theorem 170 enables us to 
prove a ‘one-sided’ extension of Theorem 169. 

Theorem 172. If a m and b n are real, A and B are convergent, anda m > 
b n > —Ln~ x , with constant K and L, then C is convergent. 

If a£ and a^ are the positive and negative a m , and 

A(x) = I <*m. A+(x) = 2 a + , A~(x) = 2 a~, 

m^x m^x m^x 

A(x) = A+(x)+A~(x), 

2 \a m \ = A+(x)-A~(x) = A(x)-2A~(x), 

m^x 

2 |a m | = A(x)-A(\x)-2{A-(x)-A-(\x)). 

\x<m^x 


then 
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A-(x)-A~(ix) = 2 a- t> -K 2 m^ 1 , 

which is bounded, so that a m satisfies (10.4.2). The same argument applies to 6„, 
and the theorem follows. 

(2) Another application is to the proof of 

Theorem 173. If A and B are convergent, p > 1, q > 1, and £ < oo, 

^ ri® - * 1 !6„ J® < co, then C is convergent. 

For if p' = p/(p- 1), and all the summations are over (£r,x), then, by Holder’s 
inequality, 

2\ a m\ = I^'l< Cr™ t> - 1 \a m \*) l l*> = 0(1); 

and similarly £ |& n | — 0(1). 

10.6. Alternating series. In this section we prove a more 
elementary theorem concerning series of the familiar alternating type. 

Theorem 174. If A = % B = £ (-l)^ n , wAere a m ami 

P H are Positive and decrease steadily to 0 , then, in order that C should be 
convergent , 

(i) it is necessary and sufficient that 

(10.6.1) y p ^ ao^p+ a i^ 2 ,-i+...+a JJ ^ 0 0; 

(ii) 15 necessary and sufficient that 

(10.6.2) (ao+ai+.-.+^J^^O, 0; 

(iii) it is sufficient that at p ft p < oo; 

(iv) it is necessary that 2 («„&,)*+« <<x>/or every positive 8. 

(i) If we write 

^ = ^m+(-l) m+1 />m. B = £„ + ( — 1)’* +1 C7„, 
then o < p m < a mi o < o n ^ p n . Also 

C p = 2 a m B p _ m = BA p +(-l)p 2 a m <T p _ m = _R p , 

= Yp ' Hence ( 10 - 61 ) is sufficient, and it is 
odvious that it is necessary. 

(ii) Next, 

y P > (“ 0 +. y p ^ 

SO that the conditions (10.6.2) are necessary; and 

y P < K+---+a 2 )^+(A,+...+jS a )cv 

w ere q _ so that they are also sufficient 

(iii) If 0 < ? < P then 

»y‘B + T V "’ 1 ' -*+%, 

<co, we can choose q so that S 2 < t for all ^ and 
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when ? is fixed and ^->co. Hence <x p (P 0 +...+P p ) -> 0, and 
similarly /? p (a 0 -f-...-J-a p ) -> 0. Thus the condition is sufficient. That it 
is not necessary is shown by the example in which ot n = p n = (nlogn)-* 
for n ^ 2: in this case y n 0, so that C is convergent. 

(iv) Finally, (« 0 + «i + ... + «*)&, > poc p p p . 

If C is convergent, then the left-hand side tends to 0, by (ii), and so 
a pP p = o{p~ l ). Hence 2 (a p £ p ) 1+s < go. The example 

a n = £n = 

shows that the condition is not sufficient. 


10.7. Formal multiplication. We have assumed in all of the 
preceding theorems that both A and B are convergent or summable. 
There is another type of theorem, particularly important in the theory 
of trigonometrical series, in which one series, say A, is almost arbitrary, 
while the other is severely restricted. The conclusion is then that C p 
behaves ‘very much like’ BA p . 

If 

(10.7.1) C p -BA p -> 0 

when £>->oo, then we shall say that C is equi-convergent with B(A). 
In this case, if A is convergent or summable, then so is C (with sum 
AB). 

Theorem 175. If a m = o(l), 2 n \b n \ < °°> then C is equi-convergent 
with B{A). 

We use as a lemma 

Theorem 176. If a m = o(l), 2 I p n \ <°°> then 

a P = a oPp+ a iPp-i+—+ a pPo = 0 (!)- 
This is trivial; for we can choose P so that 

l« m l < e 2 \pn\< € > 

n>iP 

\<Jp\ < Max \a m \ % |p n |+ Max \a m \ £ \p n \ < e(Max|a m | + 2 Kl) 

iP }p<m<p 0 

for p ^ P. 

To deduce Theorem 175, we write B = so that 

C p = a 0 B p -\-a x B p -\~ a p Bq = BAp ... a P Po* 

where 

= I b n , i/j p i< 2|6 b |. 2 \P p \ <2 1 l*nl = 2>l 6 «l- 

n>v n>p P n >P 
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Then, after Theorem 176, 

a oPp-i~ a iPp-i+-~+a p P 0 -> 0, C p -BA p -r 0. 

It is plain that if a m and b n are functions of a variable x, a m 0 

uniformly, and 2>|6 n | is uniformly convergent, then C„—BA -+ 0 
uniformly. p p 

There are generalizations of Theorem 175 for (C,*) summability, a little more 
complex in form. Wo lo&ve it to tho reader to prove 

Theorem 177. If a m = o(m), £ n*|6 n | < co, then 

C\ > -BA), + B*A J> = o{p) t 

^ €re iy B * = aUo A m = o(m), and in particular if a m = o(l), Men 

Cj, BA V — o(p), i.e. C and B(A) are equi-eummable (C, 1). 

10 . 8 . Multiplication of integrals. We now state the theorems for 

integrals which correspond to the more important of Theorems 160-70. 
The proofs follow the same lines and we do not give details, noting 
only the points where there are material differences. These arise from 
he absence of any ‘limitation theorem’ corresponding to Theorem 46 
In particular, the convergence of A = / a(x) dx does not imply the 
convergence of J e-^\a(x) | dx for positive S. 

We define C by C = f c(x) dx , where 


( 10 . 8 . 1 ) 


c (x) = J a(t)b(x — t) dt = J a(x—t)b(t) 


(with the convention of § 5.6 concerning limits). 

™c '-aT “•* c » 

Theorem 180. // aB three integrals are convergent, then C — AB. 

Theorem 181. If r > -1, « > _i, A is summable (C r) and B 
summable (C ,s), then C is summable (C.r+s+1), and C ~ AB. 

(cfuh^Cis lfr w °m ' S ahs ° lutdy conver 9 ent , and B is summable 
men G is summable (C,r), and C = AB. 

<./?Z ! “• 


( 10 . 8 . 2 ) 


r 

J |a(f)|<fc = 0(i), J 16(01^ = 0(1), 


c is convergent , (7 = 
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We need only add the following remarks. 

(i) We must deduce Theorem 180 from Theorem 181 with r = s = 0, and not 
attempt to imitate the argument of § 10.2. 

(ii) The proof of Theorem 181 depends on the identity 

< 10 - 8 - 3 > <?r+«.l(*> = / A,(l)B,(x-t) dt, 

where, for example, 

A,(x) = ivTTj / < x -'> r °w <*= 

and that of Theorem 182 on 


( 10 - 8 - 4 ) C r (x) = j a(t)B r (x-t) dt. 

To prove (10.8.3) we observe that 


/ A,(t)B,(x—t) dt = r(r+ 1) I r(<+1) j dt j a[u)(t — u) r du f b(v)(x-t-v)' dv. 

0 0 0 0 
Here 0<u^2<;x, 0<t;^ x—t ^ x. When u and v are fixed, t runs from 
u tot x v : when u is fixed, v runs from 0 to x — u. Hence the triple integral is 

^ * x—u x—v 

r(r+l)I>-f 1 ) J j t>(v)dv J (t-u) r (x-t-vy dt 


T(r+8+2) 


0 0 u 

x x—u 

a(u) du j (x—u — v) r+ 9 + 1 b(v)dv 


X 

f 


0 


0 

x 


r (r+ 


7+2) / a(u) du / 

0 u 


w) r+t+ 1 b(iv—u) dw 


W 


= r(r+s+2) J ( x ~ w ) r+ ‘ +1 dw j a(u)b(w-u) du = C r+s+l (x). 

0 0 

When r > 0, s > 0, the argument is valid, by Fubini’s theorem, for all integrable 
a(x) and 6(x). If a{x) and 6(x) are bounded in every finite interval (0,X), it is 
valid for r > — 1, « > —1: in other cases some reservations are needed, f 
The proof of (10.8.4) is similar but a little simpler. 


10.9. Euler summability. We must now consider the problem of 
multiplication for series summable by Euler’s and Borel’s methods. 
We recall the definition of summability (E,#): if, for small x and y> 

fix) = 2 a n x n+1 = 2 °"(rz^)" +1 = 2>m{(?+ 1 )2 

and 2 a S? ) = A, then J a n i s summable (E,g) to sum A. We have to 
add a further definition: if 2 a ^ ) * s summable (C, k), then we say that 
2 a-n is summable (E,<?; C, k). 

f Compare the note on §§ 5.14-15. 
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Theorem 184. IfZa m = A (E,$), 2 6 n = B (E ,q), then 

Zc p = AB (E,g; C, 1). 

If 

/(*) = 2 a8Pte+ l) m+1 3/ m+1 , ?(*) = 2 6?^+ i) n+ V +1 , 

*(*) = 2# ) (?+ 1 )* + V +1 , 

then the series are absolutely convergent for small a: and y , and 
/(*)£(*) = *A(:r). Hence 

I C “(?+1)V = (?+!)(!-??/) I I 4' I (?+1)V‘, 

(10.9.1) 2 4 ,,y,> = (?+i) 2 < >Ym 2 WY n -q7 2 <'Y m 2 b » )Y ". 

where Y = (q+l)y. It follows that 


c p ’ = (?+l) 2 




m + n=p 

say (with G_! = 0). Since Ja£> = A, 2 6<?> = B, it foUows from 
Theorem 164 that 2 G P — AB (C, 1), and from Theorem 47 that 

I G p- i = 0+<? o +... = AB (C, 1). 

Hence 2 4” = (q+l-q)AB = AB (C, 1 ). 

It is plain that, if we use Mertens’s theorem instead of Ces&ro’s we 
obtain * 

Theorem 185. If 2 a m = A (|E,j|), i.e. if 2 a® converges absolutely 
to A, and 2 b n — B (E,g), then 2c p = AB (E,q). 

On the other hand, if we suppose A, B, C aU summable (E,j), and 
make 7-»lm (10.9.1), we obtain C = 2 4«> = AB, and so 

Theorem 186. If A, B, C are all summable (E ,q), then C = AB. 

10 . 10 . Borel summability. The facts concerning Borel summa- 
bihty are a kttle more complex, since there are two definitions, and 
since e series a 0 +a, + ... and ai-j-o 2 need not behave similarly 
We state our results m terms of the integral definition, leaving the 
variants for the-exponential definition to the reader B 

If Corel's integral is summable (C.i), in the sense of §6.14, we say 
that 2 «„ is summable (B' ; C, k). We begin by proving that 

( 10 . 10 . 1 ) 

implies 

( 10 . 10 . 2 ) 


a o+<*i +a 2 -f... = A (B' ; C,k) 


a i4~ a 2+ a 3"K** = A—a 0 (B'; 
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In fact, if a(t) = > a n — then 

n\ 

(10.10.3) 

/ ( 1_ ^) + e ~ u [ ai+a *T\ + ") du = j ( 1 -j) k+le ~“ a ' {u ) du 

0 

= — a o+ J ( 1 — j) e~ u a(u) du+ J /l — ^jV”a(u) du. 

0 o 

Also (10.10.1) implies 

a o~\~ a \ J r a 2 J r— A (B'; C,£-f-l)- 

Hence the second term on the right of (10.10.3) tends to A, while the 
last term is 0(* _1 ); and (10.10.2) follows. 

We can now prove 

Theorem 187. If 2 a m and 2 b n are summable (B') to A and B, then 

(10.10.4) O+Co+Ci+Cjj-f-... = AB (B'; C, 1) 
and 


(10.10.5) Co _|_ Cl _|_c 2 4.... = AB (B'; C,2). 

By Theorem 181, with r = s = 0, 


OO X CO . x v 

J e~ x dx J a(t)b(x—t) dt = j dx j J e~ l a(t) .e~ x+t b(x—t) dt\ — AB (C, 1). 

A A A 'A ' 


The inner integral on the left is 



“m&n 


(m+w+l)! 


X m +n+1 — 2 C 


XP+ 1 

(P+1)! 


Hence 




which is (10.10.4); and (10.10.5) is now a corollary. 

It is plain that, using Theorems 179 and 180, respectively, instead of 
Theorem 181, we can prove the following two theorems. 

Theorem 188. If (in addition to the hypotheses of Theorem 187) 
J e-*\a(t) \ dt < oo (i.e. if A is absolutely summable ), then 

0 +c 0 -f Cl -f... = AB (B'), c 0 + Cl +c 2 +... = AB (B'; C, 1). 

Theorem 189. If 2 2 b n , 2 c p are summable (B ), then 

C = AB. 
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10.11. Dirichlet multiplication. Suppose that A 0 ^ 0, p 0 > 0, 
and that the sequences (A^) and (y n ) increase strictly to oo; that ( v p ) 
is the sequence (A^-f^,,) arranged in ascending order, equal sums A m +/x n 
being regarded as giving one v p \ and that 

c p = 2 a mK • 

Then we call C = J c p the general Dirichlet product of A and B. If 
Am — m > H-n — n > then the rule reduces to Cauchy’s; if A m == log m, 
Pn ~ ^°g n > to the rule defined by (10.1.3), which has many applications 
in the theory of numbers. The general theory of Dirichlet multiplica¬ 
tion demands a detailed study of Riesz’s ‘typical means’ defined in 

§4.16. We confine ourselves here to the generalization of Mertens’s 
theorem. 


Theorem 190. If A is absolutely convergent and B convergent , then the 
general Dirichlet product C of A and B is convergent , and C = AB. 

For 


t? p x a mb n — y 


a 


2 . b n = 2 


“m-B 




P<P‘ A m+hn ^ Vj , . ■' x 

where N = N(m,p) is the largest n for which p n ^ j e 

(10 - U ' 1) C P = 2 a mPm.p, 

Where ^”’ P ^ ^ V p' > ' 0 (\n> Vp). 

Then p m _ p is uniformly bounded, (10.11.1) uniformly convergent, and 

°p ■* 2 a m Mm p nP = B%a m = AB. 

•I. 0 - 12 ; ® e " eS iDfinite iD b0th directl <>ns. We end this chapter 

h r ° rt . 'IT ° f the muIti P^ation Problem for series infinite 
m both Erections, The problem is a good deal more difficult than the 

problem for ordinary series, since the general term of the product series 

is usually itself an infinite series. We shall have to consider two different 

definitions of the sum of a series over (- 00 , 00 ), and two different rules 

for multiplication. We shall find it convenient to vary our conventions 

W f t6n th ° Ut UmltS ' A sum 2 <*„ without limits will 
run over all integral n, and we shall write T+ a and V- « f OT . c 

positive and negative n, so that Z * 1 “n for sums over 

2°n = “o+ a n + J- a„ 
when the series are convergent 
If 

( 10 . 12 . 1 ) 


NJt' 


= .2 


a 


-N'<n<N 


n 
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when N and N' tend to co independently, then we shall say that A is 
unrestrictedly convergent. In this case the series 2 + a n and 2~ a n 
converge separately, and a n -> 0 when \n\ oo. 

If 


A n — A NfN -> A 


( 10 . 12 . 2 ) 

when N —> co, we shall say that A is restrictedly convergent. In this 
case 2 + (a n -f a_J is convergent, and a n +a_ n -> 0; but there is no limita¬ 
tion on the order of a n and a_ n separately. 

We define the product of two series A and B in one or other of two 
ways. 

(1) Laurent multiplication. The formal product of two Laurent series 

A (x) = 2 a m x m , B{x) = 2 b n x n , 
arranged in powers of x } is 

C(x) = Z^xp, 

where 


(10.12.3) 


m+n=p 


The rule for Laurent multiplication of A and B is obtained by putting 
x = 1, so that C is 2 ft- 

(2) Fourier multiplication. There is another rule which is particularly 
adapted for restrictedly convergent series (and which we shall use only 
for such series). If we write 

^4(0) = 2 a m cos m6 = £a 0 -f 2 + « m cosm0, 

B(d) = 2 K cos nd = ifio+ fin cos n0 > 


(10.12.4) 


where 

(10.12.5) = a m +a_ m , ft, = b n +b_ n 

(so that a 0 = 2a 0 , ft = 26 0 , and a m and ft are even), multiply .4(0) and 
5(0) formally, and use the addition formulae for cosines, we obtain 

(10.12.6) C(6) = 2 Cp cos pd = £y 0 + y p cos p9, 

where 

(10.12.7) 


Cp \ 

m±n=p 


y Q — 2c 0 — 2 a m^n> 

m±n —0 


yp — c p+ c -p = i 2 

m±n±p=0 




(i>>0). 


Thus y 0 is the sum of the products a m b n on the two lines w±n — 0, 

■f These are sums over (— 00 , 00 ): we do not use the convention of §.5.4 here. 

£ It would be equally natural to define c p with m±n = —p, but we shall always 

associate c p with c_ p . 
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and y p> for p > 0, is half the sum of the products on the four lines 

m±7i±p = 0, the points of intersection of these lines being in either 
case counted twice. 

The rule for Fourier multiplication is obtained by putting 6 = 0 in 
A(6), B(8), and 0(8). Thus 

(10.12.8) A = K+Z + “ m> -B = ^o+2 + j8„, O = Jy 0 + 2 + Yp, 
where 

(10.12.9) 

Yp — i a 0 Pp + i'£ + a m(Pm-p+P m+p ) = $£ 0 «j» + £ 2 + Pn{ a n-p + <x n +p)> 

and in particular 

(10.12.10) y 0 = KA)+ 2 + a mPm- 

. ° ur work 80 far is f <>™al. Whichever definition we adopt, c„, or y , 
is defined by infinite series which need not converge. For example, if 

a o = = 0, a m = b m = (- l) m |m|-l ( m ^ 0), 

then the definition (10.12.3) gives 

c p — (— l) p 2 ' \p~m |-1 

(where the dash implies omission of the terms m = 0 and m = ©), and 
the series diverges for every p. 


10.13; The analogues of Cauchy’s and Mertens’s theorems. 

-It is plain that Cauchy’s theorem for two absolutely convergent series 

stands unchanged, for either rule of multiplication, and we need only 

consider the analogue of Mertens’s theorem. Here we must distinguish 
between the two rules. 


Theorem 191. If A is absolutely, and B unrestrictedly, convergent, then 
Laurent product C is unrestrictedly convergent , and C — AB. 

It is plain first, since A is absolutely convergent and 6„ bounded, that 
e series for every c p is (absolutely) convergent. Also 


= 


2 




_2 2 a mK 

P -m+n=p 


co p _^ 

~ m =?_ =o am n=-?.- m 6n = 2 a mPm,P,P't 

say. Since ^ p p , is uniformly bounded, this series is uniformly con 
vergent, and J 

C P.r -* 2 a m lim P m pp . = B%a m = AB. 

R 


4780 
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The theorem becomes false if ‘unrestrictedly' is replaced by ‘restrictedly' in 

hypotheses and conclusion: the hypotheses do not then involve even the existence 
ot c P . Thus, if 

a m = 0 {m < 0), a m = m~ 2 (m > 0), b 0 = 0, b n = -b_ n = 2 " ( n > 0), 
then A converges absolutely to £ 7 r 2 and B converges restrictedly to 0, but 

c 0 = — Z + n~ 2 2 n = — 00 . 

The corresponding theorem for restrictedly convergent series is 

Theorem 192. If A is absolutely convergent and B restrictedly con¬ 
vergent , then the Fourier product C of A and B is convergent, and C = AB. 

In this case 


(10.13.1) 


Cp — J_c p = \y 0 + 2 Vp = £ 1JL a m b n 


where D is the infinite cross defined by \m-^n\ ^ P, and products 

corresponding to points of the square \m\-\- \n\ ^ P are counted twice. 
Now, if 

U m — J a m> v n ~ ^ == 2 W m> ^ = 2 V m 

then U is absolutely and V unrestrictedly convergent, so that, by 
Theorem 191, their Laurent product W = 2 w p is (unrestrictedly) con¬ 
vergent, and W = UV. Also 

(10.13.2) Wp=y Wp = 22 22 K+“-m)(6„ + &- n). 

—P Im+nKP Im+nf^P 

and a moment’s consideration shows that C P = W P . Hence 

Cr>-+UV = AB. 


10.14. Further theorems. There is a theorem for Laurent multi¬ 
plication corresponding to Theorem 175, viz. 

Theorem 193. If a n = o(l) when \n\ -*oo, and J |w6 n | < 00 , then 
C P P —BA P p . Q. In particular , if A is unrestrictedly ( restrictedly ) 
convergent, then C converges unrestrictedly (restrictedly) to AB, 

and a similar theorem for Fourier multiplication of restrictedly con¬ 
vergent series, which we leave to the reader. 

The analogue of Theorem 169 requires more careful consideration. 
The most satisfactory statement is in terms of Fourier multiplication. 

Theorem 194. If oc m = Odral -1 ), = 0(\n\~ l ), and A and B are 
restrictedly convergent, then the Fourier product of A and B converges to 
AB. 
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First, after (10.12.9), y p is the sum of two series of the type 

y o(_i_i_ 

^ \M + 1 \m— p\ + l' 

These are absolutely convergent, and their sums tend to 0 when p co. 
Next, after (10.13.1) and (10.13.2), 

°p = i, 12 ««A. = i(T,+T 2 +T a ), 

|m+nT<P 

where T v T 2 , T 3 extend over the ranges D lt D 2 , D 3 defined by 
\m\-\-\n\ < P; \m+n\ < P, m-n > P; |m+n| ^ P, m-n < -P 
respectively. Now i T i = a m /3 n , 

-»i + 

where P+ is the positive quarter of D x ; terms on the axes are multiplied 
by £, and a 0 £ 0 by J. This sum is the partial sum of the Cauchy pro¬ 
duct of !<*o+ Z +a »7» and ££ 0 +Z + Ai> and hence, by Theorem 169, 

-> AB. It is therefore sufficient to prove that T 2 and T> tend to 0 
We take T 2 . We have 


_ P m—P-i 

T * I ft,+ 

m=l n ~~p-m 


00 


P—m 


“m I ft, 

m 


m=P+l 

2 “m I ft. = K+K, 


»=P—m+i 


wi=p+i n=m—P 


say. First 

Sp p~ v 

i 

SP r-T)' n=P-m+l 

Here 0 < S < J and v is large enough to make 


T7 _ / v' , P \ P+m 

1 ~ Ul + £ + p?J^ n==p ? m+ /n = IT + FP+FP). 


*1 


ft. <£ 


'Zilp<?- V ; “ PI “” ““ Si> “* ’ “ “W" «4 

. Sp 

U(U 

1 ' ’ -'' ' ' Vl 0(5) 


» - 

= o( y —L_ y m _J__\ = u\ 

L4i-+ 1 B=P 4 +1 »+ 1 j ~ 


uniformly in P; 
uniformly in P; and 


n "'-<|^) - «K) 


Sp 
P 




^“o'ZnTrllrr S’*" by ch °” ° f *■ “■> i- 

i wuen d, 4, and rj are fixed. Hence K -> 0. 
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The discussion of K is similar. We write 


*±v 


AP 


/ m-rjr 

V 2 = ( Z+l + 2)“m I fin = 7«>+F«>+7«), 

x m=p + l P + 77 AP' n=m —P * 2 * 

where A > 2. Here 


n " - °® =k -11 i) - 

uniformly in P; and F' 11 and F£ 2 > may be treated like Fi 3) and V[ 2) 
respectively. Hence 


m + P 


and this completes the proof. 


r 2 


0 ; 


It is plain after § 10.12 that there is a corresponding theorem for Laurent 
products, viz.: if a m — 0(|m| _1 ), b n = 0(|n| _1 ), and A and B are unrestrictedly 
convergent, then the Laurent product C of A and B converges restrietedly to A B. 
This assertion becomes false if either ‘unrestrictedly’ or ‘restrietedly’ stands in 
both hypotheses and conclusion. If 

a m = (m+2)' c - x {log(m + 2)}- p , b n = (2-n)- <c - x {log(2-n)}- p , 

where c > 0, 0 < p < £, m > 0, n < 0, and a m and b n are 0 when m < 0, n > 0, 
then the hypotheses are satisfied with ‘unrestrictedly’, but |Cp t0 | > I?(logP) x ~ ,p , 
so that C is not unrestrictedly convergent. If a 0 = b 0 = 0, a m = b m = m _1 for 
m ^ 0, then the hypotheses are satisfied with ‘restrietedly’, and A — B = 0; 
but c 0 = —$ 7 t 2 and c p = c_ p = —2/p 2 for p 0, so that C converges (absolutely) 
to — 77 2 A B. 

There is also a theorem corresponding to Theorem 173, viz. 

Theorem 195. If A and B are restrietedly convergent, 

P > 1, q> 1, Z |m| p-1 |a m | p < 00 , 2 |n|® _1 |6 n | tf < co, 

then the Fourier product C converges to A B. 

We leave the proof to the reader. 


10.15. The analogue of Abel’s theorem. It is natural to ask 
whether there is an analogue of Abel’s Theorem 162, i.e. 

(1) whether the unrestricted convergence of A, B , and their Laurent 
product C necessarily imply C = AB \f 

(2) whether the restricted convergence of A and B, and the con¬ 
vergence of their Fourier product C implies C — AB. 

Miss S. M. Edmonds, however, has constructed an example which 
shows that the answer to both questions is negative. J In this 

a m = ra - * sin Wra (m > 0), a m = 0 (m < 0), b n = a_ n , 

f The second example of § 10.14 shows that, when A and B are only restrietedly 
convergent, their Laurent product C may converge, even absolutely, to a sum different 
from AB. 

% Miss Edmonds considers only Laurent products, but the assertion about Fourier 
products is a simple corollary. 
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so that A = B = 2 + m“*sinwVm; the Laurent product converges to 
A 2 4*2 and the Fourier product to A 2 A- 1. 

There is no very simple analogue of Ces&ro’s theorem, even when 
r — s = 0. 

NOTES ON CHAPTER X 

§ 10.2. Theorem 160 was first stated explicitly and proved satisfactorily by 
Cauchy, l.c. under § 1.1, 147. 

Theorem 161 was proved by Mertens, JM, 79 (1875), 182-4. The negative 
remark which follows the proof is due to Schur (l.c. under § 3.2). I have stated 
the proof in a way suggested to me by Miss S. M. Edmonds, and arranged the 
proofs of Theorems 167, 190, and 191 on similar lines. 

Theorem 162 is contained in Abel’s memoir on the binomial theorem, JM, 1 
(1826), 311-39 (317-18) [CEuvres (1), ed. 2 (1881), 219-50 (226)]. 

§ 10.3. Ces&ro, BSM (2), 14 (1890), 114-20, proved Theorem 164 for integral 

r and s. The extension was made independently by Knopp and Chapman (l.c. 
under §5.5.). 

Theorem 167 was proved, for integral r, by Hardy and Littlewood, PLMS (2) 

11(1912), 411-78 (Theorem 35), and for general r by Hardy and Riesz, 65 (where 

it is extended to Dirichlet multiplication). The theorem for integral r is included 

m a more general theorem published a little before by Fekete, MTE, 29 ( 1911 ), 

719-26, to the effect that if r and 8 are integers, A is absolutely summable (C, r) 

and B summable (C,s), then C is summable (C,r+s). This in its turn was 

extended to general r and a by Kogbetliantz, BSM (2), 49 (1925), 234-56- see 

also Winn, PEMS (2), 3 (1933), 173-8. For the notion of absolute summability 
see the note on §§ 6.5-6. * 

§ 10.4. Theorem 169 was first proved by Hardy, PLMS (2), 6 (1908), 410-23 
and has since been generalized, and the proof simplified, by a number of writers! 

Theorem 170 is due to Neder, ibid., 23 (1923), 172-84 (except that Neder has 
rf Q — Jar). The proof here follows Hardy, POPS, 40 (1944), 251-2. Inter¬ 
mediate theorems, and generalizations in various directions, will be found in 
Hardy, PLMS (2), 10 (1912), 396-405, and JLMS, 2 (1927), 169-71- 

29"(1920), 238 P <1913> ' 6 °^ 31 ' ° MV ' 23 (,914)> 8(M: Landau, DMV, 

Broderick, PLMS (2), 19 (1921), 57-74, and 22 (1923), 408-82 
f§ 0 l7n°) th6 g6neraIizationfl “ thes ° papers concern Dirichlet multiplication 

In the first 0 f his two papers Rosenblatt proves that ifr>0 s > <\ A i, 
summable (C,r) and B summable <C,»), and ’ A “ 

AT m X = Ofm*- 1 ), B'-i = 0(n 4 ~ 1 ), 

: h “ = 0 rrr b 7 C> 7>- , ThiS reduces * tha ‘ of Theorem 169 when 

summable (C,r+ s -l + 28) i e hv in" 1+§) ; H f nce ’ Theorem 164, C is 
tt , , _T , * 1 * e * by a h means of order greater than r4.o i 

Hardy and Littlewood, l.c. under § 10 ^ u 

numhem lose than 1, there are convergent' series’ aTd R? w th 

°n - v{n P), Whose product is divergent. m U( 
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§ 10.5. Theorem 173 (with the generalization to Dirichlet multiplication) is 
proved by Hardy and Littlewood, MM, 43 (1914), 134-47 (137). 

§ 10.6. Pringsheim, MA, 21 (1883), 327-78 (360-71). The proof here, which 
is simpler than Pringsheim’s, was given by Hardy in the first paper quoted under 
§ 10.4. See also Bromwich, 94—5. 

§ 10.7. Theorems of this kind were first considered by Rajchmann, Comptes 
rendus Soc. Sc. de Varsovie, 11 (1918), 115-52: see Zygmund, MZ, 24 (1926), 
47-104 (especially 48-65). We have sharpened the conditions. Rajchmann and 
Zygmund consider series infinite in both directions: see § 10.14. 

§ 10.8. Bohr, Oversigt over det Kongelige Danske Videnskabemcs Selskabs 
Forhandlinger (1908), 213-32, proved Theorems 178, 179, and 180, and the case 
r = 8 = 0 of Theorem 181. Chapman, he. under §5.5, proved Theorem 181 
generally. 

§ 10.9. Knopp, MZ, 18 (1923), 125-56 (130-1), proves a theorem which, when 
combined with his theorems of § 8.3, gives the substance of the theorems here. 

§ 10.10. Borel, 131-5, proves that the product of two series absolutely sum- 
mable in his sense (i.e. regularly summable in the sense of § 8.6) is absolutely 
summable. Hardy, QJM, 35 (1903), 22—66, proves Theorem 189 and a part of 
Theorem 188, viz. that C is summable if A is absolutely summable in Borel’s sense. 

Theorem 187 is due in substance to Doetsch, Dissertation, Gottingen, 1920. 
Doetsch works in terms of the exponential definition, saying that A is summable 
(B,&) if e~ x A{x) -»■ A (C, £), and proves 

(B,r).£6 n = B(B,s)-*2c p = AB (B,r+s+l). 

In particular the summability (B) of A and B implies the summability (B, 1) of 
C. It is easy to prove that the assertions 

a o~b a i + *** = (B, 1)> o 1 d-a 2 + **« = A — a 0 (B ; C, 1) 

are equivalent, and to deduce that Theorem 187 is equivalent to the case 
r = s = 0 of Doetsch’s theorem. 

Sannia, BP, 42 (1917), 303-22, generalizes the definitions differently, but his 
conclusions concerning multiplication are incorrect. 

§ 10.11. Theorem 190 is due to Stieltjes, NA (3), 6 (1887), 210-15. Many 
examples of the use of the theorem will be found in Landau, Handbuch, 673 et seq., 
and in Ramanujan, TOPS, 22 (1918), 259-76 {Collected papers, no. 21). 

For fuller information concerning Dirichlet multiplication see Hardy and Riesz, 
ch. 8; Landau, RP, 24 (1907), 81-160, and Handbuch, 750-67; and the papers 

quoted in the note on § 10.4. 

A particularly striking theorem is that when A m = log m,p n = \ogn,v r = logp, 

the convergence of A and B implies that of £ P~' c p- This was stated wlthoufc 
proof by Stieltjes, and proved by Landau, l.c. supra. Landau, RP> 26 (1908), 
169-302 (265-6), proved that 2 P~* c p is not necessarily convergent for all positive 
5 , and Bohr, WS, 119 (1910), 1391-7, that the index £ cannot be replaced by any 

smaller number. ,, on , 

§§ 10.12-13. The problem was considered first by Chapman, QJM, 4 ( )> 

219-33 (for Laurent multiplication). He proves Theorem 191. 

§ 10.14. The first theorems of the type of Theorem 193 were those of Rajchmann 
and Zygmund: see the note on § 10.7. The other theorems of this section are 
referred to by S. M. Edmonds, l.c. infra, but have not been published belore. 

§ 10.15. S. M. Edmonds, JLMS, 17 (1942), 65-70. 
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11.1. The transformation 8. In this chapter we shall be concerned 
with a class of transformations which includes a number of those studied 
in earlier chapters, and in particular those of Cesaro, Holder, and Euler. 
The theory depends upon the properties of the special transformation 


( 11 . 1 . 1 ) 



We shall denote this transformation by 


( 11 . 1 . 2 ) 

and the matrix 
(11.1.3) 



associated with it by |8|. 

Theorem 196. 8 is its own reciprocal: if t = 85 , then s — 8t. 

Thus 88 = I, where I is the identity t m = s m . 

For, if t m is defined by (11.1.1), then 


A % = 






z ,\ p 

P=*Q q=Q 




since 


(1(1 - (1C-7) <• 


^ p ^ n ^ ?;i) 


and the inner sum in the last line is 1 if p = m and 0 otherwise.t 
It iollows from the formulae of § 1.3 (4)t that if 


_ V 


x = — 


1 — 


y 


y — — 


X 


then 


l-x' 

(1 —x)s(x) = t(y). 


m 

S (*) = I.SnX n > t(x) = 2 t nX n , 


t Symbolically, t„ = (1 

X ChaD 8 m 8 th0 m en of * and replacing a„ and 6. by (- 1 ).. and t 
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Theorem 196 shows that this implies (1— x)t(x) 
fied directly. We have also seen in § 9.6 that if 


[Chap. XI 
s(y), as may be veri- 


=2 ¥• *■<*> - 2 ¥• 


then e x S(x) — T(—x), and Theorem 196 shows that this is equivalent 
to e x T(x) = S( — x) (as again may be verified directly). 


11.2. Expression of the (E, q) and (C, 1) transformations in 
terms of 8. The (E, q) mean of s n was defined by 

tm = (^+TjS 2 

and (8.3.5) shows that 

A% = (?+l)-"A%. 

Hence, if we write A",s 0 = u ni A n t 0 = v n , and denote the diagonal trans¬ 
formation t' m = fjL m s m by fx , then we have t = 8v, v — yu , u = hs, and so 

(11.2.1) t = \s, 
where 

(11.2.2) A = 8fi8, 

(H-2.3) = (g+l)-*. 

Next, if t m is the (C, 1) mean of s n , so that 


then 


where 



But this sum, written from l = n downwards, is 

the series being continued for n-l -\-1 terms; and hence 


n+ 
2 


••• (9 




(—i Y(»\ 
_ n+iUj’ 


t 


f The sum of the first p coefficients in the expansion of (1 x) n + 1 is the pth coefficien 
in that of (1— x) n . 
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Thus A H 0 : 

and it follows again 
form (11.2.2), with 

(11.2.4) 


' 1=0 ' ' 


that the transformation can be expressed in the 


Mn = (w+1)- 1 . 


11.3. Hausdorff’s general transformation. We call the trans¬ 
formation 

(11.3.1) t = (8/x8)s = As, 


where /x is any diagonal transformation, a Hausdorff or 9) transforma¬ 
tion, and its matrix an 9) matrix. Thus the (E,^) and (C, 1) trans¬ 
formations are <rj transformations. We shall use or (9),fi) for the 
transformation, |£| or |£,/x| for its matrix. 

If |) = S/x8, = 8/x'S, then 


9 ) 9 ) = 8p.88p'8 = 8/x//8 = 8/x'/x8 = §'£>. 

Thus 

Theorem 197. Any two 9) transformations are commutable. 

Conversely, suppose that y = 8y.8 is a given § transformation; that 
the numbers p n are all different; and that A is any transformation com¬ 
mutable with y. If m = 8A8, then A = Sru-8. Also p = 8y8 . Hence 

vxft = 8A88y8 = 8AyS, fxw = 8y88A8 = 8yA8 ; 

and Ay = yA, by hypothesis, so that 


(11.3.2) 



If vr is 

then (11.3.2) implies 




2 c m,n Pn s n — Pm 2 C m,n s n 


for all ; and since ^ y, n when m ^ n, this implies that c n = 0 

when m ^ n. Hence m is a diagonal transformation, and A = 8m8 is an 
§ transformation. 

The condition on y is satisfied by the (C, 1) transformation. Hence 


Theorem 198. The class of § transformations is that of transformations 
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It is easy to determine the coefficients in any § transformation i 
terms of its /r n . For, using u n and v n as in § 11.2, we have t = Sr, i.e. 

'--S 

n=0 v ' n =0 ' ' 


where 


-2<-'>-(;)-2<- 1 ''C)«.»2^. 

n = 0 p = 0 'T* p^o 




771 




and so, writing 7 i again for 7 ;, 


Theorem 199 
(11.3.3) 
where 


n=0 ' ' 

The general § transformation is 


(11.3.4) X nun = (n < 77l), 0 (71 > 771) 


We shall write 

(11.3.5) 
so that 

(11.3.6) 


H-n.p = 


^m,n (0 ^ 77 ^ 77l) 


11.4. The general Holder and Gesaro transformations as <b 
transformations. We denote the (H, k) and (C, k) transformations by 
H (Ar) and O k \ as in § 5.9, and write H and C for H (1) and CP>: H (A:) is so far 
defined for k = 0, 1 , 2,... only, and H (A:) = H fc , i.e. the result of k repeti¬ 
tions of H. 

If A = S/aS, A' = S/a'S then 

AA' = S/aSS/a'S = S/a/a'S. 

It follows that H (Ar) is the <rj transformation corresponding to 
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On the other hand, it is not obvious that O k) is an £> transformation, 
even when k is an integer. We proceed to show that it is one, and to 
determine the corresponding /x„. 

In this case 


m 


(m -f- k\ 1 (in — n-\-k — 1 \ 

= ( * ) Si r" 




p =o 


p = 0 V ' ' <2=0'' 9=0 


where 




n 


r(P-g+fc) 


* r(,l+1 ) 2 ( ^"nn-p+ur^-a+ijr^+fc+i) 

Hn—g-j-A:) 


JJ = 9 

= (— l) M AT(n+1) 


= {—i)"kr{?i+i) 


l ( n —q){n + k) 

r(w—g+l)r(n+A:+l)l l(rc— q+k— 1)"*" 

(n— g){n—q— l) (tt+fc)(n+A;— 1) _ 

I .‘2(n— q-\-k— l)(w — q-\-k — 2) 

r(n—<?-!-&) r(-n+j-ifc+i)r(»+i) 


r(n-g+l)r(n+*r+l) r(-*+l)r(g+l) 



and the transformation is an 5) transformation with 

[n+ky 1 

Thus 


Theorem 200 . 

with 

(11.4.1) 


The H {k) and O k) transformations are § transformations , 


_ 1 




t By Gauss's formula for the sum of the hypergeometric series F(<x,fi ;y; 1), and the 
equation F(x)r{l — x) = it cosec xn. It is convenient to suppose k non-integral in making 
the calculations. 

t This is (9.6.9): the proof there was less direct. 
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Theorem 200 has been proved for all k for which we have defined the 

Holder and Cesaro means, i.e. for k = 0 , 1 , 2 ,... in the first case and 

k > ~ 1 in the second. It leads us naturally to define H ( *>, for non- 

integral k, as the £ transformation with fi n = ( n +\)~ k . We shall see 

later (§11.11) that the two systems of means are then equivalent for 
all k > —1. 

11.5. Conditions for the regularity of a real Hausdorff trans¬ 
formation. In order that the transformation 

(11.5.1) t =Tc s 

7 m Z* °m,n 6 n 

should be regular, it is necessary and sufficient, after Theorem 2 
(1) that 

(11 - 5 - 2 ) y m = 2 K,.J < k, 

n 

where K is independent of m\ (2) that 
(11.5.3) C m>n -0 

for every n, when m -> oo; and (3) that 

( 115 - 4 ) c m = l C m , n - 1 

n 

when m->oo. We have now to interpret these conditions, for an § 
transformation, in terms of /x„. We suppose fj. n real. 

If s n = 1 f° r all then u n = A ”s 0 and v n = [i n u n are 1 and /x 0 
respectively for n = 0 and 0 for n > 0, so that t n = A n v 0 = /x 0 for all n. 
Hence 


(11.5.5) 


2 _ 1X0 

n = 0 ' 


(as may, of course, be verified directly),| and (11.5.4) reduces to 
(11.5.6) /x 0 = 1. 

Thus the conditions (11.5.2), (11.5.3), and (11.5.4) are 


(11.5.7) 


(11.5.8) 


—nl <K, 


Mm — 2 

n=0 v ' 

^ 0 (» = 0 , 1 ....) 


(11.5.9) /* 0 =1. 

We proceed to analyse the meaning of (11.5.7), and to show that, when 
it is satisfied, (11.5.8) may be replaced by a simpler condition. 

t For example, 

^ ^ = (A + £)”>„ = in,. 
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11.6. Totally monotone sequences. In the sections which follow 
we shall be concerned with real sequences only. A sequence (</>„) will 
be said to be totally monotone f if 

(11.6.1) &P<f> n > 0 

for n — 0, 1,..., p = 0, 1. Thus 


A p 


P 


> 0, 


n +1 (n+l)(ra+2)...(n+ : p-J-l) 

so that the \x n of the (C, 1) transformation is totally monotone. If p n 
is totally monotone, then = A m - n /z n > 0, and 

(11.6.2) ^ = 2 (IK—= *>' 

by (11.5.5), so that (11.5.7) is certainly satisfied. Analogy with the 
theory of functions or sequences of bounded variation (an analogy 
which we shall find to be closer than appears at first sight) then suggests 
the truth of the following theorem. 

Theorem 201. In order that a real p n should satisfy (11.5.7), it is 
necessary and sufficient that 

(11.6.3) /A n = a n —P n , 

where a n and are totally monotone. 

It is obvious that the condition is sufficient, by (11.5.5), and we have 
to prove it necessary. 

We write ( Eu n = u n+1 and) 

E l U n,p = u n+l,p> E 2 u n.p = U nj>+1- 


Then 

(11.6.4) 

and 

(11.6.5) 
If 


P n>p = A*/z n = (E+A)A p fi n = A»/i n+1 +A*+y n 

— Pn+l,p-\-Pn,p+l — (-^1+^2 )pn,p 
\pn.p\ < Ipn+l.p | ~\~\pn,p+l I = (-# 1 +-® 2 )|/X n>p |. 


m 


,,LM > —2 - 2 Him..,...- 

then r ‘° V 1 


rl> 


r=0 


(u - 6 - 7) = 2 (?) ** ^ 

(11 ' 6 ' 8) = 2 (?)^i^r r i^ P i = (^+^)“i MniP i > i, 

r =0 ' 9 

'KZZZ& - «»> - “">• - 


n,P 
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by (11.6.4) and (11.6.5). Also 

( n -6.9) = M m < K, 

by (11.5.7). Now 

< (^i+^ 2 ) m+1 l^ >P l = < p>m+ 1, 

by (11.6.5), so that /x* pm increases with m. Also 

/4Um = (^i+^ 2 ) m K P l = 


< 


(« l + £i)»"^ ( ra +^)^n +P - p ^r| flo( 

r = 0 ' ' 


= (E 1 +E i r(E 1 +E i r^ Ko | = 

= / x 0.0,n+ P +m == -^n+p+m ^ 

by (11.5.7). Hence 


( 11 . 6 . 10 ) 


(4,p,m -> lim H'n.p.m = M* P » 




H-n.p ^ Mn, P 


say, when ra^oo. Also |/x nfJ> | = |/A n>p , m | < /x* p>m , by (11.6.7) and 
(11.6.8), and so 

( 11 . 6 . 11 ) 

In particular 

(H-h. 12 ) |^„| = l/i^o| < /x* 0 = 

say. 

Next H-n,p,m+l = (•^l“l“-^2) m 4 l |/ x n, P l ==: (■^lH“-®2)/ A n, P ,m» 
by (11.6.8), and so 

Mri.p+l.m = Mn.p.m+l l x n+\,p,m • 

Hence, making m ->co, 

h L n,p+ 1 = Mn.j? H-n+l.p = ^^n.p’ 

and so /x* p = A p /x* 0 = A p /x* Thus 

|A P /X n | = I H'n.p I ^ Mn, P = A p /xJ. 

Hence, finally, if we write 

a /i = + Pn = 2 (/^n Mn)* 

then /x n = ot n —ft u , A p a„ ^ 0, A p /? n > 0, 

which proves the theorem. 
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11.7. Final form of the conditions for regularity. We now 
assume that condition (11.5.7) is satisfied, and use it to simplify 
condition (11.5.8). We shall prove that (11.5.7) implies (11.5.8) for 
n > 0. When n — 0, (11.5.8) is 

(11.7.1) A> 0 ->0; 

and this, which is not a consequence of (11.5.7), must be kept as a 
separate condition. 

A sequence which satisfies (11.5.7) is the difference of two totally 
monotone sequences. It is therefore sufficient to prove that 

(u.7.2) 

when n > 0 and (/*„) is totally monotone, so that A m „ > 0. It follows 
from (11.3.5) and (11.3.6) that 

(™+l)\»,n = (m-n+ l)A m+1 ,„ + (n+ l)A m+1 „ +1 , 
or (w+IKA^h—A m+ln ) = (Ji+l)A m+ln+1 -nA OT+1 ,„. 

Summing with respect to n, and writing 

A m ,n 

we obtain 

(11.7.3) (m + l)(A™, w -A m+1 . n ) - (n-f-lJA^^ ^ 0. 

Hence A^ n decreases as m increases, and tends to a limit when m oo; 
and therefore A^ = A m>n — tends to a li m it l n . In particular 

Kn, o — A m 0 -> l Q . Also, for n > 0, 



n+1, 

^+1 n+1 ’ 


when m->oo, by (11.7.3), and £ Pm is convergent, so that L +1 = 0. 
Hence 


(11,7 ‘ 4) A„, i0 -> l 0 , (11.7.5) A mn -> 0 (n > 0). 

Thus (11.7.5), which is (11.5.8) for n > 0, is a consequence of (11.5.7). 

ut there is nothing to show that l„ = 0, and this condition, which 

is (11.7.1), must be retained. The sequence (1,0,0,...) is totally mono¬ 
tone, but here A> 0 = l for all rn. 
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We have thus proved 

Theorem 202. In order that the transformation (£, p) should be regular 
it is necessary and sufficient that (/x n ) should be the difference of two totally 
monotone sequences , that 

(H.7.6) A> 0 -» 0, 

and that 

(11.7.7) p 0 = 1. 

It is important to notice what follows from the main condition 

(11.5.7) alone, without the two subsidiary ‘normalizing’ conditions. 
We have then 

C m,0 \n ,0 *0, ^m,n = \n,n ~ > ^ (^ > 0), 

and 2 c m,n = Mo f° r a U Thus the conditions of Theorem 1 are 
satisfied, with 

So = *o, S n = 0 (n > 0), S = /x 0 . 

The transformation preserves convergence (belongs to X c ), and 

tjn Mo 5_ b^O ( 5 0 5 ) 

whenever s n -> 5 . 

The condition Z 0 = 0 excludes, for example, the sequence (1,0,0,...), while 
fx 0 = 1 excludes (2, 2, 2,...). Both exclude (2,1,1,...). The transformation defined 
by the second of these sequences becomes regular (in fact the identity) when 
y, n is divided by 2. In the third, A m /x 0 is 2 for m = 0 and 1 for m > 0; the trans¬ 
formation becomes regular if y 0 is decreased by 1. The significance of these 
supplementary conditions will become clearer when we have proved Hausdorff’s 
theorem about the integral representation of /z n . 

11.8. Moment constants. We call 

1 

(11.8.1) l x n = fx»d x , t 

0 

where x — x( x ) a rea ^ function of bounded variation in 0 < x < 1, 
the moment constant , of rank n, of x- We may suppose without loss of 
generality that 

(11.8.2) x(°) = °- 

If also 

(11.8.3) X(l)=l 
and 

(11.8.4) x( + 0) = X (0) = 0 

so that x( x ) is continuous at the origin, then we shall call p. n a regular 
moment constant. 

1 

t The function x° is defined at x = 0 so as to be continuous. Thus = J dX• 

1 o 
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If x{x) increases with x, then 

/*«,* = = J X n (l—x)P dx > 0,t 

so that fx n is totally monotone. Generally, if P(x) and N(x) are the 
positive and negative variations of *(0 in (0, z),.then x(x) = P{x)—N(x) 
and 

H-n = J j x n dN = * n —p n , 

where (a n ) and (fi n ) are totally monotone. 

The function x{x) may have an enumerable set of discontinuities, and 
the value of the integral (11.8.1) is not affected by any change in the 

value of *(:r) at a point of discontinuity inside (0,1). In particular we 
may suppose that 


( n - 8 - 5 ) x(*) = Hx(*-o)+x(*+o)} 

for 0 < a; < 1, in which case we shall say that all discontinuities of 

X{x) are normal . The expression of as a moment constant is then 
if possible, unique. 

This follows from 


Theorem 203. If 



= / d Xx = J z n d x 


2 > 


where Xi and x 2 are functions of bounded variation, vanishing at the origin 
and with normal discontinuities , then x x = * 2 for all x. 


It is sufficient to show that, if 


( 11 . 8 . 6 ) 


JVd x = 0 (n = 0 , 1 , 2 ,...), 


X(0) = 0, and X (x) satisfies (11.8.5), then x (x) = 0 for all *. It follows 
from (11.8.6), with n = 0, that x (l) = 0. Hence, integrating by parts, 

n J x n -} x (x) dx = 0 (n = 1, 2,...), 

and so J x* x (x) dx = 0 for n > 0. And if we write 


«*> = f X(t) dt, 

0 

and integrate again by parts, we obtain 

( 1X - 8 - 7 ) jx^x)dx=0 (ra = 0,1,2,...). 


4780 


t Here, when the limits of an integral are not shown, they are 0 and 1 

S 
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Since $(x) is continuous, there is a polynomial Q(x) such that 
\4*—Q\ < € for 0 < x < 1. Then, by (11.8.7), 


if; 2 dx — J iPQ dx J ip{ip—Q) dx = j Q) dx ^ e j \ip\ dx, 

and so, since € is arbitrary, J 0 2 dx = 0. Hence 0 = 0 for all x; and 
hence * = 0 at all its points of continuity. Since these points are dense 
in (0,1), and x( x ~ °) and y(a:+0) exist for every x , it follows that 
x( x 0) = x(z-f-O) = 0; and therefore by (11.8.5), that x( x ) = 0. 

We now interpret the conditions (11.8.3) and (11.8.4) in terms of 
p n . First, it is plain that (11.8.3) is equivalent to y 0 = 1, i.e. to (11.7.7). 
Next 



A m o! 0 = J (1— x) m dP , 


A"'/? 0 = J (1—a;)"‘ dN 


are non-negative and decrease as m increases, so that 


A m a 0 ->a ^ 0, A m p 0 -> 6 > 0, A> 0 -> a-b. 


We can choose t? so that 0 < rj < l and P(rj) < P( + 0)+e; and then 

v 1 

A m oc 0 *Z jdP+il-^jdP^P^ + il-TtrPil) <P( + 0) + 2e 

0 v 

for sufficiently large m y so that a < P( + 0). 

On the other hand, 



for r] < r)(€,m). Hence A 777 ^ > P(+0), and so a > P(+0). 
Thus a = P(-f-0), and similarly b = iV(-f-O). It follows that 


A> 0 -> P(+0)-N(+0) = x (+0); 

in particular (11.8.4) is equivalent to (11.7.6). 

Summing up, we have proved 

Theorem 204. Any moment constant y n is the difference of two totally 
monotone sequences. The moment constant of an increasing x * s totally 
monotone. 

Theorem 205. In order that a moment constant y n should satisfy the 
conditions of Theorem 202, and so define a regular 9) transformation (|j, y), 
it is necessary and sufficient that y n should be regular. 


11.9. Hausdorff’s theorem. We now prove Hausdorff’s funda¬ 
mental theorem, which shows that the results of Theorem 204 are 
reversible. 
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Theorem 206. If ( fi n ) is the difference of two totally monotone sequences 
(a n ) and ($„), then y. n is a moment constant. 

It is plainly sufficient, after § 11.8, to prove 

Theorem 207. If ( fx JX ) is totally monotone , then y n = J x n dx, where 
X{x) is an increasing and bounded function of x. 

The proof depends upon an important general theorem of Helly: if 
XflfaO * s a sequence of increasing functions of x, uniformly bounded for 
1, then there is a bounded increasing function x( x )> and a sub¬ 
sequence (q.) of values of g, such that Xq( x ) -> x( x ) when q -> oo through 
(?<)• 

We define x q i x ) hy 

x a (0) = 0, ^)= o< 2 2 (!)^-« (0 <-<!)• 

Then X qi x ) increases with a;; and (11.5.5) shows that *<,(1) = y. 0> so that 
X g (x) is uniformly bounded. 

It follows that 

H-o = X,(1)-X,(0) = lim{x„(l)- x?i (0)} = x (l)- x (0) = J d x . 

If n > 0, then 


Pn H-n.O — Mn.l+^n+1,0 — Mn, 2 +Vn+l.l+Mn+2,0 

q~n 


- - 2 ("I*)-....-. 


k—0 

for all q ^ n. This is 

V* (n-f&)!(g— 7i —*)! 

*4* k\iq—n—k)\ 


k =0 


?! 


UJ 


H’n+k.q-n-k 


__ V (g—n)!(tt-ffc)! 


2 

A -=0 

7 


X:! a! 


(,U) 


= V (g—ft)!$! /g\ 

^ * n * 2< g!( 5 -n)! 


= Y ^- 1 )-(^- yi +i) M r = y a(j-i)...(g-w+i) /g 


s ^g(g—i)-..(g“-^+i)W^‘ 9 


g(g !)•••(? — n +1) 




s 


(the terms added being all zero). 

We divide (0,1) by points ,r 0 = 0, *,. *, = 1, suppose q large 

enough to make qx 1 >• n, and write 


2 


qxi<s^qx l+l 


s(s—l)...(s—n+ l) (q\ 
q(q~i)...(q-n+i) \ s r $ «- s ' 


so that 


H-n = 


iV- 
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Then, since 


we have 




(l > 0), 


(11.9.1) 


g(g—l)-(g—n +1) '* a( ,+l) Xtl x i» 


sC < 

Hence, first, 


1)...(3^ +1 g 

?(?—!)..■(?—n+1) 


{x«(*/+i)—%(*i)}.t 



^ig(t w ?-l)...(a:, 4 ,j-ii+l| 

g(g— l)...(g—»+l) 


{x«(*m) -%(*/)}• 


From this, making g-»oo through an appropriate sequence {q ( ), we 
obtain _ rl 

/*»<**“ y <*2 a ?+i{x(*i+i)—*(*,)}• 

<Z=g,-*» Z=o 1 = 0 

We can obtain a lower bound for y n similarly from the first of the 
inequalities (11.9.1); and so 


(11.9.2) y*f{x(z /+1 )-*(*,)} < p n ^ RiteJ-*)). 

* = 0 l = o 

But the Stieltjes integral J x n d\ is the commoti limit of the two sums 
in (11.9.2) when r tends to infinity and the largest interval (x l} x l+1 ) tends 
to 0; and therefore y. n == j x n d\- The integral is not affected by any 
change in the value of x a t its discontinuities inside (0,1). We may 
suppose that they are selected so as to normalize the discontinuities. 
We can now resume our results in 


Theorem 208. (i) In order that (§, y) should be a regular £ transforma¬ 
tion , it is necessary and sufficient that y n should be a regular moment 
constant, (ii) In order that (9),y) should be a convergence preserving 
transformation it is necessary and sufficient that y n should be a moment 
constant. 


In the general case the variation of Xq(t) in (0, x) is given by 

*5(0) = 0, V q (x)= ^ (J) I/**-.I (0<*<1); 

t This is obvious if l > 0. If l = 0, then the first member in (11.9.1) is 0, while the 
terms of the second are 0 for a < n — 1, and the remainder non-negative and not greater 
than the corresponding terms of the third, whose terms are all non-negative. 
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and the variation of x (t) = lim Xqi {t) in (0, x) is V(x ) = lim V Qi (x). For it 
is easily shown that, if 0 < a < 6 < 1, then 


/ \ d x\ < lim j \d Xa ,\. 


On the fcther hand, 

i 


a 


0 «-0 ' • 




* Q J 

= J \ d x\- 

The functions V q and V are derived from |/*^_ a | as Xq and * are derived 

from p SfQ - B . Thus V corresponds to the p* of § 11.6 as x corresponds to 
fi n , and 

/*5 = J x n dV = J *» dP + J dN = <x n +p n . 

Any expression x = 6-j> of x as the difference of two increasing 
functions corresponds to an expression = Pn -„ n G f Mn as the 
difference of two totally monotone sequences. The decomposition 
X = P—N is the ‘least’ in the sense that 9 = P-\-to, <j> = N+w, where 

o> is an increasing function; and the decomposition p n = « n _ p n is the 

‘least’ in the sense that the components p n and <r„ of any other decom¬ 
position are of the forms Pn = «„+£„, <r„ = £„+£„, where £ n is totally 
monotone. J 

It is instructive to follow out the construction of * in a few simple cases. 

« If,/*» - 1 for aU n, then A rJ is 0 for a < p and 1 for a = p- v is 0 for 

° 1 aDd , 1 for x = *> for every q; and x is the same function. 

( u ) — ( n +l) 1 then, for 0 < s < p, 

1 Pl (p—s)!s! 1 


™ sl(p-s)l 


A = 


«+l «!(p—*)! (p-f-l)j p+V 

x „(0) = o, *,(*) = (I 


r+l \ 

< « < —, * > o). 


and 

The limit function x is x. 

„ = = r(fe+i)r(n+D 


(iii) If 


' k ' r(n+A+l) 

where k > 0, then a straightforward calculation gives 

= -(*■£*)-(•- w+ *- 1 ) 

•<« ; v k ’ v * /» 


Pn = j X n d X = k J X n (\~x)^dx. 


and 
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(iv) If fi r ^ a”, where 0 < a < 1, then 

X«(°) = °» XqW = ^ (^)^*( 1 cl)^~ s (0 < x < 1). 

It follows from Theorem 138 that x is 0 for 0 < x < a and 1 for a < x < 1. 

It is sometimes convenient! to modify the definition of slightly. We 
defined Xq {x) as a step-function which has a jump A^ r at x = rfq. We may 
eliminate the discontinuities by straight lines connecting the angles of the graph. 
This process gives a X a (a?) continuous except perhaps for x = 0, where it has 
a jump A,j >0 , and with a derivative q\ tT for (r—l)/q < x < rfa; and it is plain 
that X <7 (or ) —> x (x) when q —> o o appropriately. 

11.10. Inclusion and equivalence of £ methods. The general 
problem of the inclusion or ‘relative strength’ of two £ methods is 
difficult, and its solution, which has been effected all but completely 
by Rogosinski and Fuchs, depends upon the study of the ‘Mellin trans¬ 
forms’ M(z ) = j t z dx(t), associated with the methods, for complex z. 
The problem is much simplified if the moment constants p n and y! n of 
the methods do not vanish for any n; and we confine ourselves to this 
case, in which the solution can be stated very simply in terms of p n 
and p' n .% 

In what follows, then, we assume that 

(11.10.1) 0, p' n ^0 (n = 0,l,2,...). 

If the transformations are A = 8/xS, A' = S/x'S, then 

8^8.A = sis.S/xS = S-fiS = SS = I, 
the identity. Thus 

A- 1 = A' = S/x'S, A'A- 1 = S/S.sis = S^S, 

fj, p \X 

so that A'A -1 is the £j transformation formed from p n /p n . But, in order 
that (£j,/x') should include (£j,/x), it is necessary and sufficient that 
As -> l should imply A 's = A'A -1 (A$) -> Z, i.e. that A'A -1 should be 
regular; and this is so if, and only if, pjp n is a regular moment constant. 

Theorem 209. Suppose that (£, p) and (9),p) are two regular § methods 
subject to (11.10.1). Then, for (£>, p') to include (5rj,/x), it is necessary and 
sufficient that pjp n should be a regular moment constant. For the two 

f See. for example, § 11.16. 

% If (§, jx) and (§, fi') both sum a series, then the sums are necessarily the same. 
For if t m = £js n , t' m = 9) 8 n aro the rneans of s n corresponding to the two methods, 
and t m -> s, t' m -> s', then 9)'t m = S^lin by Thoorom 197 -> sand$j/m -»• s ‘> because 

the methods aro regular; and therefore s — s'. Thus any two regular § methods are 
‘consistent’ in the senso of § 4.2. 
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methods to be equivalent, it is necessary and sufficient that yjy n and yjy n 
should both be regular moment constants. In particular , for (§,/x) to be 
equivalent to the identity, it is necessary and sufficient that y n and l/y n 
should both be regular moment constants. 

In the next section we apply Theorem 209 to some important special 
cases. We make repeated use of the simple theorem which follows. 

Theorem 210. Sums, differences, and products of moment constants are 
themselves moment constants. The product of two regular moment constants 
is a regular moment constant. 

The assertion about sums and differences is obvious, and we need only 
consider products. First, 

= y n Ap n “f-A/x n •/ z n+l> 

xbn ~ A 2 /z n -{-2A/i, n Ap n+1 -{-A 2 /x n .p n+2 ,..., 

so that A p y n ^ 0 and A p y n ^ 0 imply A p y„ y n ^ 0. Hence the product 
of two totally monotone y n is totally monotone. 

Next, if y n and y n are moment constants, 

Mn Mn a n a n T fin fin a n fill “n^ni 

where <x n ,... are totally monotone. Hence the product of two moment 
constants is a moment constant. 

Thirdly, y 0 = 1 and y 0 =l imply y 0 y 0 = 1. 

Finally, we have to show that A™u 0 0 and A m y 0 -> 0 imply 

/*<)“*■ 0, and it is plainly sufficient to prove this when y n and y' n 
are totally monotone. Now 

= S (TKoA-v; = I + i 

^ \ T J r — 0 r~R+l 

say. We can choose R so that A r y 0 < e for r > R, when 

^ «2 = «£, 

r=0 ' ' 

by (11.5.5); andiS^ 0 when R is fixed and m -> co. Hence A m y 0 y 0 -> 0; 
and this completes the proof of the theorem.f 

11.11. Mercer’s theorem and the equivalence theorem for 
Holder and Ges^ro means. If A and A' are two equivalent £ methods 
(£,p.) and then we write A = A'. In particular we write A = I 

f Alternatively we might have used Theorem 208. 
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when A is equivalent to the identity. Plainly A (1) A (2) ...A (r) = I if A«== I 
for 5=1, 2,..., r. 

If 

(li.ii.i) an+1 “ B ~ a 1 


_ OLU-\-l _a fi— a 

Fn pn + l~p' ] JTfa+l’ 


where a and 0 are positive, then either n n or («/£)— /* n is totally mono¬ 
tone, Pq = 1, and A m /x 0 -> 0, so that fi n is a regular moment constant. 
Since the same is true of A = I. The transformation 

= a» m +(l- a )fg± £i . + -+^ 

m- f-1 

of § 5.9 is the £ transformation corresponding to 

1—a an+1 

— “ + n+1 ~ n+1 ’ 

and \x. n and /li" 1 are both regular moment constants. We thus obtain 
another proof of Mercer’s Theorem 51. 

If fi n + 0 for all n, and fi' n is a finite product 


Fn Mn fj o* ^ - H-nU^n. 


where the a and /S are all positive, so that A (8) = I, then [x' n /fi n and iijn’ n 
are both regular moment cohstants, and A' = A. If k is a positive 
integer, and 

1 , /n+&\ -1 k\ 

k 


Mn = 


(M-l)*’ 


, /n+&\ -1 

"-“l * J = 


then 


Abt 

Mn 


(n+l)(n+2)...(n+^) > 
2n+2 3n+3 kn-\-k 


n + 2 * n+3 * *’* n-\-k * 

and each factor is of the form (11.11.1), so that A' = A. This gives 
another proof of the equivalence theorem (Theorem 49). 

We defined Holder means of non-integral order in § 11.4, and it is 
natural to ask whether the equivalence theorem can be given a corre¬ 
sponding extension. 

Theorem 211. The (C, k) and (H, k) means are equivalent for k > — 1. 
We have to prove that 




a 


(k) 


n 


= 4 = («+!) 


pif> 


-ft) 


are regular moment constants. Since 


P ( n k) _ 


71 + fc+l 


P ( n k+1) 


(&+l)n+A;+l ’ 
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it is sufficient to prove this in some interval s < k < s-f 1 of values of 
1% where s ^ — 1 and, since integral values of k are already accounted 
for, we may suppose that 0 < k < 1. Now 


( 11 . 11 . 2 ) 

where 


A k> 


= (rc+l)*- 1 r< r(t+I+i) 2) = r (t+!) + (" +1) 1 - 1 


a 


n ’ 




/ 


nfc -2 


dx, 


so that u n is a moment constant. Since (ti-j-l)*-' -1 is also a moment 
constant, it follows from (11.11.2) and Theorem 210 that p™ is a moment 
constant. 

Secondly, p l 0 k) = 1. Finally, u n is the moment constant of an abso¬ 
lutely continuous so that x(-fO) = 0 and A w m 0 0; and («-}- l)*-i 
satisfies the corresponding condition. Hence A m p i 0 k) -> 0 , and is a 
regular moment constant. The proof for is similar. 

We may prove in a similar way that the (C.A) and (H,*) methods are 
equivalent to the 9) methods corresponding to either of 

_ r(fc-fa)r(n_f-a) / a \* 

r(a)r(n + ^ + a)’ 

for any positive k and a. Or again we may provo that 

( n + a t p )l( n + a \( n +P\ - r(«+i)ro s+1) r(n+«+j8+i)r(n+i) 

' «+? //V a A P J r(a+/S+l) f(^+ a+ i)r(n+j5+l) 

and its reciprocal are regular moment constants, and so complete the proof of the 
theorem stated in the note on § 6.8. r 

It is also interesting to work out the actual expressions ofp<*>and as moment 
constants. Suppose, for example, that k is integral. Then the formal solution of 


(11.11.3) 


IS 


Pn ■(n+l)(n + 2)...(n + A-) “ J * d * = J c d< f> 

o 0 

c-Moo 

*«>-£/. 

c— 


Tv — ds; 


(*+l)(« + 2)...(« + fc) a 


and the integral may be calculated as a sura of residues. Wo find t hat 

(11.11.4) #0)-0. *+0)-*,. ^(0 = e-.(|)V(l-a-<)*) (, > 0 ). 

a form of which may be verified directly. 

Similarly we find that op is expressible by an integral with 

*0,-0. *♦„-£. . 
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These formulae remain true for non-integral k if the operation of differentia¬ 
tion is interpreted appropriately. Thus (11.11.4) still holds for 0 < k < \ \S k\ 

is replaced by r(fc-f 1) and the derivatives are defined in the manner of Riemann 
and Liouville. 

It should be observed, finally, that we have shown that the Holder and Ces&ro 
means are equivalent in the range — 1 < k < 0, when neither is regular. 


11.12. Some special cases. (1) For the (H, k) method, with k > 0, 



1 1 

(n+l)k-T(k) 




Here x , the integral of <j >, is absolutely continuous. 
(2) For the (C, £) method, with k > 0, 




and x (x) = 1 — (1— x) k is again absolutely continuous. 

(3) These examples suggest that the ‘strength’ of an $j method will 
depend upon the ‘smallness’ of p n , increasing as p, n becomes smaller. 
But this principle, though valid up to a point, must not be interpreted 
strictly, the relations between two moment constants which govern 
their relative efficiency being of a more subtle character, f 

Thus [i n = a 71 , where 0 < a < 1, corresponds to the method (E,g) 
with q = (1 —a)/a, and tends to 0 more rapidly than any (n.+1) — but 
it is not true that (E, q) includes (C, k), even when q is large and k small. 
The two methods are in fact ‘incomparable’. Suppose, for example, 
that k = 1. Then it is easy to verify that, if/x n = {n-\- 1) _1 and p! n = a n , 
neither of p n = p- n /n' n and a n = iij^n is a moment constant. This is 
obvious for p n , since p n oo, and we need only verify it for cr n . 

If o n — (n+l)a n were a moment constant then (since a n is one) we 
should have 


na n = j x n d x = x( 1 )— 71 j £ n-1 x(*) dx = n j 
for n > 0. Dividing by n and replacing n by n+1, we obtain 

i / s-WD-*(*)}& = / x n d \i ^ 0)» 


dx 


where X \ absolutely continuous. But a n = J x n d x2 , where X2 is 0 in 
(0, a) and 1 in (a, 1), and the dual expression of a n contradicts Theorem 
203. We thus see, as we have proved directly in § 9.8, that there are 
series summable (C, 1) but not summable (E, q) for any q. The argument 
is easily adapted to any positive k. 

t See the remarks at the beginning of § 11.10, and the notes at the end of the chapter. 
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(4) If fj. n -> 0 too rapidly, it cannot be a regular moment constant. 
This is shown by 

Theorem 212. There is no regular moment constant y n such that 
c n t 4»| -> 0 for every c. 

If y n is a moment constant then 

( 11 . 12 . 1 ) m „ +2 = J x"+*d x = x (l)-(n+2) J x'+'xdx 

= x(l)-(»+2)xi(l) + (n+2)(m+l) J x” Xl dx = (n+2){n+l) j xdx, 
where 


(11.12.2) <j,(x) = Xx(*)—Xi(l)+(1—^)X(I). Xi(*) = J X(t) dt, 

0 

so that <f>{x) is absolutely continuous. We consider the function 

/(«,-) - r dx 

J iv—x 

of the complex variable w — u -f- iv. We have 

fM = f 4,{ X ) y -£L dx = y _ e*±i _L_ 

J ^ w »+i Z, (w+2)(n+l) w n+1 

for large w, and the series is convergent for all w 0. Hence f(w) 
defines an integral function of \/w\ in particular it is regular on 
0 < w < 1. But, if 0 < u < 1, then 


(11.12.3) 


1 

2t ri 




v<p{x) 


dx <f>(u) 


r—u) 2 +v 2 

when v -> +0; and so <f>{u) = 0 and fi n = 0 for n y> 2. 

Also 4>'(x) = 0 for 0 < x < 1, and therefore, by (11.12.2), 

xW—x(i) = o 

for almost all x, so that 


~ j x dx = x(l)— J x dx = 0. 

Thus the sequence is Mo , 0, 0 ,...; and this is not regular, whether 
Mo _ 0 or /x 0 ^ 0, since either (11.7.7) or (11.7.6) is violated. 

^ follows from th© l&sfc rGiruirk tVjaf «\_\ • 

It is easily verified that — ( •) is not a moment constant. 

A*1 i_g? , P a fr- D 3 1 r 

0 ! p\ \ ij» 2 ! _ i r (l), 

where L p (x) is Laguerre’s polynomial. It is known that 

£ r (]) = c i 77--ip-l C os(2p*-f 7r )-j-0(p-!) 

for large p, so that A r // 0 is not of fixed sign. 
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It is simpler to prove that a totally monotone fi n satisfying the condition of 
Theorem 212 must vanish for n > 1. For if= J x»d x and x is an increasing 
function not constant in 0 < x < 1, then there is an interval (a, b) in (0, 1 ) for which 
a > *(&) —X(°) — <*> > 0; and /x n > cua n . 

11.13. Logarithmic cases. We now consider a form of/z n which 
leads to an <q method included in and weaker than all the (C, k) methods 
of positive order. If a > 1, l > 0, then 


CO CO 

--L I g{n+a) dt _ 1 f 

Oog(n+«)JI m J 6 dt - W) J 

0 0 


t 1 - 1 


(n+a) 1 


dt 


00 


-A/ 


t 1 - 1 dt 


CO 


CO 


rw 

o o 


J U l-l e -in + ayu du = J e-< n+ i )u ip(u) du = j z n <f)(x) dx, 


o 


o 


00 


where 


*& = +( i°4)’ + {u) = e Sr ) \ ^ dL 


t»r (1)J m 

o 


(11.13.1) 


The inversions are legitimate because all the functions are positive. 
It follows that 

- y&j' <«>'•<>»> 

is a regular moment constant. 

It is not difficult to prove that these methods are weaker than (C, A:) 
or (H, k) for every positive k, but the details of the proof are a little 
tiresome. Let us suppose for simplicity that 1=1, and assume that, 
as was stated near the end of §11.11, (H ,k) is equivalent to the H 
method with 


(11.13.2) 


!X ' n (»+*) ' 


We have to show that, if /x n and ^ are defined by (11.13.1), with 1=1, 
and (11.13.2), then /z^//z n is a regular moment constant and nJn-n * s 
not. The second assertion is obvious because /x„/Mn -> co. On the other 
hand, 

d 
dk 


N- k \ogN = 




and it follows from this formula, with N = n-\-a, that (n-\-a)~ k \og(n-\-a) 
is a moment constant. Thus ix f n /fjL n is a moment constant, which is 

plainly regular. 

Since fx n -> 0, p” 1 is not a moment constant. It follows that the 
methods sum some divergent series. 
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11.14. Exponential cases. It is also interesting to define regular 
methods (£,/x) stronger than any method (C, k). In such a case p n must 
tend to 0 more rapidly than any power of n; but we have seen in § 11.12 
that it must not tend to 0 too rapidly. It is natural, after the examples 
of §11.12, to consider the case p n = e~ An<x y where A > 0, 0 < a < 1. 
We prove 

Theorem 213. If A > 0, 0 <a < 1, then p n = e- An * is a regular 
moment constant corresponding to an increasing x- 

If p(y) = e~ A v a = e -* v \ then i/ > 0, y" < 0, v" > 0,..., and so 

p' = — e~ v v < 0 , p" = e - v (v' 2 —v") > 0 , 

p!" = < 0 ,..., 

so that the successive derivatives of p alternate in sign. It follows that 
p n is totally monotone, and 

(11.14.1) /*» = J d*, 

where * increases with t. Also *(1) = p 0 = l. Hence, in order to prove 

the theorem, it is only necessary to show that A m p 0 0, or, what is 

equivalent, that x(+°) = y(0). 

Since p {1) (n) = p{%n) is also totally monotone, 

p{\7i) = pW(n) = J u n d^ 1] (u) = j 0” dx^it*), 
with an increasing x* 1 *; so that 


( 11U - 2 ) y{n) = J 

for n = 0, £, 1, l 2,.... We may suppose x and *«> normalized, and 
en, comparing ( 11 . 14 . 1 ) and (11.14.2), and remembering Theorem 203 
we see t at (<*) = x ((). Hence (11.14.1) is true whenever n is an 
integral multiple of £. Repeating the argument, we see that 


(11 ' 14 ' 3 ) n(y) = j O' d x (t) 

whenever y is an integral multiple of £, of £ of i 
continuity that it is true for all positive y. Finally, . 

= (/ + jh-ndx > (1-8*){ X(8 ) 

' 0 s • 

for 0 < 8 < 1 , and therefore, making S -> 0, 


It follows by 


-X(0)} 


x(-f 0)—x(0) ^ p{0)—p{y). 
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Since p(y) is continuous, it follows, on making y 0, that 

x(+°) = x(°) = 0 ; 

and this completes the proof of the theorem. 

The function %(t) is absolutely continuous; thus 


CO 


y(y) = / t v <f>(t)dt = J er* u ili(u)du 9 


0 


u 


and there is no difficulty in finding explicit analytical expressions for ib(u) and 
Thus 


<f>(t) = A -1 1 ^logy^ e -A'l (*logi/t) 


when a = When a = J we can show, by the use of Liouville’s formula. 


CO CO 


I J e- u -»- n l( u Vu-iv-idudv = 


that 


</>(*) = *~ty( lo gj)» 


A* 


=2 


iP(u) = — 

where K v is the real cylinder function of the third kind. Generally, the inversion 
formula for Laplace transforms leads to 

(-AY u-*e~ l 1ST, sinan7rr(l +ap) 

---L =- -- =-> ( — Ay -—--—— £L' u -*v-\ = u~ l W(u~ a ), 

p! F(— <xp) TT Z-i pi 

where W is an integral function. 

We conclude this section by proving 

Theorem 214. The method (5,/x) of Theorem 213 includes all (C,k) methods. 

We take A = 1, a = £ to simplify our formulae; the essentials of the proof 
are not affected. We begin by proving that 


- - (=?)’•-' 


is a regular moment constant for any integral k and sufficiently large a = a(k). 
We write 


p(t) = 


v(t) = A — k log 


t ~\~Cl 


a 


Then 


(-I)-V-(O = 1 •»•••<» 


where 1.3...(2p —3) is to be interpreted as 1 when p = 1. The right-hand side 
will be positive for p = 1, 2,... and all positive t if 


(*+a) 2p 


tip 


-x 


> {2/fcVTT 




V) \ 2 
-4)/ * 


r (p-h) 


The minimum of the left-hand side, for varying t, is (2p) 2v (2p— l)~- p+l a > 2pa, 
while the right-hand side behaves like 4k 2 -rrp for large p. Hence ( — l) p V p, (0 > 0 
for p = 1,2,..., t > 0, when a is sufficiently large. It follows, by the argument 
used in the proof of Theorem 213, that p n is totally monotone. Also p 0 = 1, anc * 
we can prove, as there, that A m p 0 —> 0. Hence the method (§»/>) is a regular 
method when a is sufficiently large. 
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Finally, as in § 11.11, 



defines a method (£,cr) equivalent to the identity. 


Hence 


T n = Pn<* n = (n + 1 )*«"»* 

is the moment constant of a regular § method; and hence the method (§,u), 
with fx n = e~ ni , includes all (C,fc) methods. 


11.15. The Legendre series for x (x). We return to the proof of 
§ 11.9, in which x {x) is constructed as the limit of a sequence of step- 
functions Xq {x). It is interesting to have other analytical expressions 
for X (x), and one of the most natural is its expansion as a series of 
Legendre polynomials. We suppose that ^ is a regular moment 
constant, so that *(0) = *(+0) = 0 and *(1) = 1. If we write 


t = *(1+*), x {t) = Q{ X ), 
so that — 1 < X < 1 and 

-_/ pr)*"- 

then 6 is of bounded variation, and continuous at x = —1; and its 
Legendre series 2 c m P m (x) converges to £{0(a;—O)+0(z+0)} for 
— 1 < x < 1, to 0 for x = —1, and to 0(1 — 0) for x = 1 . 

The coefficients c m are given by 



(m+J) | 0(x)P m (x)dx = (m+i)m m (l)-(m +i ) f^ m{x )de. 


where 

Thus 

(11.15.1) 




l ~~i j (1 +x)dQ =1— J td x = 




(11.15.2) c m = -(*+*) / *r m (x) de = -(*+« j vr m (3t-i)d x 

1 0 

for m > 0. Now 


(11.15.3) 

and 


2t~l t 

OT m( 2< -l) = / Pju)du = 2 J i > m (2u)-l)(? U) 

"“1 a 


P m {2w —1) = (_ 



w+1 w 


(m-M)(m-f-2) m(m— 1) „ 

t o- — w* 
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where c 0 = p 0 —p x and 


x(0 = 2c m P m (2*-l), 


<+ = 2 (— 
for m > 


-1 y-'im+ilL, i (”t+l)(m+2) m(w-l) ft . ] 

l 112 1.2 1.23 j 

0. 


If X is absolutely continuous, x ' = <£, and ijj(x) 
the Legendre series of ifi(x) is £ a m P m (ar), where 


‘WM !+*)}> then 


a 


m 


2771+1 


= (-i) 


m 


*=i ' * A*y ^ (»-*)!(*!)«• 


k =0 


11.16. The moment constants of functions of particular classes. 

It is natural to ask when y will be a function of some special class; for 
example, when it will be absolutely continuous, when it will be the 
integral of a function of the Lebesgue class I/, and so on. We confine 
ourselves here to one theorem whose proof is simple. 

Theorem 215. In order that 


(11.16.1) 


Pn = j X n <f>(x) dx, 


where </)(x) is 17 , with r > 1, in (0, 1), it is necessary and sufficient that 


(11.16.2) 


(P+l) r - 1 2 \* p J r <H r , 

s =o 


where Ap ># is defined by (11.3.4), and H is independent of p. 

We observe that (11.16.2), by Holder’s inequality, implies 

I \ X P J < H, 

so that a p n satisfying (11.16.2) is certainly a moment constant 
(a) The condition is necessary. For 

K,s = (^j j **(1 —x)»- s <t>(x)dx = J PptS (x)(f>(x)dx, 

where p Pt3 (x) = p )a^(l— x)p~ s , so that 2 P Pl8 ( x ) = 1 and 

\8J 8=0 

p\ s '-(p— 5)! 1 


/ Ppjx) dx = 


Cp + 1)! p +1 
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Hence, again by Holder’s inequality, 

l^,sl r ^ {J* p PtS (x)dx J 1 J p PtS {x)\<f>{x)\ r dx, 

(2>+l)'- 1 |VJ' < / P P JX)WZ)\'dx, 

(p+1 ) r ' 1 .l 0 i^i r < / w*)i r { X p » jx) ) dx = I itwi'J*- 

(b) The condition is sufficient. We define Xp (x) as in § 11.9, but with 
the modification indicated at the end of that section, f Then 


Xp(*) = pK, s (a = 1,2,... >:P ; l_i 

\ p 


< x < 


?)• 


/ = pr- 1 2 i^r < #>■, 

S=1 


by (11.16.2) It follows that there is a subsequence ofy>, and a function 
9 °i such that x' p -> <f> weakly and 

C x 

f <Ht) dt = iim f x ; ( t) dt = lim{ Xfl (x)_^( +0 )} = x (*)-lim A,.,. 

But (p+ljr-ll^lr < H 80 that ^ . 


-> 0 and 

f 1 

x (x) = J f(t) dt, ( t n 4>(t) dt. 

0 0 

r ft Ta W ° rk f’ ^ the a PP ro P riate modifications, in the limiting case 
y shoiddt*Tlttt +1 w^ < u R 83 a neCessary and sufficient condition that 
thVcte ^r. a bOUnded Ther ° - “y simple 

11.17. An inequality for Hausdorff means. In this section we 

fneouahr U ** uh * M includes a considerable number of special 

sunnose 1 ® a, lmportant m the theor y of functions of the class I/. We 

is tot»n * mCreaSeS> * (1 > = >- and X(0) = x (+0) = 0, so that u„ 
is totally monotone and the method is regular; and that 

(11.17.1) 


t 


m 


-SQ 

n=o x 7 


f^n.m-n s n 


is the Hausdorff mean of a positive sequence (s ) 

Theorem 216. //s„ > 0 , r > 1, then 

(11.17.2) I«. < ( J <**)' 2 < = H(r) 2 4, 

unless s„ = 0 /or all n or the transformation reduces to the identity. 


4780 


t Using however, instead of X 

T 
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It is naturally supposed that J *£ and J d x are finite. The 
integral is not a Rieraann-Stieltjes integral, since x~^ r is not bounded, 
and some generalization of the definition is required. We may define 
it either as one of the general ‘Lebesgue-Stieltjes’ type, or as the limit 
of a Riemann-Stieltjes integral over (e, 1). The second point of view 
is the more elementary, but we adopt the first for the sake of concise¬ 
ness. The constant H(r) is the best possible, but we shall not prove 
this here. We write 


(11.17.3) e m 



where 0 ^ x ^ 1 and y = 1— x. Then, by Holder’s inequality, 


(11.17.4) 

and so 

(11.17.5) 




^ (2 cb-p = 2 (:)*-« 





for 0 < x < 1. Now 


n n 


(11.17.6) t m = J { J = J ejx)d x . 

Hence, by (11.17.5)—(11.17.6) and a form of Minkowski’s inequality, 

(11.17.7) (2 C) 1,r / (I e'jV'dx < {H(r) 2 4} 1,r - 

This is (11.17.2), but with for * <\ 

There is inequality at the first stage of (11.17.7) unless 


e m(*) = K m<K x )> 

except in a set S of x in which the variation of x is 0. We must distinguish 
the cases in which the complementary set S' includes (a) an infinite 
number, (6) only a finite number of points. In case (a) e m (x) = 
for all m and an infinity of x; in case (6), x i s a step-function. 

(a) In this case we write e m (x) in the form 

(tflX 

ejx) = (1 -x+xErs 0 = (1— xA) m s 0 = V (~ 1 )*( k )*&■*** 

k^O ' ' 
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If S[ is the first s n which is not 0, then e m (x) ~ 0 for m < l, and 

«l(*) = (— 1 Y^MSq = 

*1+ 1(») = (-l«i+I)x»A% 0 +(-l)'+V+W+^ 0l .... 

Now e t (x) = K^ix), e /+1 (x) = K l+1 <j>(x) in S', so that K t =£ 0, K l+1 ^ 0; 
and the polynomials K l+l e t (x) and K t e l+1 (x) are equal for an infinity of 
values of x. It follows that <j>(x) is a multiple of z*, and A m s 0 = 0 for 

m > l. Hence s n is a polynomial in n, which must be zero because 
2 is convergent. 

(6) If x is a step-function with jumps <x k at x = x k> then x k ^ 0 (since 
the method is regular) and t m = £ «*«*(**)• Also 

(11.17.8) (X*)*<| *{2 ««*>}* 


< I **’"^(l ^) Vr = (2 J *-* d x , 

by (11.17.7) and (11.17.5). There is inequality in (11.17.4) unless either 
all the s n have the same value c, or a: is 0 or 1. Since x k # 0, and T s' n 
is convergent, it follows that there will be inequality in (11.17.8) unless 
either all the are 0 or aU the x k are 1. But in the second case x (x) is 0 

or 0 < x < 1 and 1 for x = 1, and the transformation is the identity. 

Examples. (1) If * = 0 for 0 < x < a < 1, x = 1 f or a ^ x < 1, 
t en t m = e m {a), and is the Euler mean of s n of order q == (i_ a )/ a . 
Thus if t m is the (E, q ) mean of s n> and not all s n are 0, then 

2<m<(g+l)2^. 

This is equivalent to (11.17.5), with inequality. 

(2) If we take % = t, we obtain 


2 < 

srKs “ k ” x " 1 wl “” * > »■ «■» ■- - *>» 


fc 2 i )'2 <• 




of 1 ,!;!*: Con J inUOUS transformations. There are transformatiom 
as follows. Our regular transformations of *„ were defined by 

(n.18.1) An/ * 

A%, 
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where /z n is a regular moment constant. Suppose now that/(z) is a func¬ 
tion of x regular along the positive real axis, and so expressible in the form 




/<*> = 2 


n\ 


= 2 “* 


X 


n 


for small x. Then the natural analogue of (11.18.1) is 
(11.18.2) <7* n) (0) = /x n / (w) (0), 

in which case 

9&) = 2 /*n a n* n = J 2 a n (zt) n dx = J 

at any rate for small x. 

We are thus led to consider the transformation 


(11.18.3) 


g(x) = f f(xl) d x (t) 


(dismissing the considerations which led us to the formula). We shall 
suppose that/(a;) is continuous in any finite (0, X) : we shall be interested 
only in the behaviour of f(x) and g(x) when x -» oo. 

If x(t) = 1 — (1—^) fc > where k > 0, then 

1 X 

g(x) = k J j (x—u) k - l f(u)du 

o o 

is the (C y k) mean of f(x) in the sense of §5.14. If x(0 = 0 f° r 
0 ^ t < a < 1, x(t) = 1 for a ^ t ^ 1, then g(x) = f(ax). This is the 
analogue of the Euler transformation; and, unlike the corresponding 
transformation of s n , it is trivial, since f(x) -> l and g(x) -> l are 
equivalent. 

We prove one theorem only. We suppose, as we may, that x(0) = 0* 

Theorem 217. In order that the transformation (11.18.3) should be 
regular , i.e. that f(x) ->■ l should imply g(x) -> l , it is necessary and 
sufficient that x(l) = 1 and x(-{-0) = x(°) = 0- 

If f(x) = 1 for all x, then g(x) = j dx = xf 1 )* Hence x(l) = 1 a 
necessary condition. 

If f(x) = 1 for 0 ^ x ^ S, where S > 0, and f(x) = 0 for x > 8, then 
f(x) 0. Also 

8/x 


g(x) = j d x = x(|)-x(°) 


If the transformation is regular, g(x) 
i.e. x( + 0) = x(0) = 0. 


0, and therefore xfil x ) x(®)» 
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It remains to prove the conditions sufficient. Since / = l gives g — l 
it is enough to prove that/-> 0 implies g 0. Further, since x is the 
difference of two bounded increasing functions continuous at 0, it is 
enough to prove this for an increasing x . Then, if we choose X so that 
|/| < e for a; > X, and denote by M(X) the upper bound of |/| for 
x < X, we have 

1 Xlx i 

l?(*)l < j I f(*t )I d x < J I f(xt )I d x + c f d x 

0 o x/x 

< M ( x ){ X (X/x)- x (0)}+ c J d x < 2« J d x = 2e 

for sufficiently large x. 

There is an inequality for g(z), when x is monotone and / > 0, similar to 
(11.17.2), viz. 

f / 1 \r ® 

( u - 18 - 4 ) J 9 r (x)dx < / fx-'l'd x ) j/ r (x)dx. 

o v 0 0 

The proof is similar to that of § 11.17, but rather simpler, owing to the triviality 
of the Euler transformation. In the particular case x == t, the inequality becomes 

Cfc 

J f(u)du 

0 


I P CO 

< (^y j rw d* 


0 


(11.18.5) 


CO , 

/e 


11.19. Quasi-Hausdorff transformations. The theory of $ 

transformations depends upon the properties of the transformation 3 

of §11.1. There is another transformation of very similar form which 

also generates interesting transformations. This is the transformation 
8* with matrix 





* 


obtained by exchanging rows and columns in |8|. 

Theorem 218. 3* is its own reciprocal: if t = &*$ then s ~ $*t. 
One preliminary remark is wanted. The theorem asserts that, if 


(11.19.1) t m = (—l) m 



f'Ye iS express ! ble Similar, y in of In- The series in (11.19 1) 
and the rec.procal equation are infinite and need not converge. We 
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can, however, avoid considerations of convergence in this theorem by 
supposing that s n = 0 for n > N, in which case t m = 0 for m > N; and 
Theorem 218 is to be interpreted in this sense. 

The proof is similar to the proof of Theorem 196. We have 


(U.19.2, 2 £)<„- (-.)• 2 (-»-(;) 2(3 

n=m ' ' n=m ' ' p=n ' ' 

*4 <-■>■(: 


s. 


p=m n=m 
P 



p=m x 7 n=m x 7 


and the inner sum is 1 if p == m and 0 otherwise, so that u m = s m . 

The convergence of the series (11.19.1) does not necessarily imply 
that of the reciprocal series. Thus s n = a n , where 0 < a < 1, gives 
t vn = (— a) m (l — a) _m_1 , and the reciprocal series does not converge unless 
a < £. The double series in (11.19.2) is convergent if 

p=m 7 n—m ' 7 p=m x 7 

which is true, for example, when s n = 0(a n ) and a < £. 

We now define the transformation (<q*,/x) by A* = 8*/xS*> where fx, as 
in § 11.3, is a diagonal transformation. We find, formally, 


2P- m \s p \ <oo, 





2 (-»•(;),. 2 £)-, - <-■)■ 2 1 '-«■(; 

n=m v 7 p=n x 7 *>=m n=m 


-'-‘>-2 CKl '-‘ O -2 

' ' n—m ' ' p=m 

Thus, replacing p by n } the transformation is defined by 

(H.19.3) *m = 2*2U* n , 

(11.19.4) A£, n = 0 (» < m), *!» = (« > »)• 

11.20. Regularity of a quasi-Hausdorff transformation. We 

have now to consider when the transformation (§*,/x) is regular. We 

suppose that /z n is a moment constant. 

Suppose first that /z n is totally monotone, so that \ increases with t. 

Then A* >n ^ 0 and 


n>m 


) J i m ( i t) n ~ m dx = f = / 
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and (11.5.2) and (11.5.4) will be satisfied if and only if this integral 
converges and has the value 1. Condition (11.5.3) is satisfied auto¬ 
matically, since = 0 when m > n. Thus 


( 11 . 20 . 1 ) 



is a necessary and sufficient condition for regularity. 
In the general case it is plain that 


2 MU I < 






On the other hand, whenever £ |A£ >n | is bounded, the function 

n 

X(0 = j ) 

0 

(suitably modified at its discontinuities) may be obtained as the limit of 

X 9 (0 = 2 AJ.n. 

n>q/t 

where q tends to infinity through an appropriate sequence q it and 

W(t) = f jd x (u)l 

J u 


0 

is then obtained from |A* >n | as X(t) is from A£ >n . Hence we obtain 

Theorem 219. If p n is a regular moment constant corresponding to y, 
then the conditions 


( 11 . 20 . 2 ) J 1 T 1<00 - Jt = 1 

are necessary and sufficient for the regularity of 

11.21. Examples. ( 1 ) If x (t) is 0 for 0 <«< a < 1 and a for 

a < i < 1, then (11.20.1) is plainly satisfied, and 

Pn = o n+1 , A n - m /z m = a m+1 ( 1 — af x ~ m . 

In this case 



= “ m+1 (* m +(«+1)( 1 -a)s m+1 + <!2±lKm±2) ( j _ o) 

We are thus led to the ‘circle’ method (y,a) of §9.11. 


s 


m+a 
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(2) If x = t, fL n = (tt-f-1)- 1 , then 


(;) a - 


-m 


V'm 


=(;) 


(n—m)\ 


(ra-f l)(m+2)...(rc+l) n+1 


The transformation is 


t — S m i ^m+l | 5 m+2 

771 ... i ^ I 


+ 


“h •••» 


m+1 m+ 2 m+3 

which is plainly not regular. The integral (11.20.1) diverges. 

(3) If x = ^ /+1 /(J+1), where l > 0, then 

ft, = 

(11.20.1) is satisfied, and the transformation is regular. In this case 


(11.21.1) t m = l 


m 


+ 


(m+l )s m+1 


+ 


m + Z+1 (m+£+1) (ttz —(— ^ 2) 

(m+l)(m+2)s m+2 


+ 


(m+Z+l)(m+J+2)(m+Z+3) 


+ •••)• 


+ 


m+l 


+ •••}• 


In particular l — 1 gives 

(11.21.2) t m = (m+l) 

; ((m+l)(m+2) 1 (m+2)(m+3) 

It may be shown that the transformations corresponding to different 
positive l are all equivalent, and that each is equivalent to (C, 1). 
There are transformations similarly related to (C, k) for any k > 0. 


NOTES ON CHAPTER XI 


§§11.1-3. The class of transformations A = 8/xB was first studied by Hurwitz 
and Silverman, TAMS, 18 (1917), 1-20, who identified it with the class of trans¬ 
formations permutable with H. They were concerned primarily with trans¬ 
formations _ „ 

a 0 1+<*i H + a a H 2 + ..., 


where I is the identity and f(z) = ^ oc n z n is an analytic function regular at the 
origin, and proved that the transformation is regular if f(z) is regular for 
\z— £| < £ and /(l) = 1. In particular they proved that the (H, k) and (C ,k) 

transformations are regular transformations A. 

Hausdorff [(A), MZ, 9 (1921), 74-109] rediscovered the class A and developed 
the more complete theory set out here, in which the class is linked with the 
‘moment problem for a finite interval’. In particular he proved the fundamental 
Theorem 206. The proofs of this chapter are mostly derived from this paper or 
a later one [Hausdorff (B)] in MZ, 16 (1923), 220-48. An intervening paper in 
MZ, 9 (1921), 280-99, deals with generalizations in different directions. There 
is a concise account of the theory in Widder, ch. 3. 

§ 11.4. Theorem 200 was proved by Hurwitz and Silverman, l.c. supra. 

§§ 11.6-7. Hausdorff (A). Hausdorff attributes the definition of a totally mono- 
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tone sequence to Schur. I have arranged the proof of Theorem 201 in accordance 
with suggestions of Dr. Bosanquet. 

§ 11.8. Theorem 203 is a generalization of the familiar theorem that the system 
1, x , x 2 ,... is ‘complete in L{ 0, 1)’. 

§ 11.9. Hausdorff (A,B) gave a number of proofs of Theorem 206. The proof 
here is substantially the first in (B), which is also given, in rather different form, 
in Widder, 101—4. The arrangement here has been prompted by suggestions of 
Dr. Aronszajn and Dr. Bosanquet. 

There is a proof of Helly’s theorem in Widder, 28-9. 

Hausdorff’s work is closely related to that of S. Bernstein and Widder on totally 
monotone functions. We may say that f{x) is totally monotone in (0, co) if 
{—\) v J {r>) {x) > 0 for x > 0: thus e~ x is totally monotone. It was proved by 
Bernstein that a necessary and sufficient condition ior f{x) to be totally mono¬ 
tone is that 

co 

/(*> = / e~ xt d x (t), 

0 


where *(<) is increasing and bounded. This is easily deducible from Hausdorff’s 
theorem, but Bernstein’s work was independent and his methods different. We 
can also (though not quite so simply) deduce Hausdorff’s theorem from Bern¬ 
stein’s. For fuller information and references see Widder, ch. 4. 

§ 11.10. The main results of Rogosinski and Fuchs will be found in Rogosinski, 
POPS , 38 (1942), 166-92, and Fuchs, OQJ, 16 (1945), 64-77. If T and T' are 
regular *j methods, then, in order that T' should include T, it is necessary and 
sufficient that T' = ©T, where 0 is a regular § method. If T' and T are any 
§ methods, T' mcludes T, and fx n =£ 0 except for a sequence ( n k ) of n such that 
2.n~ < oo, then T' — 0T, where 0 is a regular $ method. It is not known 
whether the condition on (n k ) is the best possible, but Fuchs, POPS, 40 (1944) 

189-96, has shown that the theorem stated for regular methods is not true for 
all methods without reservation. 


Hille and Tamarkin, PNAS, 19 (1933), 573-7. state a considerable number of 
more special theorems concerning inclusion. 

§11.11. The equivalence of (H, k) and <C,fc), for general it >-1, was first 
proved by Hausdorff (A), 89-90. 

Therejs an accurate discussion of the inversion formulae referred to at the 
end of the section m Burkill, PLMS (2), 25 (1926), 613-24, and Widder, ch. 2. 

• ! G COn ^ nt ^ cal °ulate pM and formally and verify the results 

general 1 * 611 ^ ^ ^ mtegral but rather more troublesome for 

33&^41 12 ^ (11,I2 ' 3) 866 Titchn *arsh, Fourier integrals , 30-1, or Widder, 

_ j^* ere . ^ account of the Laguerre polynomials in Szego, Orthdqonal 

polynomials (New York, 1939), chs. 5 and 8. vruxogonal 

for^of 3 ;^ Ha h “ly ( i l ; ller ““ ° f ‘ heS6 ' O8arithmi0 “ d eXp °“ 

different: S06 HaUSd ° rff < B >' 227 “ 31 - Hausdorff's point of view is rather 

? XPanSi ° n 0f P "< 2w -') ^ powers of w (‘Murphy's formula') see 
and Watson' 31^12^ eU ' PS ° idal ,larmonics (Cambridge, 1931 ),‘22, or Whittaker 
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The inverse of the last formula of the section is 

= g o , ™*i , m(m-l)a 2 

™ m-\-\ r (m4-l)(m+2) ' (m+l)(m-}-2)(m-}-3) ' 

§ 11.16. There are fuller discussions of Theorem 215 and related theorems in 
Hausdorff (B), 233-40, and Widder, 109-13. For ‘weak convergence’ (an idea 
due to F. Riesz) see Littlewood, 45-9. 

§ 11.17. Hardy, JLMS, 18 (1943), 46-50. Hardy proves there that H(r) is the 
best possible constant. 

There is a full discussion of the Lebesgue-Stieltjes integral in Saks, • Theory 
of the integral (ed. 2, Warsaw, 1937), ch. 3. The properties used in this section 
are stated in Inequalities, 152-7. The form of Minkowski’s inequality required 
is Theorem 201 of Inequalities (p. 148), restated for Stieltjes integrals in accor¬ 
dance with pp. 155-6. 

§11.18. For the general theory of continuous Hausdorff transformations see 
Rogosinski, POPS, 38 (1942), 344—63, and Fuchs and Rogosinski, OQJ t 14 
(1943), 27-48. 

For (11.18.4) we must use Theorem 202 of Inequalities (again restated for 
Stieltjes integrals). 

§11.20. The integral j t~ x d x must again be regarded either as a Lebesgue- 
Stieltjes integral or as the limit of an integral over (e, 1). We require the theorem 

that . . 

2 J a n {x) d x = f (Z °n(*)> d X 

whenever x is an increasing function, a n (x) > 0, and either side is finite. This 
is a very special case of a theorem stated by Widder, 26, and proved by Saks 
(l.c. under §11.17, 76-80). Here a n (x) is continuous for each n, and 2 a n( x ) 
uniformly convergent in any interval (e, 1), and it is easy to prove what is wanted 
on the basis of the more elementary definition. 

§11.21. Hardy, POPS , 20(1921), 304^7, proved that the transformation (11.21.2) 
is equivalent to (C, 1), but this theorem is practically a special case of one proved 
earlier by Knopp. For generalizations see the papers of Hardy and Littlewood 
and of Knopp cited under § 6.7. 
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WIENER’S TAUBERIAN THEOREMS 


12.1. Introduction. In this chapter we return to the ‘Tauberian’ 
theorems whose general character we explained in §7.1. We have 
already proved a considerable number of such theorems, for example, 
in §§6.1-3, in Ch. VII (which was entirely occupied with them), in 
§§9.6-7, and in §9.13; but our methods of proof have varied, and the 
different methods which we have used may seem at first sight to have 
little connexion with one another. Here we give an account of a general 
theory, due in the main to Wiener, which enables us to present most 
of these special theorems as parts of a systematic whole. 

We begin by restating Theorem 92, viz. 

{A) if s n -> s (A) and s n = 0(1), then s n -> s (C, 1). 

This is a typical Tauberian theorem which provides a suitable opening 
for our introductory remarks, but it is more convenient to use the 
integral analogue. The first hypothesis of (A) may be stated in any 
of the equivalent forms 

J,a n r n -+s, (l—r)J i s n r n ^s, y 2 s n e- n * -+ s, - V s n e~ n,x ->■ s, 

%c 

where r-> 1, y 0, x ->oo; and the conclusion is 


The integral analogue is 



n<x 


(B) if 

( 12 . 1 . 1 ) 

and F(t) = 0(1), then 

( 12 . 1 . 2 ) 


J e-*' x F{t) dt -> l 

X 

F(t) dt-> l, 



and it is this theorem which we take as our text. 


It may b© well to interpolate two remarks whose substance is all but obvious 
after Ch. VII: see in particular § 7.1. 

(i) Theorem (B) is the ‘corrected converse’ of the ‘Abelian’ theorem 

(B') (12.1.2) implies (12.1.1), 

without any additional hypothesis on F(t). This theorem is simple: for if, as we 
may, we take l = 0, then 

< 

Fi(t) = J = o(<) 
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implies J e~>l*F(t) dt = l j «-•/**■(«) dt = o{\ J e~'lH dt) = o(x). 

(ii) Theorem 01) is a trivial corollary of Theorem (B). For, if we assume ffi) 
and take F(t) = s n for n < t < n-f 1, then 

i r v *i+i 

-J = I ^ | e-‘/*<fc = (l-e-i/*)2« n e-"/*. 

n 

so that the first hypotheses of (^4) and (Z?) are equivalent. Since the second 
hypotheses and the conclusions are obviously equivalent, (A) follows from (B). 
The argument is much the same as one used in § 7.2. 

The first hypothesis and the conclusion of (B) are each of the form 

(12.1.3) P g (F) : 1 J g( £W) dt -> l 


^ W 

In the hypothesis 

G(t) = G,(t) = e~‘, j 0,(1) dt = 1, 

and in the conclusion 

G(t) = GWO = 1 (0 < t < 1), 0(0 1), J G 2 (t)dt = 1. 

Thus ( B) may be stated in the form 

(12.1.4) P Gi (F) . F(t) = 0(1) P at (Fy, 

and it seems likely that any theorem of this form will have important 
Tauberian consequences. 

If we make the transformations 

t = e, X = e(, F(e) — f(r), e T G(e r ) = g(-r), 

then 


00 


00 


/ 


00 


dt = j e T -tG(e T -£)F(e r ) dr = J 


— co 


— 00 


CO CO CO 

J Q(t) dt — J g( —r) dr = J* < 7 (t) dr. 

0 —oo —oo 

Thus, replacing £ and r by x and t , (12.1.3) becomes 

(12.1.5) P^(/) : J g( x —t)f(t) dt -> l f g(t) dt, 

where the range is now (— 00 , 00 ); and (12.1.4) becomes 

(12.1.6) P 0i (f) . f(t) = 0(1) P 0a (f), 

with appropriate g x and g 2 .f We are thus led to ask for general condi¬ 
tions on < 7 X and g 2 under which (12.1.6), or a similar theorem with some 


| Actually with 

0i (0 = 


0,(0 = V > 0). 0 (t < 0) 
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alternative condition on /, may be true. Wiener’s fundamental dis¬ 
covery is that there is a special condition on g lt which we shall call 
Wigj), and whose form we shall consider in a moment, which almost 
enables us to dispense with conditions on g 2 . His ‘key theorem’, in any 
of its forms, is a theorem of the type 

(12.1.7) W( 9l ) . P 0i (f) . R(f) -> PJf), 

where R(f) is a ‘Tauberian’ condition on f, and the conclusion is true, 
not for a special g 2 , or for g 2 restricted like g lt but for ‘all reasonable’ g 2 . 
It is no longer in general true that 

so that the propositions contained in (12.1.7) for diderent choices of 
9v 9z are n °f a H corrected converses of Abelian theorems, though they 
are still ‘Tauberian’ in a wider sense. We have already met a result 
of this character in Theorem 147. 


12.2. Wiener s condition. The form of W{g j) is suggested by the 
theory of Fourier transforms of functions of the class L{— oo,oo).t 
It is plain that P g {f) implies P h (f) when 

= 2 r m9it-a m ), 

m=l 

and this suggests that the inference may be extended, with proper 
precautions, to h(t) of the form 


( 12,2 * 1 ) M 1 ) = j r(u)g{t—u) da. J 

We are thus led to ask whether, given a g of L, an arbitrary h of L can 
be expressed in the form (12.2.1), with a kernel r also of L. 

We define the Fourier transform of a function r(t) of L(— oo,oo) by 

( 12,2 * 2 ) -**(0 = j r{u)e Uv du 

(and similarly with other letters for r and R). It is familiar§ that, if 

L ' and hh defined h y (12.2.1), then h is also L , and 

J ■**(<)£(<)■ Thus if g and h are given, and we wish to express h in 
the form (12.2.1), we are led to define R{t) by 


(12.2.3) 


m = m 

0(t) 


t P ! fl ^ c ^ 6rol,a more symmetrical theory for functions of L\- co co) 

§ Writhe I! 2 ’ 7 in ° 1U t Ve ’ the shown, am - lo «d ^ 

§ 12.3 theorems about Fourier transforms which we need more formally in 
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and r(t ), in some sense, by the reciprocal Fourier formula 


(12.2.4) 



It seems essential, if this solution is to be successful, that 


(12.2.5) 


0(t) = J g(u)e^ du # 0, 


i.e. that the Fourier transform of g(t) must not vanish. 

We define W as the class of functions which (i) belong to L(~ oo,oo) 
and (ii) whose Fourier transforms do not vanish for any t, and we 
suppose that g x belongs to W. We shall then find (a) that any h of L 
can be expressed in the form (12.2.1), with an r of L, and (b) that P g (f) 
implies P h (f) for any bounded /. That the class W should intervene 
is, as we have seen, quite natural. What is surprising is that so simple 
a hypothesis as ‘g is 17’ should be sufficient for so general a conclusion: 
one might naturally expect any theorem of this kind to be encumbered 
with more complex conditions on g, particularly in regard to the 
behaviour of G at infinity. (But see Corrigenda, p. 386.) 

Our main object now is to prove Wiener’s ‘key theorem’ in the form 

Theorem 220. If (i) g is W, (ii) h is L, and (iii) f is bounded , then P g (f) 
implies P h (f), i.e. 

0(*—0/(0 dt-+l j g(t) dt 

implies 

h(x— 0/(0 dt -> l f h(t) dt. 


(12.2.7) 


! 


( 12 . 2 . 6 ) 


/ 


We shall deduce Theorem 220 from a theorem of Pitt, viz. 


Theorem 221. If (i) g is W, (ii) fis bounded and slowly oscillating , or 
real , bounded , and slowly decreasing , and (iii) P g (f), i.e. (12.2.6), is true, 
then f(x) -> l when x -> oo. 

Here we use the terms ‘slowly oscillating’ and ‘slowly decreasing’, 
not as they were used in § 6.2, but in the alternative sense, appropriate 
to the interval (— 00 , 00 ), referred to in the note on §6.2: the connexion 
between the two senses will become clear in § 12.8. We say now that 
f(x) is ‘slowly oscillating’ if 

(12.2.8) f(y)~f( x ) 0 

when 


(12.2.9) 


y > x. 


x -> co, 


y—x -> 0, 
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and ‘slowly decreasing’ if it is real and 
(12.2.10) Urn {f(y)-f(x)} > 0 

under the same conditions. Thus f(x) is slowly oscillating if/'(x) = 0(1), 
and slowly decreasing if f'{x) > — H. It will plainly be sufficient to 
prove Theorem 221 for real and slowly decreasing/. 


12.3. Lemmas concerning Fourier transforms. We shall use the 
following theorems concerning Fourier transforms of functions of L: 
the proofs of the first three will be found in any of the books on the 
subject. We write ‘ G ~ g’ for ‘ G is the transform of g ’. 

Theorem 222. If g is L , and G ~ g, then G is continuous and bounded. 
Theorem 223. If g is L and G ~ g, then 

J 0(u)e-^du (C, 1). 

u 

U - g{t) / ('-tyGWe-^du, 

for almost all t. In particular , if G is null , then g is null. 

Actually we need this inversion formula only for the sake of the 
corollary in the last sentence. 

Theorem 224. If g and r are L, then 


is L, and 
Theorem 225. 
(12.3.1) 


■A**) J 

m = 

Q 


u) du 


f 

mm). 


tt, 


(12.3.2) 

and 




e -id 

V(2^j 


J p(t—u)q(u)e icu du. 


(12.3.3) 

p V~c){Q{t)-Q(c)} ~ J {p(t~u)- P (t)}q(u)e^u-n du. 

from th ™ formulae ' < 12 - 3 - 1 ) « obvious, and (12.3.2) follows 

t 12 - 3 - 1 ) an <l Theorem 224. As regards (12.3.3), we have 

P{t-c)Q(c) = ^J q(u)e^du~-L_ J p(t)q(u)e^> du. 
by (12.3.1), and (12.3.3) follows from this and (12.3.2). 
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12.4. Lemmas concerning the class U. We denote the class of 
transforms of functions of L by U ; and if 

G(t) = veto J g{u)e<IUdu ’ 

where g is L, then we write 


U(G) 


V(2") J 


\g{u)\ du. 


Plainly |G(f)| ^ U(G) for all real t. 

Theorem 226. If G x and G 2 are U , then G x -\-G 2 and G x G 2 are U , and 
U{G x +G 2 ) < U{G X )+U(G 2 ), U(G x G 2 ) < U(G X )U(G 2 ). 

This is obvious for G x -\-G 2 . As regards G x G 2 , it is the transform of 


Mt) = j (<—«)&(«) du 

by Theorem 224; and 

U(Q\ G 2 ) = J |£(i)| dt < ~ J dtj |? 1 (<-ii)|| 5 r 2 (u)| du 

= J du ji&) J du = u (°i) u ( 0 J- 

Theorem 227. If G x and G 2 are TJ , and U(G 2 ) = d < 1, then 
H = G x /( 1-\-G 2 ) is U, and 

U(H) < ^±1 

1— a 

Since \G 2 \ < U(G 2 ) = d < 1 

H = 2 ( 1) n G x G 2 = 2 (-1 ) n #n> 

say, and is £7, by Theorem 226. If H n is the transform of h n , then 

n i * n 

(— 1 ) n H n = J 2 (-1 ) n K(u)e«« du. 


M 


Now 


U(H n ) = -jL- f IhJ du < U(G 1 ){U(G 2 )}’' = d^GJ, 


by Theorem 226, and 

N 


Jib) J 1 2 <-‘H *• e I mBJ « vm $•” *'" 

when M and N tend to infinity. . It follows (by the theory of ‘ strong 
convergence’ of functions of L) that there is an A of I such that 


V( 




du —> 0, 
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and that {1/^/(2 t7-)} j he Uu du is 

, N 


N-+co 


V(2 


It 


_ 


Thus H is U. Finally, 




du ^ [/<(?,) j d* = 

1 * d 


Our last lemma concerns special functions which will be important 
in the proof of Theorem 221 . We define p(t) by 

p(t) = 1-|*| (|*| < 1), 0 (|<| > 1). 

Then 

J v w ; 2 v(‘^)l r 

Both p(£) and P(t) are L , and they are transforms of one another, so 
that each is U. We shall also write 

(12.4.1) k x (t) = p(±), KM = 2AP(2A() = J(fj~ 

for every positive A. Then K x and k x are transforms of one another and 
both functions are U. 

Theorem 228. If q t (t) is defined by 

(!2.4.2) q ( (t) = 1 (|i| < e ), 2 — ^1 (e sg |<| ^ 2e), 0 (|<| > 2<r), 

then the transform of q f {t) is 
(12.4.3) nm = 


M 


— cos 2 et 
tt* 


Also 


mS 

( 50 q ( is U) y and 

j \QAt-y)-Q'(t)ldt^o 

when y is fixed and e -> 0. 

m*-ol' (i) “ the ‘ tra P° zoidal ’ fimotion indicated in Fig. 3 and 
?«(<) - 2h e (t)-k it (t), from which (12.4.3) follows immediately. Next. 


4780 


I 


U 
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Finally, if C(<) = , 

then Q e (t) = eC(€t), C is L , and 

J \Q ( (t-y)~QMdt = € J \C(et-ey)-C(ft)\dt = J IC(u-ey)-C(u)ldu, 

which tends to 0 with e. 



Fig. 3. 



12.5. Final lemmas. Our last two lemmas (the first of which is a 
theorem of importance in itself) contain the kernel of the proofs of 
Theorems 221 and 220. 


Theorem 229. If g is W, h is L , and H{t) = 0 for \t\ > 2A, then 
H(t)/G{t) is U. In particular this is true when H(t) = k\{t). 

That is to say, if G and H are transforms of functions of L, G does 
not vanish for any t, and H vanishes for all t outside a finite interval, 
then H/G is the transform of a function of L. 

We divide ( —2A, 2A) into N equal intervals by the points 

Ip == —2A, t j = —2A-J-36, t n = —2A-f~37ie, t^ = 2A, 


€ being chosen so that 3 Ne = 4A. Then 

1 K) = i 
0 

for |J| < 2A (as is apparent from Fig. 4, in which the vertical lines are 
at equal distances e). Thus 


(12.5.1) 


H(t) _ Y q € (t t n )H(t) _ * 
G(t) Z G(t) n=o 

71 = 0 


say, for \t\ ^ 2A. Since G(t) ^ 0, and H(t) = 0 for \t\ > 2A, this equa¬ 
tion holds for all t, and it is sufficient, after Theorem 226, to prove that 
% n is U for each n. We shall prove that this is so for sufficiently small c. 
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We have G(t) = G(t n ) + {Q{t)-G(t n )}q u (t—t n ) 

if I t—t n \ < 2e, since then q 2e (t—t n ) = 1 ; and 

qJt-tJB(t) = 0 

if \t—t n [ > 2e. Hence 

XnV) = 

where 




_ G 1 G l 


G(t n )~\~{G(t) G(t n )}92c(t — Ln) 1+0.’ 


= %J ] > m = m. G a( t) = m^n) qu(t _ tn) ' 

Here <? lt <? 2 , and G 3 are U, by Theorems 226 and 228; and it is suffi¬ 
cient, after Theorem 227, to prove that 

1 


(12.5.2) U(G 3 ) = 


G{t n ) 


U[{G(t)-G(t n )}q 2e (t-t n )] < 1 


for sufficiently small e. 

Now r(0 = {GM-GVJjq^t-tJ 

is the Fourier transform of 


J {Qu(t--u)-Q 2e (t)}g{u)e««-»du, 

by Theorem 225 (12.3.3). Hence 


U M = ~ j dt | j {Q 2e (t-u)-Q 2e (t)}g(u)eW'-‘)du 

< ^ J* J l^-«)-e 2e (0ll?(«)| da 
= 2~ J l0(«)l*» J 

Th e mner integral here is bounded, and tends to 0, for any fixed u 

when € -> 0, while g is L. It follows that U(y) 0 when e 0. Also 

I | has a positive lower bound h in (- 2A, 2A), since G(t) is continuous 

and does not vanish, and so 1/(0,) < ,^U(y) -* 0. It follows that 

(U.5.2) is true for sufficiently small <r, and this completes the proof of 
the theorem. . 


Theorem 230. If 


(12.5.3) 



sin 2 A(x—/) 
"A {x-tf 


f(t) dt 



for every positive A, or for some arbitrarily large A, when x->oo,and f(t) is 
^ff[x) Tz SlOWly ° SCilUlting ' w real ' bounded > and slowly decreasing , 
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We may suppose f(t) real and slowly decreasing, and l — 0. If 
f(x) /> 0, then there is a positive 8 such that one of f(x) > 8 and 
/(*) < — 8 is true for arbitrarily large x: let us take, for example, the 
first hypothesis. Then, since Um{/(y) -/(*)} > 0 if x -*oo, y > a:,’and 

y—x -> 0, there are an x 0 = z 0 (8), as large as we please, and an tj = ^(8), 

such that .... . , 0 . 

f(t) (x 0 <x^t^ X+2rj). 

If £ = x +y> and M is the upper bound of |/|, then 
J Bin»Atf-<) /h ^ 8 M ( ( j\ f \sin*A ((-t) 

“ k w / I A/ _ 


■A 

V 


— 00 


■0* 




00 


sin 2 Aw 


du 


sin 2 Aw 


du. 


A u 2 7r J Aw 2 

0 v 

The first integral here tends to \tt, the second to 0, when A -> oo. Hence 


/ 


lim 

X-KO 


7(0 dt > 0, 


for sufficiently large A and arbitrarily large f, and 

f sin 2 A(a;— t) 

J A (x-t ) 2 ' 

in contradiction to (12.5.3). We can prove similarly that the hypothesis 

f(x) < — 8 leads to a contradiction, and the theorem follows. 

ft is essential that the hypothesis (12.5.3) should be satisfied for arbitrarily 
large A. The Fourier transform k k (t) of K k (t) vanishes for \t\ > 2A, so that 

j K k (x-t)e M dt = 0 

for c > 2A. Thus (12.5.3) is true (with 1 = 0) when f(t) = e** 1 and c > 2A; and 
/ is slowly oscillating but does not tend to 0. 

12.6. Proof of Theorems 221 and 220. It is now easy to prove 
Theorem 221. We may suppose/(£) real and slowly decreasing, and 1 = 0. 
By Theorem 229, kJO is U, i.e. 

*a(0 _ 


0(0 


r A(0> 


where r A is L. Hence, by Theorem 224, 


h{t) = W) a(t) ~ V(t) J 9it ~ u)rx{u) du 


and, by Theorem 223, for almost all x , 


K x (x) = J g(x-u)r x {u) du. 
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p(x) = J K x (x-t)f(t) dt = J f(t) dt J g(x—t — u)r x (u) du 

= J r A(“) du J t(*-t-u)f(t) dt, 

the inversion being justified by Fubini’s theorem. The inner integral 
here is bounded {since g is L and / is bounded), and tends to 0 (by 
hypothesis), for each u, when x ^oo; and r A is L. Hence p(x) 0 for 
every A, and f(x) -+ 0, by Theorem 230. 

It is also easy to deduce Theorem 220: we may suppose l — 0. We 
are given that g is W, that h is L, and that / is bounded. If 

m(x) = j h(x t)f(t) dt , 
then plainly m is bounded. Also 

m(y)~m(x) = J {h(y-t)-h(x-t)}f(t) dt, 

l«(*r)-*(*>| <*/ \h(y-t)-h(x-t)\di = M\\h(y-x-u)-h(-u)\du, 

where M is again the upper bound of |/|. It follows that m(y)-m(x) - 0 
when x~+co, y~x -> 0, i.e. that m(x) is slowly oscillating. 

j g{x—t)m{t) dt 


- / ?(*-«) dt j h(t-u)f(u) du = J f(u) du j g(x—t)h(t—u) dt 

= //(«) du f g(x—u—w)h(w) dw = j h(u>) dw f /(u)g(x-u-w) du 

(the inversions being again justified by Fubini’s theorem). The inner 
integral is bounded, since p is i and/is bounded; and, by hypothesis 
it tends too, for each w> when * + co. Also h is L. Hence 

J g(x—t)m{t) dt -* 0. 

2“ b ft 0Un ^ ed u and slowl y 03 ° ma ting, and, therefore, by Theorem 
ZJ 1 , m(x) -> 0, which is (12.2.7). J 

Th™«l d "h^ 220 2 bu r t T T ^ r ° m 221 ' 14 “ easy to ^uce 

§ 12.8, when we hav« ^ b ® m0re convenient to prove this in 

(0, 00 ). We hav ° put the thoorem s in forms appropriate to the interval 
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The condition that (?(<) ^ 0 is in a sense a necessary condition in both 
theorems. If G(c) = 0, H{c) ^ 0, and/(0 = e~ k< , then 

/ g(x-t)f{t)dt = J g(u)f(x-u)du = e"** j g{u)e^ u du = 0 
for every x, but J h(x — t)f(t) dt = e~ ic *H(c) 

does not tend to 0. Thus the condition is necessary in Theorem 220. Since e _ict 
is also slowly oscillating, the same choice of g and f shows that the condition is 
necessary in Theorem 221. 


12.7. Wiener’s second theorem. There is a second theorem of 
Wiener, concerning Stieltjes integrals, which is also deducible from 
Theorem 221. We shall make less use of this theorem than of Theorem 
220, but it is important theoretically because it can be applied directly 
to infinite series. We must begin by defining a new class of functions 
included in and narrower than L. 

We shall say that g(t) is M if it is continuous, and 

(12.7.1) 2 max 10(01 < co 

n«!gn + l 


(the sum running from — oo to oo). It is plain that any ^ of -ZkT is L, 
and that (12.7.1) is equivalent to 

(12.7.2) y max |<7(0I < co 

an + 6<<^a(n + l) + 6 

for any fixed a (not 0) and b. If g is M, and its transform G does not 
vanish for any t, then we say that g is W*: W* is a subclass of W. 

Finally, we consider Stieltjes integrals of the type J (j>{t) dcx{t) , where 
<x(t) is of bounded variation in any finite interval of t , and 

<+i 

(12.7.3) J \d<x(u)\ < H. 

t 

Theorem 231. If (i) g is W*, (ii) h is M, (iii) a satisfies (12.7.3), and 


(12.7.4) J g(x-t)d(x(t)^l 
then 

(12.7.5) J h(x — t)da(t) -» l J h(t)dt. 



We suppose again that l = 0, and now write 


m{x) = J h(x — t)d(x(t) 


Since 


n +1 


f \h(x-t)\\d<x(t)\ = J \h(u)\\d*(x-u)\ = 2 J \h(u)\\da(x—u)\ 

• n 


n+1 


< 


V max |A(*)| f |d«(a:-it)| 2 max 

^niusn+l J n«u<n+l 
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m{x) is bounded. Next, 

m(y)-m(x) = J {h{y-t)-h(x-t)}d<x(t) = J {h(y-x+t)-h(t)}d*(x-t), 

n + 1 

\m(y)-m(x)l < 2 J \Hy-x+t)-h(t)\\d*(x~t)\ 

n 

<#2 max \h{y—x+t)—h{t)\. 

The last series converges uniformly for \y—x\ ^ I, since 

2 max |^(*-{-t)| 

n^*<n+l 

converges uniformly for |r| < 1; and each term tends to 0 when x -> oo, 
y > x, and y—x -+ 0, since h{t) is continuous. Hence m{y) — m{x) 0 
under these conditions, and m(x) is slowly oscillating. Finally, 

/ 9 (*-t)m{t)dt = j g( X -t)dt j h(t-u)d*{u) = jd<x(u) j g(x-t)h{t-u)dt , 

the inversion being justified by the convergence of 

/ \ 9 (x~t)\dt j \h(t-u)\\d<x(u)\\ 

and this is 


jrf a (a) J g(x—u—w)h[w)dw = j h(w)dw j g(x-n-w)d*(u). 


The inner integral is bounded and tends to 0, for each w , when .r -> oo; 
and h is M and a fortiori L \ so that 


J g{x—t)m(t)dt-+ 0. 

It now follows from Theorem 221 (as in the proof of Theorem 220) that 

Theorem 231 has the advantage mentioned at the beginning of this 
section, but we shall use it comparatively little. It will usually be more 
convenient to bring our problems, by some preliminary transformation, 
in o a orm adapted for the application of Theorem 220 or Theorem 221. 

fj r f 8 ' Th ^ ems for the interval (0, co). We now modify our 
undamental theorems by an exponential transformation. They then 

t rr'r:ir conceming functi ° ns over ( o,«o), a nd it» in 

18 form that they are usually most convenient for application. 

We put, for a moment,f 

e * = C ‘ = T ' f(t) = F g( — t) = e‘G(e ') = tO(t), 

t Abandoning tho use of capital letters for Fourier transforms. 
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so that 

CO 

J g(t)dt, 

— 00 

co 

/% 

CO 

I 9(x-t)f(t)dt, 

— co 

co 

co 

J g(t)e^dt 
— 00 

co 

become 

J G(r) dr, 

0 

0 

f G(t)t _<x <£t. 

0 


We then replace f, r, F, and G by a:, t , /, and g , and the result is as 
follows. The class of functions <7 of £(— 00 , 00 ) becomes the class Z(0,oo). 
The class W becomes the subclass of L(0,oo) for which 


OO 

(12.8.1) J g^t-^dt ^ 0 

0 

for any real x : we still call this class W. The class of slowly oscillating 
(decreasing) functions / becomes the class which is slowly oscillating 
(decreasing) in the sense of § 6 . 2 , i.e. the class such that 

lim{/( 2 /) —/(*)} = 0 [Hm [f(y) -/(*)} > 0 ] 

when x -> go, y > x, y/x->\. 

Thus Theorems 220 and 221 become 

Theorem 232. If g is W, h is L, f is bounded, and 


( 12 . 8 . 2 ) 

x / 1 J 9W dt > 

then 

(12.8.3) 

I J J h(t)dt. 


Theorem 233. If g is W, f is bounded and slowly oscillating , or real , 
bounded , and slowly decreasing, in the sense o/§ 6 . 2 , and ( 12 . 8 . 2 ) is true , 
then f(x) -* l. 

Here the limits are 0 and co. Generally, when integrals are written 
without limits, the limits will be —co and oo if the integral involves 
x—t or e^, 0 and oo if it involves tfx or £ -ix . 

To obtain the analogue of Theorem 231, we put 

J efda(t) = A(e'), 

and then replace A by a, when (12.7.3) becomes 

J' 1 da.(u) | ^ 

% 
t 


(12.8.4) 


u 
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2 max \tG{t) | <oo. 

+ 1 

Hence, using M in this sense and W* in the corresponding sense, we 
obtain 

Theorem 234. If (i) g is W*, (ii) h is M, (iii) a satisfies (12.8.4), and 


(12.8.5, -j,(- 

then 

( 12 . 8 . 6 ) lj h [ 

Finally, we observe that if 

z = f" 1 , t = r-\ 


d *(0 


J g{t)dt, 


then 


J g(t)dt = f 


G(r)dr , 


f(t) = F(t), g(t) = t z G(t), 

S^ mdt =lS°[ iH>‘ 


and that the classes of functions occurring in the theorems are un¬ 
changed. Hence 

Theorem 235. The results of Theorems 232 and 233 remain true when 
x tends to 0 instead of to oo in hypotheses and conclusion. 

We can now see how (as was stated in § 12 . 6 ) Theorem 221 may be 
deduced from Theorem 220. It is the same thing to deduce Theorem 233 
from Theorem 232. If/(*) is bounded, and we take h[t) = 1 for 0 ^ t < 1 , 
h{t) = 0 for t > 1 , then it follows from Theorem 232 that 


(12.8.7) 


If also f(t) is slowly decreasing, then it follows from the integral 
analogue of Theorem 68 of § 6.2 that f{x) -> l. 


12.9. Some special kernels. The following special choices of g(t) 
are particularly important: the first is for (-oo,oo), the rest for (0,co). 

(1) g{t) = (c > 0): J g^e^dt = ^ 

(2) g(t) = e -t : j g( t )t-ix dt = r{i _ ix) 0 

( 3 ) 9 (t) = 1 (0 < t < 1), 0 (t > 1): f g{t)t~*dt = - 1 -£ o 

I 1— ix 
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(4) 


(5) g(t) 


( 6 ) 

( 7 ) 

then 
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g(t) = k(l—t) k ~' (0 < t < 1), 0(«>1); k> 0: 

f g(t)t~ u dt = k f (1 = r ^'+l)r(l— ix) 

J o r(*+i-fa) 

( sin t\^ r 

—) : J g(t)t~^dt = £2 ir r(—1 —izjsinh %nx ? 

r= J* 


[Chap. XII 


If 


0(0 




/ 


J 


/-w +8 


for S > 0, x ^=- 0; and so, making 8 0, 


J g(t)t-*dt = izr(l-ia;)S(l-;z) 

for a; ^ 0. If x = 0 then the value is —1. Thus the assertion that g(t) 
is W is equivalent to the theorem that £(1 — ix) ^ 0. 

(8) Finally, we suppose g 0 (t) = [£ -1 ] and 

g(t) = 2g 0 (t)—ag 0 (at)—bg Q (bt ), 

where a and 6 are positive and log a/log 6 is irrational. The kernel g 0 {t) 
is not L t since tg 0 (t) 1 when t -> 0, but 

for small t, and g(t) = 0 for large t, so that g(t) is L. If 91<s > 0 then 


y 0 ( 5 ) = j 9o(t)t 9 dt = j [t-^dt = j[u]u~ s ~ 2 du 


v(s) = j g(t)t s dt = (2 —a- 8 —b- s )^j~l. 

This equation has been proved for > 0, but both sides are regular 
for 915 > —1, so that it holds for all such 5, and in particular for 
s = — ix , where x is real. Finally, y(0) = loga+log^ =£ 0, and 

y(—ix) = (2—e ixlo « a —e ixl o« b )^^^- 0 

f In (5) and (6) we must take the limiting values and — 1 when x = 0. 
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when X ^ 0, because log a/log b is irrational and £(1 ~ix) =£ 0. Thus 
g(t) is W. 

It will be seen that, in the last two examples, the assertion that g(t) 
is IT is equivalent to the theorem that £{$) does not vanish on the line 
a = <Rs = 1. This naturally suggests that the corresponding cases of 
our theorems will prove important in the theory of the distribution of 
primes. 

The functions (l)-(7) are plainly all L, and so (l)-(8) are all W. It is 
also plain that the function (1) is M. Finally, if g is continuous, and 
0{t~ l ~ h ), where S > 0, for large t , then 

2 max 1*7(01 < H 2 e ” < co, 

4 1 — CO 

2 max |/<7(0! <//f e-«" < oo. 

0 e"s^c’ ,+ 1 0 

Hence the functions (1), (2), and (5)-(7) are M, while (4) is M if k > 1, 
but not if k ^ 1, since then it is discontinuous. 


12.10. Application of the general theorems to some special 
kernels. We now apply our theorems to some of the kernels of § 12 9 

(1) If 


9(t) = e-', h(t) = k(l~t)^ (0 < t < 1), 
and k > 0, then Theorem 232 gives 


Ht) = 0 (t > 1), 


i J e ~“ x f^ dt -* l ■ m = O(l) -► i J (,r—t) k -'f( t )dt - i, 

0 

’• e - (A) . f(t) = 0(1) (C,A). 

The special case k = 1 is Theorem 92 a. We saw in Ch. VII how we 
could deduce all the theorems of § 7.5 from Theorem 92, of which 
some are direct generalizations, and this leads us to ask whether 
there are corresponding extensions of Wiener’s general theorems. In 
par icu ar, is it possible (at the price, no doubt, of further restrictions 
on g) to replace the condition that/(l) is bounded by a one-sided condi- 
] °n/(0 > Ht We come back to this question in § 12.12. 

If we take g = A(l- 0 *-i alld h = * (1 _<)*-!, where 0 < k < k, for 
< 1 , and g = h = 0 for t > 1 , we obtain 

f(l) -> 1 ■ A<) = O(l) (C ,k). 
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If K > k, the inference is Abelian and no secondary condition on / is 
wanted. It is easy to deduce that 

/(*) = °( l ) ( C >*i) • /(*)-►* (C, k 2 ) -*f(x) l (C ,1c) 

for 1 < k x < k < Jc 2 : this is the form assumed by Theorem 70 for 
functions of a continuous variable. 

(2) If we take g(t) = e~* in Theorem 233, we find that if f(t) -* l (A), 
and f is bounded and slowly decreasing , then f-+l. This is an imperfect 
theorem (though in no way a trivial one), since, after Theorem 105, the 
condition of boundedness is unnecessary. This leads us to ask whether 
(again probably at the expense of some restriction of g) it may be 
possible to get rid of the condition of boundedness in Theorem 233. 

It is worth while to consider in this connexion why a condition of 
boundedness is unnecessary in Theorem 106 a. We obtained this theorem 
in Ch. VII as the climax of a rather intricate chain of reasoning, and 
we consider here only the simplest case, in which /'(*) = 0(t- x ). Then 
the simple argument of §7.2 proves 


/= O(l) (A) . f = 0(t~') - /= 0(1); 

and so ‘/ bounded’ appears at once as a rather trivial consequence of 
the other hypotheses. 

We cannot expect to answer the question so easily for a general g 
and a less heavily restricted/: but in § 12.13 we shall prove a theorem, 
due substantially to Vijayaraghavan, which answers it under fairly 
general conditions. 

(3) If we suppose k > 1, and take 

g = e-*, h = k(l~t) k ~ 1 (t < 1), h = 0 (t ^ 1), 


in Theorem 234, we obtain 

l - J e-"* da(t) . J 1 d ° t / ) 1 < H 

t 





(x—t^^daty) 



We cannot take k = 1 because then h y being discontinuous, is not M. 
If now a (t) = «!.+<s 2 -f s n f° r 71 ^ we obtain 

S n ^.l (A) . y <H s n ^l (C,k) 

I n 

t 

for k > 1. The second hypothesis is satisfied, in particular, if s n is 
bounded. We are thus led directly to a theorem about series, a little 
more general than Theorem 92 in one way, but weaker in that it asserts 
summability for k > 1 instead of for k = 1. We can prove summability 
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(C, 1), or summability (C, k) for any positive k, when s n is bounded, 
by combining the theorem with Theorem 70. In this case there is no 
particuJar advantage in using Theorem 234 instead of Theorem 232; but 
for other g the passage from integrals to series may be less immediate. 

(4) It is natural, after §4.17 (where we were concerned with the 
similar definitions for series), to express the hypotheses 

sin yt 

y* 

when y -* 0, by 

/(0 1 (R>). /m dt = l (R, 2) 

respectively. If we choose g(t) as in § 12.9(5), we obtain 

fit) -> i (r 2 ) . /(t) = o(i) f( t ) i (C k ) 

for any k > 0. The reverse implication, with R 2 and (C, k) interchanged, 
is also valid: the R 2 and (C, k) methods are equivalent for bounded f 
We shall see in § 12.12 that, when k = 1, the condition of boundedness 
may be replaced by the one-sided condition / > —H. 

Theorem 233 gives 



( 12 . 10 . 1 ) 


Try 


r- 


sin 2 yt 


i 2 


m dt -> i t 


( 12 . 10 . 2 ) 


/( 


l (R 2 ) . / is bounded and slowly decreasing 

fiS h l " 0mbining What we have just P roved with Theorem 

We sha11 see m § 12 -14 that the condition of boundedness 
may be dropped. 

Theorem 234 gives 

(12.10.3) s„-*s (R 2 ) . = O(l) -► s„ ^ a (C,*) 

use of Theorem g6t rid ° f ^ reStriCti ° n * > M under b >' 
It will be observed that in none of these cases is the full truth 

z v ztrrT y hy one of the <key theorems • a 

d ; P rt! ° n mtrinSicaUy sim P ler ‘^rems, » necessary in 

SzAsz usintr T1 aU the reSUltS te proved b y other methods. Thus 

' k "‘ wilho “* * w ““ n8 “ 


¥ 9in ^ = * • nb n > -H - lim l y nb _ 

A z —kb X ~£ x 

tapuSSstmm^rf £ t enVardS pr0ved thiS and the reverse 

obtain (12.10 3) with Z^' h 7 ® by 2j/ ^ "*-> by we 

v w-o), with the one-sided generalization. 
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Again, we shall see in Appendix III that summability (R 2 ) implies 
summability (A), without any reservation on the sequence or function 
considered. We shall then be able to deduce any of these Tauberian 
theorems for R 2 from its analogue for A. 

(5) The hypothesis (12.10.2) is not, as it stands, one of Wiener’s 
type. If, however, 

t 

F(t) = J f(u) du = o(t 2 ) 

o 


for large t , then partial integration gives 


J ^yt^) ^ dt = y j dt > 

where g(t) is, apart from sign, the function of §12.9(6). We shall see 
in Appendix III that the convergence of 2 n ~ 2 sin 2 ny a n , for all small y, 
implies that of 2 ^- 2 a n , and a fortiori implies s n = o(n 2 ). If we take 
this, and the corresponding theorem for integrals, for granted, then 
Theorem 232 gives 


(R,2) ./ = 0(1) (C,&), 

and similar questions about possible generalization present themselves. 
We shall see in § 12.16 that these are less simple for this g(t) because 
it is not of constant sign. We shall, however, prove in Appendix III 
that summability (R, 2) always implies summability (A), so that the 
Tauberian theorems for (R, 2), like those for R 2 , may be deduced 
from those for A. 

We end this section by two general remarks. 

(а) It will often happen that the result given by Wiener’s theorems 
is one which may be proved more simply by other methods: this is true, 
for example, of all the theorems of Ch. VII, and of the theorems referred 
to under (4) above. The merits of Wiener’s method he in its great power 
and generality, and the light which it throws on the whole subject; 
not in simplicity. 

(б) There will be a complex of Tauberian theorems associated with 
any particular kernel g(t) and connected by relations of varying simpli¬ 
city. One of the Wiener theorems concerning g will ‘hit the map in 
a particular place, which will not always be just the place we want. 
It will usually be possible to pass from one spot on the map to another 
by comparatively simple arguments; and it is usually easier to do this 
than to strain for variations of the general theorems, though such 
variations have often considerable intrinsic interest. 
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12.11. Applications to the theory of primes. One of the out¬ 
standing applications of Wiener’s theorems is to the theory of prime 
numbers. It had long been familiar that the ‘prime number theorem’ 


( 12 . 11 . 1 ) — 

\ogx 

was ‘roughly equivalent’ to the theorem (first proved by Hadamard 
and de la VaI16e-Poussin) that 

(12.11.2) £(1 + i't) 9* 0 

for any real r. Wiener’s theorems enable us to present this equivalence 
in a much sharper form than was possible before. All previous proofs 
of the prime number theorem took from the theory of 'i(s) not merely 
(12.11.2) but some stronger result such as 

|£(1-H‘t)| > //(log |t|)“ s 
for large |r|. e 1 u 

It is known that the prime number theorem is equivalent to 

( 12,11 * 3 ) VH*) = 2 Mn) — a;, 

n^x 

and also (though the proof of this is less familiar) to 
(12 - n ’ 4) M(x) = J fi(n) = 0(2;).f 

from Theorem 233 and we 

(i2 - n - 5 > /(o= 

iTwecIn n § * * ° bVi ° US that / is bo ^ded. Hence, 

nZ ITSZ e -n>? f,S Sl ° Wly 0SCmating and ^/and y satisfy 

tben ( 12 -11-4) will follow from Theorem 233. Now 

f(y)-f{x) = M(x) _ M(y)- M(x) n )\ 

y * *— +M{ %— X ) 

x y \ X ) 0{L> 

when a: oo. y/x -* l. Thus / is slowly oscillating. Finally, 

1 '.a/l fa I 1 J-i r J t 


mn^x 


~ JL Mn)log ^ = 2 2 *»> = = »(*). 

2.Tl^ n Til ! gh '’ ^ Wesh <* U P- 
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since the inner sum is 0 unless q = 1, and then it is 1. Hence 

J dl = 2 J dt ~ a j 9^)mdt~bj g 0 l^f(t)dt=o(x), 

which is (12.8.2) with l = 0. We thus obtain (12.11.4) and the prime 
number theorem. 


12.12. One-sided conditions. In this section we show how it may 
be possible to replace the condition that the f(t) of Theorem 232 is 
bounded by the more general condition 

(12.12.1) f(t) > —H. 

We confine ourselves for simplicity to the most important special case, 
in which h(t) is the g(t) of §12.9 (3); and we shall find it necessary 
to put additional restrictions on our present g(t). 

Theorem 236. If (i) g is W, (ii) g ^ 0 for all t , (iii) there are positive 
numbers c and K such that 

(12.12.2) g(t) > K 

for 0 < t < c, (iv) / satisfies (12.12.1), and (v) / and g satisfy (12.8.2), 
then f(x) -> l (C, 1). 

We may suppose (adding H to/) that / ^ 0, and that J g{t)dt = 1. 
We write 


(12.12.3) 

so that 

(12.12.4) 

for almost all x. Then 


o(x) 


= l J m dt, 


<r'(x) = {f(x)—a{x)}/x 


cx 


!f4W >!//(■)■»- 


= Kco(cx) > 0. 


The left-hand side tends to a limit when x -+ co, and is therefore bounded 
for large x. Thus a(x) is bounded for large x, and therefore for x ^ 1 • 
If <r(x) < /x for x ^ 1, then, by (12.12.4), 

<j‘(x) > -x-'u(x) > -/jx- 1 

for almost all x > 1. Hence a(x) is slowly decreasing. Next, 


J g(u)f(xu) du 


and so 



dy 


J g(u)f(yu)du 


l. 


o 
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\ J g(u) du j f{y u ) dy = j gr(w)|-i- J /(w)<M du 


-f 


g(u)o(xu) du 



Hence the last integral tends to l. Applying Theorem 233, with a for /, 
we find that a{x) -> l, i.e. f(x) -+ l (C, 1). 

The conditions are satisfied, for example, if g(t) is e-* or • The 

first case gives Theorem 94 a, while the second gives 


Theorem 237. ///(*) -► Z(R a ) and f(t) > -H y then f(t) -> l (C, 1). 

This, together with the corresponding result with R 2 and (C, 1) inter¬ 
changed, is the theorem of Wiener referred to in § 12.10(4), and proved 
otherwise by Sz&sz and by Hardy and Rogosinski. The conditions of 
Theorem 236 are not satisfied when g(t) is the kernel of § 12.9(6), associ¬ 
ated with (R, 2) summability, since this g(t) is not of constant sign. 

Theorem 236, unlike Theorems 232 or 233, is one with a specialized h, 
but this is not a serious disadvantage, since it is usually possible to 
deduce (12.8.3), with whatever h we may require, from the existence 
of the (C, 1) limit. The theorem is not true for all g of W: some additional 
condition on g is essential. Suppose, for example, that 


g{t) = 1— 21ogi (0 < t < 1), 0 (t ^ 1). 

Plainly g is L, and 


f m-^dt = —L- 2 = _ -fe o 

J 1— IX (I—IX) 2 (1—^)2 ^ 

so that g is W. I ff(t) = t, then / > 0 and 

l / = l j (l-21og^). dt = X j (l-21ogI) udu^O, 

0 o' 

but f(x) -> 00 (C, 1). 


* 213 - VUayaraghavan’s theorem. Our next theorem is of a 
fo^ 6nt kmd ^ d ° 63 n0t depend upon the theor y °f Fourier trans- 

4780 

X 
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We are led to it by a remark which we made, in § 12.10(2), about 
the applications of Theorems 232 and 233. These theorems depend on 
the hypothesis that/(2) is bounded, but this hypothesis is often redun¬ 
dant in the application. It is therefore important to obtain other 
theorems in which the boundedness of f(t) appears as a conclusion 
instead of as a hypothesis. Such a theorem should be of the type ‘if 
g(t) is L, and satisfies, say, conditions («);/(<), or s n , satisfies conditions 
(£); and 


l J 9 f(t) dt l J g(t) dt [or 1 2 9 (i) Sn 1 / 9W *]' 

or at any rate the sum or integral is bounded; then f(t), or s n , is 
bounded’. Conditions (ft) will not by themselves imply boundedness, 
and conditions (a) will not include Wiener’s. This section and the next 
will be occupied by the proof of a theorem of this character, due 
essentially to Vijayaraghavan. It will be convenient to work, as he 
does, with series rather than integrals, and to generalize his hypotheses 
a little. 

In what follows, then, we shall be concerned with a method of 
summation defined by 

(12.13.1) t(x) = 2 c n (x)s n -* s. 

We suppose that 

(12.13.2) c n (x) Js 0, c„(a;) -»■ 0 (*-*«>), I c n (x) = i, 

so that the method is totally regular. 

Theorem 238. Suppose that the following conditions are satisfied. 

(ij is positive and differentiable for w ^ 1; 

(12.13.3) <£->oo, 0 <4>' <K y 


where K is independent of u, 


(12.13.4) 




dt 


(so that -> co with u). 

(ii) The coefficients c n have, in addition to those already stated, the 
properties: 

(12.13.5) Ic n (.r)-»0 

71 = 0 
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M ->co, x->co, oo; 

2 C »(- T ) °> 
n=N 

(12.13.7) | c»{O(n)-d>(iV)}^0, 

n=A^ 

iV-^co, x->ao, O(iV)—0>(a;) -^oo.f 

(iii) // s(<) = /or n < t < ?i+1, ^en 

(12.13.8) lim{.s(/)—s(u)} > 0 

wh ^n u —> oo, t > w, 

<£(w) 

(iv) t(x) = 2 c n (z)$ n is bounded. 

Then s n is bounded. 

We shall require a lemma. 

Theorem 239. If s(t) satisfies condition (iii) and <f>(u) condition (i) of 
Theorem 238, then there are positive numbers a and b such that 


(12.13.9) s(q)—s{p) > — a j — 6 = — a{0>(g)—<P(^)}—& 

forq^p^ 1 . P 

It follows from condition (iii) that there are a U and 5 such that 

(12.13.10) s(f)—^(w) > —i 
if 


(12.13.11) t ^ 

If, on the other hand, 
lower bound depending 
y and 8 such that 



u < U, t < tZ+S^t/), then s(0—s(«) has a 
only on U. It follows that there are numbers 


(12.13.12) 

for all t and u for which 

(12.13.13) 

f That ia to say, 

M 

2 c n( x ) < ** 

meter H which tends to oo. We shall not funcfcl0ns of a single para- 

and c„, and are content to state the theorem J °1 OUr C0nditioa9 oa 

applications. a form sufficiently genoral for the 


S(t)~S{U) > —y 
0 < t~U ^ 8<f>(u). 

® oo 

2 c n (x) < e, £ c n (x){(I>(n)-a)(lV)} < e 
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We write 

(12.13.14) p 0 =p, Pl = p 0 +S<f>(p 0 ), p k+l = p k +mp k ), ... 
and suppose that p r sg q < p r+1 . Then 

(12.13.15) s(q)—s(p) = £ {s(p t+1 )-5(p t )}+5(g)— s(p r ) > -(r+l) y , 

k —0 

by (12.13.12), and 


(12.13.16) 

Now 


Sr = f P!p.-P* m 

* 4 . fad 


<f>(Pk+i) = 4>(Pk)+(Pk-n-Pk)<l>'{£) (Pk<£ < p k + 1 ). 
<Hp k+ 1) = *(?*){!+Sf(f)} < (1+8 K)<f,(p k ), 


(12.13.17) 


r -1 


Pr 




s '«‘ ,+ “> < < 1+s *> J < (1+5 ' r > / 


fr =0 


P9 


It follows from (12.13.15) and (12.13.17) that 


rg+Jt) 


which is (12.13.9). 


12.14. Proof of Theorem 238. We have to prove s n bounded. If s n 
tended to oo or to — oo, then t(x) would do the same (since the trans¬ 
formation is totally regular). It is therefore sufficient to prove that 
the hypotheses 

(a) t(x) = 0(1), (b) lim|s n | = oo, 

(c) s n does not tend to oo or to —oo, 
lead to a contradiction. We write 

(12.14.1) o x (t) = max s n , o 2 (t) = max(-5„). 

n<t 

Then it is plain that a x (t) and o 2 (t) increase with t , that one at least 
of them tends to oo, and that there are two possibilities: either 
(a) cTj(n) ^ cr 2 (n) for an infinity of n, or (fi ) a x (n) < cr 2 (n) for all suffi¬ 
ciently large n. We consider these two possibilities in turn, and show 
that each leads to contradiction. 

Case (a). It is plain that in this case a x (t) -* oo, and that, given any 
H , there are M for which 

(12.14.2) 


s m = °i( M ) > 


o x (M) ^ g 2 (M). 
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We choose the least M = M{H) satisfying these conditions, and then 
the least N = N{H) > M such that 

(12.14.3) Sn ^ J s M : 

there are certainly such N when H is large, since otherwise s n would 
tend to oo. 

Since s N —s M > -o{<t>(iV')-<J>(.af)}_&, 

o{<l>(A) <5>(M)} > s M — s N — b ^ \s M ~b > H-b, 
and so O(iV) -<J>(M) oo 

when H -*■ co. Hence, if we define x by 

(12.14.4) d>(x) = 
then 

(12.14.6) <5>(x)~<b(M)-*ca, <b(N)-<b(x) oo. 

We write 


(12.14.6) t(x) - ( 2 o + n I Jf +jJcn(*K = r.W+T^), 

and estimate r,, r 2 , and r 3 in turn, denoting generally by 8 (H) a function 
ot U which tends to 0 when H ->oo. First, 

(12.14.7) Tl (x) > -a 2 (M) p n> - 0l (M) fc n > -S 

! 12 - U , 2) ’ and (1213 ' 5) - Second] y. since N is the first n 
after M which satisfies (12.14.3), 

(12.14.8) 

T ' (x) > WJf) X°“ = KW(i- pn- |e.) > {*-S(iDM(J0. 

by (12.14.2), (12.13.6), and (12.13.6). Thirdly, tfn^sN, 

(12.14.9) «„-%-! > -a{0(n)-<D(Ar_i)}_ 6> 

by (12.13.9). Also > B > 6+1 for large H, and 


N -1 


du 

m 


It now follows from (12.14.9) 

*„ > -^®(n)-*(^_i )} +1 > _a{<Din)-<l>(Al)} 
for large H, and that 

(12.14.10) r 3 (x) > _o | C „{<t.(n)-0(A)} > -8 (B) 
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by (12.13.7). Finally, combining (12.14.7), (12.14.8), and (12.14.10), we 
obtain 

r(x) > - 8 (^)a 1 (ilf)+{J- 8 (^)}c 7 1 ( 3 f)- 8 (^), 

which tends to infinity with H, in contradiction to the hypothesis that 
t(x) is bounded. Thus case (a) leads to a contradiction. 

Case (fi). In this case a 2 (n) > a x (n) for all large n , and a 2 (n) ->oo. We 
choose the least N — N(H) such that 


(12.14.11) o 2 (n) > <J x (ri) (n > N), s N = — a 2 (N) < —2 H\ 

and then the last M = M(H) < N for which s M > %s N = —%cr 2 {N): 
there are certainly such M when H is large, since otherwise s n would 
tend to —oo. Thus 


(12.14.12) 8 M ^ - W^). *» < -i#) (M < n < N). 

Then 


(12.14.13) 


s N —s M > — a{ 0 (^)— 0 (il/)}— 6 , 


by (12.13.9), and s N —s M < %s N < —H, so that 

> H-b , 

and <D(W)— $>(M) -> oo when H -> oo. Hence (12.14.5) is still true when 
x is defined by (12.14.4). 

We now write 

, M N co . 

(12.14.14) t(z) = (£+ j + I C,(4 = T.W+rW+^l, 

\ n = 0 n=il/ +1 N + 1 7 

and estimate r lt r 2 , and r 3 . First, 

(12.14.15) 

T,(a:) < ai (M) f c n < <r,(jV) f c„ < a 2 (iV) f c„ < S(H)a 2 (N), 

0 0 0 

by (12.14.1), (12.14.11), and (12.13.5). Secondly, 

N N 

(12.14.16) Tt {x) = 2 c„s n < 2 c„ 

M + l M + l 

= - J 2 a 2 (lV)(l-2 C„) < 

by (12.14.12), (12.13.5), and (12.13,6). Thirdly, 

(12.14.17) T 3 (X) = 2 C n«n < 2 

iV + 1 iV + 1 A^ + l 

= 2 

W + 1 
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(12.14.18) ~s n —<r 2 (N) == — s n +s y < a{<&(n)— <fr(N)}+b 
for n > iV, by (12.13.9), and therefore 

(12.14.19) o 2 {n)~a 2 (N) < a{Q>{n)— 0>(iV)}-{-&.t 

Hence, after (12.14.17), 

(12.14.20) 

r 3 (z) ^ c n {(D(n)-cl)(N)}-f ^c n < 8(H)<J 2 (N), 

by (12.13.6) and (12.13.7). Finally, it follows from (12.14.15), (12.14.16) 
and (12.14.20) that 

r(x) < ~{i~S(H)}a 2 (N) t 

and so that t(x) —oo when H oo. This is again a contradiction, 

so that case (ft) is disposed of and the theorem proved. 

Suppose in particular that 


Then 
if Mix 


c n = (1-e l l x )e "/*, <f>(u) = u, <D(u) = logu. 

I c n = (1-e-'/*) f e~ n l* = \ — e -(M+i)ix < M +l Q 
0 0 X 

0, i.e. log x —log M —> oo; and 


I c„ = (l-e-'l*) ? e~ n l* = e~ N l* 

s N 


0 


if N/x -> co, i.e. log N — log x -*■ co. Finally, 


A n 00 

~ (1— e_1/a: ) V log[ 1 

n-N fzt ' iV/ 


l^T 


^ < {a:(l — e-V*)}-2 f: e -tf /x> 


which tends to 0 if * -* co, log N—log x oo. 

Thus the conditions (i) and (u) of Theorem 238 are satisfied, while (iii) asserts 
that ,S slowly decreasing in the sense of §6.2. It follows that if s n ~ 

“7 ; ° m ..•*.WJJU' 

ir *,*S? ■ 

§ 12.10(2)) not of Theorem 233 alone ’ gh ( “ wesaw m 

As a second example, we may take 



t °.(n) = = mar{. lW , _ Sj¥+1> 

(12.14.19) would bo trivial; if from one of - 


—> — * n ). If the maximum arose from o t (N), 
9 n+i> 9 n , then it follows from (12.14.18). 
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(with the same f> andO). Then (12.13.1) is equivalent to s n s(R a ). 


x 



sin 2 (n/x) 




In this case 


x 



sin 2 (n/x) 
n 2 





when x/M —> oo and N/x —> co, so that the conditions of Theorem 238 are satisfied. 
Thus, combining the theorem with Theorems 234, 70, and 68, f we obtain 

Theorem 240. If s n -> s (R 2 ), and s n is real and slowly decreasing , then s n —> s. 


12.15. Borel summability. We proved in §9.13 that s n -> 5(B) and 
a n = 0(n~t) imply s n s. Our object now is to prove 

Theorem 241. If s n -> s (B) and 

(12.15.1) ]im(s n -s m ) > 0 
when 

77_777 

(12.15.2) m -> co, n > m, —-> 0, 

Vra 

then s n -> s. 

This theorem, first proved by R. Schmidt and Vijayaraghavan, is 
the most general Tauberian theorem concerning (B) summability. 

There are various methods. We may combine Theorem 238 with the 
ideas used by Hardy and Littlewood in their original proof of Theorem 
156: this is the method followed by Vijayaraghavan. Alternatively, we 
may combine it with those used in §§ 9.10-13.{ It is more natural here 
to combine Theorem 238 with a theorem of W iener’s type, and this is 
the course which we shall follow. 

We observe first that it is unnecessary to distinguish between summa¬ 
bility (B) and summability (B'). For s n -> 5 (B') is equivalent to 
s n _ x -> s (B), by Theorem 126, and the condition (12.15.1) is plainly 
unaltered by the change of m, n into m — 1, n — 1. 

f See § 12.10(4). . 

J Certair parts of the argument of §§ 9.10-13, in which we used the full hypo esis 
a u == n '.." ’*), must then he modified, but the modifications required are not difficult. 
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We next verify that the (B) method of summation satisfies the 
conditions of Theorem 238, with (j>{u) = 2Vm, <!>(«.) = Va— 1. We have 
to show that 


(12.15.3) 

(12.15.5) 

when 



(12.15.6) V #—^ oo, *JN —V.r-*co. 

If 0 ^ V 'x—>JM = fi then M = — p) ^ x —/War; and if 

0 ^ yJN —Vx = v then N ^ x+2vJx ^ x-\-v\'x. Hence (12.15.3) and 
(12.15.4) will follow from 


K?S3 - »• js> 2 5) - « 


lim | e~ x 

fl^y'x, ft-* co 


n= 0 ' ' x + v>x 

and these are true by Theorem 137(4). As regards (12.15.5), we have 

e~ x f (V/i-VA)^ < ^ V (n-N)^ < ^ f (n-x)^ 


-X 




n! \x Z-, 

€ + vVf PVf 

where £ = [a;]. It follows from Theorem 137f that this is 


\'x 


m 




m 


(f+m)!’ 



Thus conditions (i) and (ii) of Theorem 238 are satisfied. Hence (if the 
conditions of Theorem 241 are satisfied) s n is bounded. 

In order to use Wiener’s theorems, we must express summability (B) 
by an integral relation of Wiener’s type. We may suppose, after what 
precedes, that s n is bounded, and we may take 5 == 0, so that s n 0 (B). 
Then we proved in § 9.10 (Theorem 151) that 


when x 


__J e-V-x^sil) dt 0 
0 

co,% i.e. that 


t Using (9.1.8) for the range ( V J£, £{) and (9.1.6) for («, 
about the triviality of the ‘tails’ of such sums. 

X Actually we assumed only that a n = o(Jn). 


-* 0 

co). See the remark in § 9.10 
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when y —>■ co. We now replace this by the simpler formula 

( 1 2 . i 5 . 8 ) J e-**-v* 8 (u*) du -+ 0 . 

It is plain that (12.15.8) will follow from (12.15.7), when s(t) i 
bounded, if ' 

(12.15.9) | | g- 2 («-i/)» 
i.e. if 

(12.15.10) 
where 


is 


/ 


u ( (u 2 — ?/ 2 ) 2 ] , 

-exp — i— ^ > du -> 0 , 

2/ 2y 2 / 


^ = J 0 , 


-i/ 


= e - 2 ^_y±^ ex p|_ 2u ,2^+M 2 j 

We divide J into the two parts J x and J 2 in which \w\ ^ y* and 
w \ < y“. where 0 < 3a < 1 . In J v for large y, 

o< y -±^ < \ w \ ^ 


y 2 y > ^’ 

and <j> = Od^le-l^), so that J x is trivial. In J 2 we have w = 0(y a ), 

y+w 


y 


= 1 + <%“-*), 


prr=>+<**-■>. 


exp(-2u;^^t^J 2 j = e.xp{-2^+0( 2/ 3«-i)} = e-^fl + 0(^-1)}, 

«/ 2 = 0(*/ 3a ~ 1 ) J dw 0. 

This proves (12.15.9) and therefore (12.15.8). 

We now take g{t) = e~** and f(t) = s{t 2 ) for t > 0, 0 for t < 0. Then 
g is W (§ 12.9(1)). If t > u y u oo, w 0, t = £ 2 , v = u 2 , then 

r—u t 2 —u 2 


Vy 


* 


< 2 (*-w) -> 0 , 


and so lim{/(^)—/(w)} = Iim{^(r)—s(y)} ^ 0 . 

Hence f(t) is slowly decreasing (§ 12 . 2 ); and, since we have proved it 
bounded, it follows from Theorem 221 that f(t) -> 0 , i.e. that s n -> 0 . 


12.16. Summability (R, 2 ). We end this chapter by proving the 
theorem for (R, 2) summability which corresponds to Theorems 106 and 
240, viz. 

Theorem 242. If s n -> s (R, 2 ), i.e. if 

/m 'V /sin nd\ 2 

when 6 0 , and s n is slowly decreasing , then 2 °n = 5 * 
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This theorem, and its analogue for f(t), present fresh difficulties, since 
the g{t) now relevant, as we saw in§§ 12.10(5) and§ 12.12, is not positive. 
If we knew that s n is bounded, we could prove the theorem on the 
lines sketched in §12.10, first deducing summability (C,&) from our 
general theorems, and then passing to convergence by means of 
Theorems 70 and 68. But we cannot supplement this argument here 
by an appeal to our later theorems, and it seems simplest to use different 
methods. 

We write 

a n = a n K > 0), 0 (a n < 0); a" = (a n < 0), 0 (a n > 0); 

so that a n = a + , \a n \ =a + — a~. We are given that lim(5 n — 5, n ) > 0 

when n > m, m ->co, (n — m)/m -> 0; and it follows, taking m — n —1, 

that a~ 0, and that J n~ 2 a~ is (absolutely) convergent. 

Next, J n~ z a n sin 2 ?i0 is (by hypothesis) convergent for small 0. It 

follows that J n~ 2 a + sin 2 n0 is convergent for small 0, and therefore, by 

Egoroff’s theorem, uniformly convergent in a set E of positive measure 
mE. Hence + . 

2^ f sin 2 «0 dd < oo. 


E 


But 


J sin 2 ?i0 dd = }, f (1 —cos 2nd) dd \mE 

e t: 

when n -> oo. Hence £ n~ 2 a + is convergent, and £ n~ 2 a n absolutely 
convergent. 

We suppose, as we may, that s = 0. Then the series for 0 2 *(0) con¬ 
verges absolutely and uniformly for all positive 0, and *(0) = o(l) when 
0 -> 0. If S > 0 then 


the terra-by-term integration being justified because 


-2ri5 


). 


/ 


< oo. 


Differentiating twice with respect to 8, we find 

g~2/«S __^ r to t r\\ cfr ! S 


/ 


(s 2 


A / as 2 \s 2 -f0- 

Since *(0) = o(l), the integral here is 


/ 


{JiSiF-HJ 
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when S -> 0; and so 2 a n e~‘»S -> 0, i.e. , (A). The conclusion now 
follows from Theorem 106. 

We have proved that if s n -> , (R, 2), and s n is slowly decreasing ,f 

then s n 5 (A); and this is enough for our purpose. It is, however, an 

imperfect theorem because, as we stated in §12.10(5) and shall prove 

in Appendix III, s n -» s (R, 2) implies s n s (A) without any restriction 

on s n . If this were granted, then Theorem 242 would naturally be a 
direct corollary of Theorem 106. 


NOTES ON CHAPTER XII 

§ 12.1. Wiener’s original investigations are contained in his book The Fourier 
integral and his paper ‘Tauberian theorems’. Annals (2), 33 (1932), 1-100: the 
latter includes an elaborate bibliography of earlier work. A good many generaliza¬ 
tions and simplifications have been made since by other writers, particularly by 
Pitt, PLMS (2), 44 (1938), 243—88. An important intermediate paper is that of 
Bochner, BS (1933), 126-44: Bochner shows that Wiener’s analysis may be 
simplified considerably if we are prepared to impose rather stronger conditions 
on the kernels g. 

There is a very clear account of the theory in Widder, ch. 5: both his account 
and that in §§ 12.1-8 are based largely on Pitt’s. 

§ 12.3. The theorems stated without proof in this section will be found in 
Titchmarsh’s Fourier integrals. 

§12.4. For ‘strong convergence’ see Titchmarsh, Theory of functions , 386 et 
seq.; Littlewood, 45 et seq. 

§12.9. All these kernels appear in Wiener’s work except (8), which was 
introduced by Ingham, JLMS, 20 (1945), 171-80. 

§ 12.10. The theorems referred to in this section have been proved by different 
writers with different degrees of generality, and we do not give detailed references 
here. Broadly, the results of (l)-(3) were known before Wiener, his contribution 
being to include them in his general theory, while in (4) and (5) the results also 
are mostly his. 

The papers of Sz&sz and of Hardy and Rogosinski referred to will be found in 
AM, 61 (1933), 185-201 and JLMS, 18 (1943), 50-7. 

§ 12.11. We have given Ingham’s proof of the prime number theorem, l.c. under 
§ 12.9. Wiener’s proof is based on the kernel (7) (of § 12.9). Cf. Widder, 224-33. 
Widder includes proofs that £(1 + ir) ^ 0 and of all arithmetical theorems needed. 
Wiener and Widder aim directly at (12.11.3). If we choose, as in the text, to work 
with /x(n), then it is convenient to take 

(a) ^ n~ l fx(n) converges to 0 

as our immediate goal: (12.11.4) is a corollary, by Theorem 26 (§4.7). If 

n^t 

| Actually we have used much less, in fact only lim a n > 0. 
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then f(t), being the sum-function of a series whose general term is 0(n -1 ), is slowly 
oscillating. Also, if t > 1, 


I i 

J m^t/n 





Hence 



for t > 1, and so f(t) (which is zero for t < 1) is bounded. Thus/(f) satisfies the 
conditions of Theorem 233, and it is sufficient to prove (12.8.2) with this / and with 
g as in § 12.9(7). 


If 

then, on the one hand, 


Z p-nv 

Ti=s-,> 


F (y) = 2 >*(*) 2 e ~ mnv 

n m 

when y -> 0, and on the other, 


Fly) = iV^ n ^ e ~ nV 
yn l-e-«v 


I« -flv I/i(«) = «~ v 

<7 n|<? 



- i ; z™Tn&)* - /««>*- 

n 0 

Thus the last integral is o(y~') t and this proves (12.8.2). 

There is a further and quite different proof of the prime number theorem, based 
on Wiener’s ideas as developed by Ikehara. For this see Widder, 233 et seq. 
The proof was reduced to its simplest form by Landau, BS (1932), 514-21. See 
also Bochner, MZ, 37 (1933), 1-9; Heilbronn and Landau, ibid. 10-16, 17, and 
18-21; Karamata, MZ, 38 (1934), 701-8. 

§ 12.12. Theorem 236 is apparently new. There is a theorem of Pitt [DMJ, 
4 (1938), 437-40], proved in Widder, 215-21, which we might use instead and 
which unposes less restriction on g, but the proof is more difficult, and Theorem 
236 is sufficient for our purposes here. 

§§12.13-14. Vijayaraghavan, JLMS , 1 (1926), 113-20, and PLMS (2), 27 

(1928), 316-26, proved the two cases of Theorem 238 required for A and B 

summability. The arguments which he used in these cases contain all the essential 

features of the proof of the general theorem. See also Karamata, MZ, 34 (1932) 
737-40, and 37 (1933), 582-8. 1 * 

§ 12.15. Theorem 241 was first proved in this form by R. Schmidt, Schriften d 
Konigsberger gelehrten Oesellschaft, 1 (1925), 205-56; and other proofs have been 
given by Vijayaraghavan, l.c. supra, and Wiener (I.e. under § 12.1). The proof 
here is essentially a simplification of Wiener’s. P 

Littlfwo 6 od F 3S-h S ° r0ff S the ° rem 860 Titchmarsh ’ Theor « °f functions, 339, or 
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THE EULER-MACLAURIN SUM FORMULA 


13.1. Introduction. The ‘Euler-Maclaurin sum formula’ 

(13.1.1) i f(m) ~ J f(x) dx + C+lf(n) + V (-l)'-i J^/Wr-i>(») 

m=i J (2r)!' 

expresses the finite sum on the left in terms of the integral and the 
derivatives of f(x). The exact theory of the formula belongs more to 
that of asymptotic than of summable series, but it is so important in 
many branches of analysis that we must discuss it seriously here. 

We begin by considering one or two particularly simple cases. It is 
plain that the formula will be most useful when f(x) behaves regularly 
for large x and the order of the Artli derivative f {k) (x), considered as a 
function of x , decreases as k increases. 

We suppose first that 0 < a ^ 1, that f'{x) is continuous for x ^ a, 
that / > 0, /' < 0, and that /-> 0 when x -> oo. Then 


X X 



when x -> oo, so that 


OO 


/ !/'(<)! dt =/(i) 


< CO. 


If y — x—\x\ so that y = x-m -\-1 for m— 1 < x < m, then 0 < y < 1 
and ~ 



is absolutely convergent. Also 


m 


m 


im =/M— / f(x)dx = J {f(m) -/(*)} dx 


771 — 1 


771 — 1 
771 


771 


= J {f(m)-f(x)}^dx = J yf(x)dx, 

771-1 m -1 

2 f( m )~ f fix) dx = 2 j„, = f (x—[x])f'(x) dx. 

771=2 J m=2 r 


It follows that, if 
(13.1.2) 


a 

F(x) = | f(t) dt. 


a 
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2 

771 — 1 

when co. If our conditions are satisfied for every a > 0, and f(x) 
is integrable down to 0,f we may take a. — 0 in (13.1.2) and (13.1.3). 

Secondly, suppose that /"(or) is continuous for x ^ a; that /' > 0, 
f” < 0; and that f'-+0 when x co. Then 

X X 

I !f-(t)\dt= - jf(t) dt=f(i)~f{x) ->/'( i) 

1 1 

and \f "| is integrable up to oo. Thus 

CO 

— i j (y 2 —y)f"(x) dx 

1 

is absolutely convergent. If 


jri 

jm = h{f( m — 1 )4~/(w0}— j f{x)dx 


771 — 1 


then 


m 

= /(«)- J J /'(*)<**, 

7a —1 


771 — 1 


(z) 


771 — 1 


771 — 1 


since i/ 2 y -> 0 when x m -1 + 0 or x-+m- 0. Hence, summing 

from m = 2tom = )i, 

i/(l)+/(2)+...+/(n-l)+£/(n)— ]"/(*) Ar = -i J (y 2 -y)/"(x) dx. 
It follows that 1 1 

(13 * 14) ,2/(»»)-^(n)-J/(n) £/(l)— -^(1) —«/'. 

We may regard (13.1.3) and (13.1.4) as the two simplest cases of (13.1.1), with 

C + c — 1/(1) —1^(1)— J' 

f0r r a T 1C ; /(l) " logI and a = »•our second set of condi- 
uons is satisfied, and we find that 

co 

logn!~(n + £)logn + n A = 1 -f \ f y hlldx t 

2 J x 2 

l 

t In which case xf 0 when * 0 and xf' is also integrable down to 0. 
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or that n! ~ e^n"+*e-». This is (apart from the calculation of A, which is actually 

$ log 27r), the simplest form of Stirling’s theorem, and it is natural to expect that 

a fuller mvestigation of the formula (13.1.1) will lead to a complete asymptotic 
expansion of log n!. r 


13.2. The Bernoullian numbers and functions. We shall investi¬ 
gate the formula in this chapter by two different methods, by real 
analysis in §§ 13.5-7, and by the use of Cauchy’s theorem in §§ 13.14-16: 
the second method will naturally demand much more stringent condi¬ 
tions on f(x). Our first method depends upon the properties of the 
Bernoullian functions B ;i (a;). 

We define the Bernoullian numbers B ny and the functions B n (x) and 

4>n(x)> by 


(13.2.1) 




• • • 


(13.2.2) 


= l-i*+2(- 1 ) n - 1 *, l 


t 2n 


(2/i)! 


t’ 



(13.2.3) 



Here, and to the end of the chapter, sums without limits run from 1 to oo. 
The left-hand side of (13.2.3) is 0 for x = 0 and t for x = 1, so that 

(13.2.4) <f> n ( 0) = 0; (13.2.5) ^(1) = 1, *„(1) = 0 (n > 1). 

The series are convergent for |f| < 2n. The first B n are 

B 1 = B 2 = $0' B 3 — 5 ^’ = 5 ( 5 > B S = <&> 

It is plain that 

B i( x ) = (M*) — i = x ~h B *{ x ) = M x )+i^ 


B 3^ x ) — B 4,( X ) — B 2' •••> 

and generally 

(13.2.6) B ir (x) = t 2r (x)+(-\y~'B r , B 2r+1 (x) = ^ +l (x) (r > 0). 

In particular 

(13.2.7) 

B„(0) = B„(\) = (-iy-'B r , £W0) = £*„(!) = 0 (r>0). 


It is familiar that 
(13.2.8) 



(so that B n increases rapidly for large n). 
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The first </> n (x) are z, x 2 —x } x*—% x 2 +±x y .... Writing (13.2.3) as 

and equating coefficients, we find that 

(13.2.9) <f, n (x) = .... 

the last term being one in a; or x 2 . 


The identity 
shows that 


e <x+iy_ i e n—i 

l -r-- t --— 


et—\ 


e*~ 1 


= U* 


(13.2.10) ^ n (a:-f-l)— <f> n (z) = nx n ~\ 
and from this and (13.2.4) it follows that 

(13.2.11) in-i +2 »-x + ... + ^*-i = n-i^N+i) (n > 1} 

Differentiating (13.2.2) with respect to x t we find 

2 - £ - <+ 2 **»=?■ 

and hence, equating coefficients, 

(13.2.12) B[{x) = 1, B n ( x ) = »£„_,(*) (n > 1). 

The corresponding equations for the <j> n (x) are 

^W = l, &(*) = 2{&(*)-|}, &(*) = SfofcrJ+iJ, ... 

and generally 

(13.2.13) 

&m(*) = 2m ^2m-i(^), </Wi(*) = (2w-f-l){<^ 2m (a:)-f (_i)m-i J B w j | 

the first for w = 2, 3,..., the second for to = 1, 2,.... 

* 3 ; 3 ; The associated periodic functions. We now define B n te) 

withered' hn," 6 ; iUal t0 ■ 8 " (X) and *»<*> for 0 < * < 1 aid 
ar 1? / ° UoWS fr0m (13-2.4)_(13.2.6) that B„(x) and J, (x) 

for every integral x. ’ ® l( ) and ^ x) have a Jimp -1 

We know that 


4780 


is 


sin 2mirx 


m 


= *-* = -WrW-i} 
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for 0 < x < 1, and that the series is boundedly convergent. If we 
integrate term by term, we obtain 


and so 

Hence 

(13.3.1) 


is 
is 


1—cos 2m-nx 


m 


= \x~ \x* = -W 2 (x), 


cos 2rmTX ,, _ 

2,*^. “ »<*■-*+« - W.M+ B,). 


is 


cos 2rmrx ,,. . % . _ . , _ 

—= JB 2 (x) 


for all x. Generally 
(13.3.2) 


1 v* cos 2rri7TX ( —l)*- 1 ,. ... ... 

2* k ~ l 7T 2k 2 m 2k = "( 2 kV ^•(^)+(- 1 )‘ B k ) = —— 


(2k)\ 


(2 k)\ 


®2/c( X ) 


and 


(13.3.3) 

1 v sin 2rri7TX _ ( — 1)*-* (—l)*- 1 

22^+1 Z, m 2A: + l - (2*+ l)!™* +lW _ (2k+l)\ 2k+l{X) ' 

for & — 1, 2,... and all x. For (13.2.7) shows that they are true for 
# = 0; (13.3.2) is the formal derivative of (13.3.3); and (13.3.3), with 
k—\ for k and the sign changed, is the formal derivative of (13.3.2). 
Finally, (13.3.3) becomes true for k — 0 and non-integral x if we 
substitute i/j%(x) = £ for fi^x). 


13.4. The signs of the functions <f> n {x). It follows from (13.2.4) and 
(13.2.5) that all the <f) n after </> x vanish for x = 0 and x = 1. We now 
prove 

Theorem 243. The f unctions <£ 2 , </> 4 , <£ 6 ,... have fixed signs in (0, 1), /to 
of <j) 2 k being (—1)*, while <£ 3 , <£ 5 ,... vanish also for x = b and n 
the signs (—l) fc_1 and (— 1)* in (0, £) and in (4, 1) respectively. 


First, 




t 



e -^+1 



so that 0 3 (J) = </> 5 (£) = ... = 0. Thus 4>, k+1 (x) has the three zeros 

0 , b 1 . 

Next, our assertion is true of 


(j> z (x) = x(x— 1), (/> 3 {x) = x(x—\)(x—\). 

We assume that it is true up to <^ 2m _u and prove that it is true of $ 2 m 
and cj) 2m +v Since <^ 2m = 2vanishes at 0, 4, and 1 only, <f> 2m is 
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of fixed sign in (0, 1); and (13.2.9), for small x, shows that the sign is 
(~l) m - <j> 2m is monotone in (0, i) and in (£, 1), and so 

= ( 2m + l){<fi 2m (x) + ( 

can vanish at most once in each of these intervals. Thus which 

vanishes at 0, and 1, is of fixed sign in (0, J) and in (i, 1), its sign in 
the first of these intervals being (- by (13.2.9), and in the second 

(“l) m > sinc © t* 0. 

We shall also use the properties 

(13.4.1) B 2m _ i(z) = — ^ 2 m-i(l—^), B lm (x) = B 2m {l—x) 

(0 <* < l; m = 1,2,...). 

These equations follow from the trigonometrical developments of § 13.3, 
or from the fact that 


_ cosh (a:— J)/ 
e l -\ sinhU ’ 


t 




L v _ ^sinh(ar—J)f 


sinh U 


¥ ' e'— 1 

are even and odd functions of t respectively. 

13.5. The Euler-Maclaurin sum formula. In what follows we 

assume the continuity of all derivatives of /(*) which occur for * > 0 : 

f{x) will usually have a singularity at x = 0. We define F{x) as in 

(13.1.2): a will usually be taken to be 0 when f(x) is integrate down 
to 0. 

We suppose in the first instance that 0 sg x < 1, and that f(x) and 

its derivatives are continuous in this closed interval; and we consider 
the integral 


(13.5.1) 


1 

/ 


u 


where r > 1. We must distinguish the cases r > 1 and r = 1. 
If r > 1 then B r (u) is continuous, and 

dB r {x—t) 


dt 


= — —/), 


by (13.2.12). Also B r (a:—1) = B r( .r) = B r (x). Hence 
(13.5.2) 

= -~r(f lr - 1) w-f' r -'K0)}+p r - 1 (r > 1 ). 


dt 
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If r = 1, we suppose first that 0 < x < 1. In this case B r (w) has 
jumps —1 for integral u , and differential coefficient 1 elsewhere, so that 


Bi(—0)—Bj^-j-O) = 1, t] = _i. 

at 


Hence 


i i 

/(*)- J /«) dt = {B 1 (-0)-B 1 (+0)}/(*)+ J dt. 

0 0 

Also 


X 

J 


o 


dB^x—t) 

dt 


X 

fit) dt = B 1 (+0)/(*)-B 1 (*)/(0)- J B^x-t)f'(t)dt, 


1 1 
J dlil{ dt~ t) f{t) dt = Bi^-h/th-Bit-OW*)- J B^-OAO *, 


X 


and B 1 (x—1) = B^z) = H^a;). Hence, combining the last three equa¬ 
tions, we obtain 


(13.5.3) f(x)- 




We have proved this for 0 < x < 1, and it holds, by continuity, for 
0 < x < 1. 

Supposing now that l > 1, and combining (13.5.3) with (13.5.2) for 
r = 2, 3,..., Z, we obtain 


i z 

(13.5.4) f(x) = f /(I) cfc + 2 ^{/ (r - 1) (l)-/ (r - 1) (°)>+P/ 

o 

for 0 ^ x < 1. The equation reduces to (13.5.3) for l = 1, so that it is 
true for l ^ 1. 

We now replace f(x) by f(x-\-m —1), where m is a positive integer, 
and obtain 

m j 

f(x+m— 1) = f f(t) dt -f ^ *-^{/ (r “ v ( w )"/ fr " 1> ( m ™ 1 )}+^ w ' 

m—1 r=1 

m 

where Pi,m — — J B z (a;— t)f®(t) dt. 

771 — 1 
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If, in particular, we take x = 1, l = 2jfc-f-l, observe that 

= i B»-iW = 0 (s> 1 ), B^l) = 

®2fc+l(l 0 = ®2Jt+l(0 = —^2Jb+l(0» 

by (13.2.7) and (13.4.1), and then replace s by r, we obtain 


m 


f(m)= J f(t)dt + ${f(m)-f(m-l)}+S k (m)-S k (m- l)+ CTjt-m 

m-X 


or 


(13.5.5) £{/(ro— 1 )+/(m)} = J /(<) dt +S k (m)-S k (m—\)+o k 

where 




m-l 


(13.5.6) 


S k (m) = ^ 




r=l 
m 


2r! 


/ (2r_1) (m), 


(14.6.7) <r, m = 


/ 


m-l 


m 


( 2 *+ 2 ) 


/ 


m-1 


by another partial integration, since 0 2fc+2 (0) = «/» 2fc+2 (l) = 0. If k = 0 

then the terms ^.(m) and 5*(m—1) disappear from (13.5.5). 

Summing (13.5.5) for m = 2, 3,..., n, and adding i/(l) + i/(w), we 
obtain 


(13.5.8) 

(13.5.9) 

(13.5.10) 

If we write 

(13.5.11) 


2f(m) = P(*)+if(n)+S*(7 l )+P i + 

P k = -f(l)+i/(l)-&.(l), 


CO 

X2fc+a(0 = 


m=l 


n 


/ 


cos 2m77-^ 
m 2*+2 


then 


= (_1) l2ik+2)r {0t ' t+i(O ' f ' (_1) * jB * +i) 


n 


/ * +i=& j 


(~l) fc+1 

2^+177.2*+2 


n 


i 


(2fc-)-2) 
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Hence we may also write (13.5.8)-(13.5.10) as 

(13.5.12) | f(m) = F(n) + y{n)+S k+1 (n)+ Q k + V kn , 

(13.5.13) Q k = -^lj+j/flj-^l), 

n 

(13.5.14) v kn = J X 2 dt. 

1 

Whe 11 /^) is a polynomial, S k (n) is also one, and U k%n vanishes for sufficiently 
large k. If, for example,/(:r) = x 1 , we may take A: to be \l or £(Z- 1). In this case it 
is easily verified that (13.5.8) reduces to (13.2.11). 

13.6. Limits as n -> co. So far there has been no question of con¬ 
vergence. We now introduce the hypotheses that 

00 

(13.6.1) J \f (2k+2) (x)\ dx < oo 
and 

(13.6.2) /(»+»(*) 0 

when x -» co ; and write the integrals over (1, n) as differences of 
integrals over (1, oo) and (n, oo). We then find 

(13.6.3) | f(m) = F(n)+U(n)+S k (n)+C k +R ktn , 

00 

(13.6.4) C k = -FW+MV-Stll)-—^ j dt, 

1 

co 

(13.6.5) R k _ n = J &* +2 (*)/ <2 * +2, (0 dt. 

n 

There are alternative forms corresponding to ( 13 . 5 .12)-( 13.5.14). 

It is plain, since ip 2k +*(0 = 0{\), that R kn 0 when n ->co. Hence 
it follows from (13.6.3) that 

(13.6.6) tf(m)-F(n)-U(n)-S k (n) -> C k . 

i 

The most interesting case is that in which (13.6.1) and (13.6.2) are 
true for all k from a certain K. Then (13.6.6) is true for k = K and 
k = K-\- 1, and 

S K n (n)-S K (n) = -> 0. 
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It follows that C K+1 — Cr, so that C k is independent of k for k ^ K. 
This is easily verified directly, since 

CO 

-(IFhji / ^«W (2 * +2, W dt 

= L= m- Btf(lk ' 1){1) -m / MW™®* d t, 

by two partial integrations. 

Thus C k is, for k > K, independent of (n and) k, and C = C k is 
a number depending only on f(x) and F(x), i.e. on f(x) and the lower 
limit a in (13.1.2). We call C the Eulcr-Maclaurin constant off (and /■'). 
We shall also call C the (<R ,a) sum of the series and write 

(13.6.7) /(l)+/(2)+...+/(z)+... = C (SR, a). 

We thus obtain another definition of the sum of a divergent series, but 
one of a quite different type from most of those which we have con¬ 
sidered, and primarily adapted to series of positive terms such as 
1 + 1 + 1 + ... or log 2+log 3+log4+.... 

The SR stands for Ramanujan, whose work with divergent series was 
mainly based on this definition. The definition is implicit in much of 
Euler’s work. The sum which it attributes to a series depends on the 
value chosen for a. We shall, however, find that there is usually one value 
of a which it is natural to choose in any special case. 

We shall call (13.5.8), (13.6.3), or one or other of their variants 
according to the context, ‘the Euler-Maclaurin sum formula’. 


13.7. The sign and magnitude of the remainder term. We now 
strengthen our hypotheses by supposing the derivatives of f(x), from 
a certam point onwards, of constant sign. To fix our ideas, we suppose 
(13.6 1) and (13.6.2) true, and /»«(*) < 0, for kfzK and « > l.f If 
now k > K, then, after Theorem 243, R^ n has the sign (-1)* and R k , 
the sign (-I)*-*; so that |^,,„| < |^_ ln _5 tn |. But 

1 r r _ 

f 2Jfc+l ^ 


n 


Rk n ' “ • S f ' 2k+1> ^ dt =~ (a^TjjT J 


( 2 &+ 2 ) 


/ '“-aif 


dt 


(all the integrations being from n to oo), and so 

_ (-1 ) k ~'B k 
2 k\ 

t In which caae,<**+!>(*) i* non-negative for * > and,<»>(*) 0 for „ > 2 *+l. 




Rk,n = 


bfW-D {n)> 
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which is the last term of S k (n). Hence we obtain 

Theorem 244. If f( x ) satisfies (13.6.1) and (13.6.2), and W**t X ) is 
of fixed sign, fork fit K, then the error in the formula 

If(m) = F(n)+\f(n)+S k (n)+C 

alternates in sign as k increases from K +1 onwards, and does not exceed 

the last term retained m the series; and the series (13.6.4) for C k = C has 
the same properties. 

The series 


(13.7.1) S (n) = ^ — 2 ) r 7 ljB 7 (2r - 1> ( n ) 


and S(l), obtained by making k infinite in S,.(n) and £*( 1), are usually 

divergent, owing to the rapid increase of B r for large r. They may 

however, often be used effectively for purposes of numerical computa- 
tion. If 

(i) a r is real, 

(ii) s = Oi+a 2 +***+®r"i“^r for ©very r, 

(iii) R r alternates in sign, 

then we may say that the series ^ a r alternates round 5 ; we may 

suppose if we please that condition (iii) is satisfied only for r ^ r 0 . 
It is plain that . _ , ^ , . 

\ K r\ < K\ 

(for r > 1 or r > r 0 ). The definition does not determine a unique s ; 
if, for example, R 2r _ x < 0 and R 2r > 0, and 


Pi = min | R 2r |, p 2 = min|I2 2r _ 1 |, 

r r 

then ^ a r a ^ so alternates round any number of the interval (s—p v 
sJ rp2)''\ 

The important case is that in which a r , R ri and s are functions of a 

parameter x. and , „ , .. 

\R r (x)\-+0 


as x 00 (for r > 1 or r > r 0 ), as, for example, when 

2 a r(x) = C 1 +C 2 X- 1 + C 3 X“*+... 

is a divergent asymptotic series for a function g(x). If 2 a A x ) alternates 
round g(x), in the sense just explained, then we shall say that 2 a r( x ) 
is a semi-convergent series for g(x). Thus our conditions are satisfied, 
with x = n, by the series (13.7.1), under the conditions of Theorem 244. 

f Thus all the conditions aro satisfied by the series 1 — 2 + 2— 2 + ... with 8 = 0. Here 
R r is alternately —1 and 1, and the series alternates round any number of ( — 1, !)• 
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If r is given, \R r {x) j -> 0 when a; ^ co. If a: is given, \R r {z) | will usually 
tend to infinity when r ^ oo. It will, however, generally happen that, 
for a given x, |I? r (a:)| is conveniently small for a suitably chosen r, for 
example, for an r for which \a r {x)\ takes its minimum ra r ; and then the 

series may be used for the computation of g(x ). The computation will 
be the more accurate the larger x. 

In these circumstances we may reasonably say that 2 c r = To ( 1 ) 

is a semi-convergent series for s = g( 1 ). We cannot say that s is the 

sum of the series, since 2 c r alternates round any number in an 

interval (s- Pl ,s+ p 2 ); but 5 will often be the sum of the series in some 

other sense. | Further if 2 a r (x) is a semi-convergent series for^(a*)-^(x) 
we may say that 7 , v ^ v h 

J a r (z) 

is a semi-convergent series for g(x). 

and" : X o“o /<*> = l°g* 

and we are led to the formulae ” C ° ndl “° nS ~ t “* d for ' > '• 


n 


(13.7.2) logn! = £ logm =- 

i 


(« -f-i)logn-n-f i .1 _l J. 

1.2 m 3.4n 3t 5.6n 5 


(13.7.3) 


C = 1 


1-2 3.4 + 


s?all S see e W Zt ^ ^ ^ t0 Ca, ° Ulate lo **' C. We 

n praet.ee the C of a given / would be computed by writing 

ZAn) =f(l) + ...+f(N)+ Zf(n + N), 

Z\ltr7 7^:1:^ f; thp y wdl be more effective 

tion practicable with considerable accuracy. * m<lke b ° th ° f th ° calcula ‘ 

conveniently slow, c«e wl mustt^kTa^ ^’’T Conver « ence “ >n- 

“ the sum of the —■ °- “ d c 


— 1 1 v 

6 12 + 2 2 ^"*’ , '^9a'h 


to 18 places of decimals. 


(n+ 9) 2 


t See, for example, §§ 13.15-16. 
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13.8. Poisson’s proof of the Euler-Maclaurin formula. Poisson, 
in his investigation of the formula, starts from the theory of Fourier 
series. 

Suppose that f(x) is indefinitely differentiable for x > 0, and that 
0 < a < b < co. Then, by the ordinary theory of Fourier series, 

« 1381 » /<*> 

where the integrations are over (a, b), for a < x < 6. For x = a or 
x = b the sum is £{/(«)+/(&)}. We take ?ico — b—a and 

X = cl- }— co, d-\- 2co,..., —l)ti), 

substitute in (13.8.1), and add the results. We thus obtain 

(13.8.2) if(d)-\-f{a-\-oj)-\- — l)tu}-b \f(b) 


r=1 5=0 


27rr{t—a—sco) 

cos--- at. 

b—a 


The sum under the integral sign is 


( 2irir(t — a) / 2iri 

* 2 exp [~ 

' S = 0 ' 


27rirs\ \ 


Jr 


and the sum here is 0 unless r = In, where l is a positive integer, and 
then it is n. Hence (13.8.2) is 


(13.8.3) 

= — f/(0 ^ 4—2 f /(0 COS ~ dt. 

m J <*> fr*i J w 

Now f f(t)cos 2nl(t ~ a) dt = -■£- f f'(t)sm 2nl{t ~ a U t 

J CO ZlTT J CO 

= 2 (-i) r - i (^) sr {/ <2r - i, (6)-/ (2r -»}+ 

+( - i)fc (£) 2 7 /lsW(<)cos?! ^ ><ft ’ 

by repeated partial integration. Substituting in (13.8.3), and using 
(13.2.8), we obtain 


(13.8.4) 


k 

dt . 

r —1 


= I J f(t) dt+ ^ (-1 rW- 1 gj{/‘ tr - 1) (6)-/ (2r - 1) (a)}+^. 


Tr, = (-1 2^5^* f / <2t, (0 2 i 


COS 


27rty__a) dL 


CO 


where 
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If, in particular, we take a = 1, w = 1, 6 = n+ 1, then (13.8.4) 
becomes 

/(l)+/(2)+...+/(n+l) = F(n+l)-F(l)+if(n+l)+tf(l)+ 

+ 2 < - i > r - i § i ! {/ (2r - ,,( ™+ i )-/ (!!r - i, (i)}+ 


r=l 


+ 


22fc-l 7r 2A: 


7 1 

j / (2 *w 2 


cos 2ttU 


efr. 


This is equivalent to (13.5.12), with n+\ for n and £—1 for 1c. 

13.9. A formula of Fourier. We can now give an account of 
Fourier’s formula (2.9.2). This was 


(13.9.1) 


WW = J (-l)V <2W w(sinx-^ + ...) 




22& 7r 2f>+l 


where /(rr) is odd and —tt < x < n. If we write 

rr+7r 


277 


= 2/, x = 2w(y—*). /(*) = /{2 7 r(y—4)} = g(y), 


so that 0 < y <; l, it becomes 


(13.9.2) 


n(„\ — 9 V ^ 2A) ( 1 ) d 
W * +1 


(y)« 


Now (13.5.4), if we assume that 0, gives 

(13.9.3) g(y) = J git) (22+2 {9* V-1> ( 1 )—9 <, ’ _1) (0)}. 

0 1 

Also/(x) is odd, so that <jr(l-y) = _y(y) : an d hence 
1 

Jg(t) dt = 0, 9»*-i>(l)_fl<**-i)(0) = 0, 9 e«(i)_g( 2 «(o) = 2 ytt»(i) > 

and (13.9.3) reduces to (13.9.2). 

Suppose for example, that /(*) is an integral function of exponential 
ype less than 1, so that g(y) is of type less than 2 t r. Then y«>(y) = Old) 
where 0 < c < 2 ti, uniformly in (0,1), and B,(y) is 0{(2++l) also 

"“S y ’ " (13 - 3 2) ^ <13 - 3 - 3) - ThuS * ^ °> and F -riei formula 
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13.10. The cas ef(x) = x~ s and the Riemann zeta-function. We 

now consider the case in which f(x) = x~ 8 and a = 1, so that 

(13.10.1) 

F(x) = F(x, s) = j t~ 8 dt = ——— (<s =£ 1), log a; (s = 1), 

i 

and F(x, s) is an integral function of s. 

We suppose first that s is real and s ^ S, where S < 0. Then (13.6.1) 
and (13.6.2) are true for 2k > —S—l. Hence, writing for 
5 ( 5 + we obtain 

(13.10.2) 

2 -> C(S), 

(13.10.3) 

B o(2*+l) 7 

1 

if <s ^ 1 and 2 k > —S—l. Also 

Mk+l) 7 

Xt.n = (gq: 2 jj J ^.W — 2 *- 2 dt = 0(n-*~**-'). 

Thus 

(13.10.4) 

in the notation of § 2.5 (with n -1 for a:). 

We have supposed 5 1, but our formulae are still valid, with 

F(n) = logn, for s — 1. In particular 

1 + J+ —4 -log w> 0 ( 1 ), 

n 

so that 0(1) is Euler’s constant y. We thus obtain the formulae 

1 00 

1 * 1 . B C dt 

(13.10.5) y = 2+2 ( “ 1)r_1 2 ^“ J 

1 1 

and 

1 5 , B 2 , B 3 

(13.10.6) y__ + _- 

the last series being semi-convergent in the sense of § 13.7. 

We now consider complex s. There is then no question of semi 
convergence. But if s = o-\-ir then R kn = 0(n _a_2fc_1 ), uniformly in r, 
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and our other conclusions stand, with a for s in the appropriate places. 
Also (13.10.2) holds uniformly in any closed and bounded region D 
throughout which a > S, so that C(<s) is an analytic function of 5 regular 
in D and therefore, since S may be any negative number, C(s) is an 
integral function. Finally, when o > 1, 

C(3) = Km if TO - S _^p=i) = V m - s _ 1 = £ (s) -1_ 

We have thus proved 

Theorem 245. Riemann's function £(s) is an analytic function of s, 
regular all over the plane except for a simple pole at s = 1, where it behaves 

-f-y-f.... 


like 


s-1 


We have also obtained a series of analytical representations of C(s), 
such as 

(13.10.7) £(s) = lim /"S' m~ a — ^ -( a > — 1) 

n-x» (1 — 5 ) 

(13.10.8) C(s) TO_s -y^—J»“ s +iks»- s - 1 J (ct > -3), 


CO 


(13.10.9) {(.) = J dt (o > 

1 

and so on. The formulae require modification when s = l: thus in 

(13.10.9) we must replace £($)-L_ by y 

5—1 

When « = 0ands= -1, (13.10.7) and (13.10.8) give 


n 


|i-"-Ui(0), 


n 


5>-U 2 -U-&-=•£(-!), 


and show incidentally that 

(13.10.10) J(0) = _ i «-l) = _ A> 

(13.10.11) 1 + 1 + 1 + ...= 1 + 2+3+...= (<H,o). 

treitll' ]' he case /W = !og(2+c) and Stirling’s theorem. We can 
treat the function /(*) = a-log a similarly, and it is plain that the 

suits may be obtained from the corresponding results fora- by formal 
differentiation with respect to s. Thus, for example, 


(i3.11.1) m~‘\nam — nl s lo 8 n . n'~*_ 

1 1 — S ^( 1_ S )2 


— i»- s logn-). -£'( S ) 
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for a > —1. If we take s = 0 in (13.11.1) we obtain a formula for 
log! which embodies a form of Stirling’s theorem; but this case is so 
important that it is better to treat it independently. 

In order to obtain a general formula for log r(z-f-l), not restricted 
to integral values of x, we take 

f(x) = \og(x-\-c) (c > —1), a = —c, 
and then write x for n-\-c. We thus obtain 


n 


(13.H.2) logr(z-f-i) = 2>g(™+ c )-i-k)g r(i+c) 

i 


where 


= {x+$)\ogx-x+C+S k (n) + B ktn , 


(13.11.3) C = lo g r(l+c)-(i+c)log(l+c)+l+c-^(l)^I? fc>1 , 


(13.11.4) 


St 


= V <- >r-B. 


<*> -2'iS: 


2r+l 


(2r— l)2r 


co 


(13.11.5) R kn =--i— f -ha±^-dt = Olx-u- 1 ). 

v k ' n 2fc+2 J (<+c) 2 *+ 2 v ’ 


n 


In particular, taking k = 0, 

(13.11.6) log r(x-\-l) — (.r-f- \)\ogx-\-x -> C , 


(13 


00 


.11.7) C = log r(l+c)-(^-}-c)log(l+c)-f-l+c+^ J* 


^(0 

(t+c) 


dt. 


Here C is prima facie a function C(c) of c. It is in fact independent of c, 
but to prove this naturally demands a little more knowledge of the 
properties of T(x) than we have assumed so far in this chapter. It follows, 
for example, from Gauss’s formula 

r(l-f-c) = lim nlnC 


that 


n-*a0 (l+c)(2+c)...(7i-|-c) 

log r(n+ 1+c)—log r(n-j-l)—clogw 0 


and so, after (13.11.6), 

C(c) — C( 0) = hm{clog7i—(7i+c+£)log (7i+c)+(n+£)log7i-|-c} = 0. 

Thus C is independent of c and is defined by (13.11.7) for any c. 

There are many ways of evaluating C in finite terms. The most 
common is by means of ‘Wallis’s product’ for 7 t (a corollary of the 
product form of sin 77-#). A more natural method here is to use the 
theory of £(s), since it follows from (13.11.1) that 

(13.11.8) C = — ?'(0). 



13 . 11 ] 


THE EULER-MACLAURIN SUM FORMULA 


335 


If we put s — 1 + e in Riemann’s functional equation (2.2.2), expand 
both sides in powers of e, and equate the first coefficients, we find that 
£(0) = — b in agreement with (13.10.10), and £'(0) = — Jlog277j so 
that 

(13.11.9) C = I log 277, 

and we obtain the ordinary form of Stirling’s theorem. 

We can also calculate C from (13.11.7). If, for example, we take 
c — 0, it gives 

(13.11.10) c=l+l j m dt = 1 + 1 J T it-nW-n- 1) 


Now 


= i + 2 ( 1 - (n+ * ,lo 8 5 ? 
±1 = 2 J i%dt 




o 


and, substituting and summing under the integral sign, we obtain 

i 

c = 1 — J {rrt tan 77 1 — dt = } log 2 tt. 

In conclusion we note the formulae 
( 13 * 11 - 11 ) log 1 + log 2-f... = 2 log 277 (91,0), 

(13.11.12) Jlog 2 tt = 1 __l B * B * ■ 

1.2^3.4 5.6 ^ 

the last series being serai-convergent. 


13 . 12 . Generalization of the formulae. There is a generalization 

of the Euler-Maclaurin formula important in the calculus of finite 
differences. Its formal genesis is as follows. If we write 

Df(x) =/'(*)’ ehD f(x) =f(x)+hf'W+ih*f”(x) +... =/(*+*), 
and interpret D~'f(x) as F(x), then 

f( x +y)+f(x+y+l)+...+f{x+y+ n — 2 ) 

= {e y2) +e^+ 1 >^+... + e (y+n-2)nj^ 
e (V+n-l)D__ e yD e y D 

- IdZTi -/<*) = {/(*+*“" 

= J) + —^i)+...j{/(jr+n—1)—/(a;)}; 



336 


THE EULER-MACLAURIN SUM FORMULA [Chap. XIII 
and we may write this as O(n)—0>(1), where 

In particular, if we take x = 1, we obtain 

(13.12.1) /(2/+l)4-/(y+2)4-...-f-/(y-{-n—1) 

= *■(») + C(y)+ (»-*)/(») + ^/'(*)+..., 

where 

(13.12.2) C(y) = 

When y — 0, these formulae agree with those of §§ 13.5-6. 

If, for example, f(x) = logo; and a = 0, we obtain 

(13.12.3) 

log r(n-f-!/) = n\ogn-n-{-(y—\)\ogn+C+?^-- — ?^-\j r ..., 

1.2 n 2.3 n 2 

where 

(13.12.4) C = lo g r(H- 2/ ) + l_^|) + ^|)_... ) 

and comparison of (13.12.3) with Stirling’s theorem shows that 

C = i log 2 t r, 

independently of y. If we take y = 0, or differentiate with respect to 
y and then take y — 0, we obtain (13.11.12) and (13.10.6). 

All this analysis is formal. We may discuss the formulae by the 
methods of §§13.5-7, or by the complex method developed in §13.14. 
It will be observed that we are led to an asymptotic expansion of 
log r(n-f y) in powers of n -1 , while the argument of § 13.11 leads to one 
in powers of (n-l-f-y) -1 . 

13.13. Other formulae for C. There are other formulae for C which 
are interesting in themselves and will lead us naturally to the analysis 
of §13.14. 

We observe first that, for t > 0, 

CO GO 1 

J ip 2 (w)e~ lw dt = j J {foM-ije-todt = f 2 / ( u -i) e ~' iu+n>du ’ 

1 1 1 0 
since ip' 2 = 2 ifi 1 —1 and ip 1 is w—n in 1). A simple calculation 

then gives 

2e -/ /l 1 

(13.13.1) J(t) = J dw = 

1 
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Suppose now that 

CO 

(13.13.2) /(*) = J e~*d x (t) 

0 

is absolutely convergent for x > 0. Then 



CO CO 

= J «V(I) d x (t) = -2 J ‘-^-j+gWo, 

o 0 

by (13.13.1). Also (13.6.1) and (13.6.2) hold for k ^ 0 , so that we may 
use (13.6.4) with k = 0. We thus obtain 




(13.13.4) 0= ~^(1)+Jj 

For example, we may take 

fS-l 

d X = vd r 






f(x) = x a > 0, a = 1, c = £( 5 ) 


(as in § 13.10), when we obtain 


5—1 


CO 


J 


(a formula actually valid for <7 > - 1 ). When a = 1 , this gives 


CO 


J 


CO 


-t 


J 


u 

The argument leading to (13.13.4) is valid whenever 

00 

/'(*) = - J te-^dxit) 

0 

is absolutely convergent for z > 1, even if (13.13.2) does not hold. Thus 

the assumption d x = trH^dt, wherec > - 1 , gives/'(z) = (z+c)-*and 




Combining this with (13.11.7) and (13.11.9), we find 

£lo g 2 v = lo g r(l+c)-(f+c)log(l+c)+l+ C - 


00 


/ 


4780 
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In particular, for c = 0, 


(13.13.6) 




Also, differentiating with respect to c, and replacing c by c— 1, we obtain 


(13.13.7) 


logc — 


Hi+c) 

T(l+c) 




for c > 0 (or complex c with 91c > 0). 

There is another set of formulae, of a different type, due to Abel and 
Plana. Returning to (13.13.2) we observe that f(z) is an analytic 
function of 2 regular for x = 91z > 0, and that 

(13.13.8) q((, v ) = = - J e-f«n T,td X (t) 

for f > O.f Also, using a familiar formula, 


-it 




Taking f = 1 and using (13.13.4), we find 

(13.13.9) C = -F[ l)+i/(l)—| dr >- 

In particular we have 

(13.13.10) £W = ^ + 2-7j -?=5=I dr >' 

first for a > 0 and then, by analytic continuation, for all s; 


(13.13.11) 


(13.13.12) 


V d V 
l-j-T? 2 e 27T v— 1 ’ 

2 f arcta ^ d V . 

J e 2nr i — 1 7 


The last formula corresponds to the case/(x) = logx, when /(#) is not 
actually defined by (13.13.2). 

In the next section we shall give a proof of (13.13.9) which does not 
depend on any special integral representation of f{x). It is plain that 
the truth of the formula must depend upon assumptions about the 
behaviour of f(x) in the complex plane; and this leads us, in the next 
section, to investigate the Euler-Maclaurin formula from a quite 

| We return here to the convention that integrals without limits are over (0, co). 
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different point of view. It will, however, be useful to make one pre¬ 
liminary remark of a formal character. If we write 

insert this expansion in (13.13.9), integrate formally term by term, and 
observe that 


(13.13.13) 


I 


then we are led back to the series 


C= -F( l)+£/(l)-V 


(-i y- l B r 

2 r! 


/ (2r - 1) (l), 


thus connecting (13.13.9) with our earlier analysis. 

13.14. Investigation of the Euler-Maclaurin formula by com¬ 
plex integration. We suppose now that/(z) is an analytic function of 
3 = .r -fty, regular for x ^ where £ < 1, and that 

( 13 - 14 - 1 ) e “ 27r|wl l/(^4-i'y)| -> o, 

when \y\ -*oo, uniformly in any finite interval (£,X) of a*. We denote 
the rectangle defined by x = 1 , * = and y = ±Y, with semicircular 
indentations of radius p round 1 and n, by C(p); the indentations them¬ 
selves by I( P )- and define C as the limit of C(p)-l( p ) when p 0, ami 

c x and C 2 as the parts of C above and below the real axis. 

By Cauchy’s theorem 


/ 


n 


r * cot nzf(z) dz = ^ f{m): 

J m=l 


here the integrals along the vertical sides of C are principal values, and 

e ash implies that the extreme terms of the sum are affected by a 
zactor Also J 

J mf(z)dz = -rnjfWdx, J {-nif(z))dz = ~ni ] f(x)dx 


Cl 

and so 
(13.14.2) 


n 


where 


2f(m) - J/W<te + i/(l)+i/(n) + A J 4,(z)f(z)dz, 


iP(z) = cot 7 TZ+i = 


2 i 


1 _ e -27nx’ 0( 2 ) = COt TTZ — i = 


2 i 


on Cj and C 2 respectively. 


e 2int ___ j 
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It follows from (13.14.1) that the integrals along the horizontal sides 
of C tend to 0 when Y ->oo; so that (13.14.2) reduces to 

(13.14.3) 2 f( m )~ [f(x)dx— if(n)~ J/(l) = Q(n)— <2(1), 

771 = 1 J 


C+i<*> 


where 


J 


C—ICO 


and both Q(n) and $(1) are principal values, at z = n and z 
respectively. Also 

w+w) = (y > 0) > ^_i 


= i 


(y < o), 


and ip(n-\-iy) has the same values. Hence, inserting these values in 
Q(n) and Q(l), and associating together the contributions of positive 
and negative y, we obtain 

(13.14.4) G(l) = 2j 

where q(x,y) is defined by (13.13.8). The integrals now converge in the 
ordinary sense, since q{x,y) is 0(\y\) for small y. If / is real for real z, 
then q{x, y) is the imaginary part of /. 

We now expand q(n,y) by Taylor’s theorem, in the form 


e 2nv — l 


dy> «(») = 2 J j£rrr dy ' 


(13.14.5) 

9/3 <iy2fc—1 

q(n,y) = 


fW-»(n)+q 2k+1 (n,y), 


substitute in the integral for Q(n), and use (13.13.13). We thus obtain 


(13.14.6) | f(m)- jf(x)dx-if(n)- ^ (-^ 

m ^ i r=l 

where B k (n) = 2 J dy. 

The last series on the left of (13.14.6) is the S k (n) of § 13.5. If we can 
show that B k (n) -> 0 when n -> oo, then we shall obtain 


n If 

2 f(m)- f f(x)dx-\f(n)-S k {n) -> */(l) —j J 

771=1 J 


_i r /(i+ty)—/(i—»'y) d 


e 2ny —1 


in agreement with (13.13.9), since F( 1) is 0 when a = 1. This is the 
Abel-Plana formula. 
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In order to prove that R^n) -> 0. we must naturally impose much 
severer restrictions on f{z). We suppose that 

(13.14.7) /< r >(2) = 0(\z\c~r) 

for a fixed c and each r, when z -> co in the half-plane .t ^ (. We shall 
also suppose that 2&-f-l > c. Then, using (13.14.5) and the formula 

9W = ?(0)+ 2/? '(0)+... + 7 |!^ 9 ™ ( o) + ^ f (l -u)**gM-n)( yu ) du , 


,2k 

(2V)\ 

with q{n,y) for g(y), we find that 

(—l)k y 2k+i 1 


^ 2 k+l( n > y) — 


2(2 k) 


/ 


0 


It follows from (13.14.7), since \n+iy\ > n and 2k+l > c, that 

<hk+i(n,y) = 0(| y p*+V-“-i) 

uniformly in y, and so that 


/ 


,2fc + l 


when n ->■ co; and this completes the proof. 

The conditions are satisfied, for example, if f(x) = x~ s or f{x) = logo*, 
and we thus recover many of the results of §§ 13.10-13. We naturally 
cannot expect to find in this way such precise results as those of § 13.7. 

13.15. Summability of the Euler-Maclaurin series. We shall 

call 

(13.15.1) S(») = i/(») + ^/'(n)+0_|?/'"(„ )+ o + ... = £ 0r> 

where 0 

(13.15.2) 

“° = ifin) ’ = ^r-7 (2 -‘*(n) (r> 1), a„ r = 0 (r > 1), 

the ‘Euler-Maclaurin series’ of/(n). We have seen that it is in certain 
circumstances an asymptotic series for 

(13.15.3) 


— /(l)+/(2)-f-...-h/(n)— j f(x) dx — C t 


and the question remains whether it is summable by any of the methods 

The S6 r USUally diVergeS “iy. -0 ** a rather 

certain inching “ Z 
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the preceding sections, the series is summable by the method (B*) of 

§ 8 . 11 . 

We suppose first that 0<8 <l,s>0 , and 
( 13 . 15 . 4 ) /(*) = 0 (|*|-) 

uniformly in the half-strip x ^ 8. Then 

_1U 


pr-D(n) = 




where C is the line (8-fico, 8— 100 ); and hence 

(13.15.5) a(t) = J «**£ = i f(n)+J^tf'(n)-^tT(n)+... 


0 


2ni J u — n\2 ' 2! u—n 4 \\u—nj ) 


c 


where w = 
t , since I w 


= j_ r m t - 1 _iu =_l fW*iU 

2771 J n—w\e u ’—1 wy 2772i J ^ \e*"— 1 / 

c c 

tj(n—u). The integration term by term is justified for small 

< |<|/(*-S). 


2! 


^2 

4! 


w| H—rlw 13 


+ ... = — — Jcot J|M? 

w 


is bounded for \ w\ <77, and 


c\m 

J \n—u 


\du\ < co. 


Thus the final formula (13.15.5) is true for small t. 

Let us assume provisionally that the function a(t) defined by the 

series is equal to 1 r I w \ 

i J H^r ‘) * 

c 

for all positive t. Then 

f <-*<»* - J T (i / “ 1) *) ■* 


“ i J /w (J T ”') *) * 
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provided that we may invert the integrations, as we also assume 
provisionally. The inner integral here is 




where 


_ w _ 1 1 

t n—u n — 8 — iy 


= 


say, and \<j>\ < U. Applying Cauchy’s theorem to the sector bounded 
by the real axis of t and the radius arg< = we obtain 

J - / • -1 "X 

by (13.13.7), the logarithm having the value which is real when u — 8 
Thus 

(13.15.6) J eMt) dt = ± l j /(u)jlog(n—a) _ du. 

c 

It follows (apart from the justification of our provisional assump¬ 
tions) that S(n) is summable (B*) to this sum, and that S(n)—S(l) 
is summable (B*) to sum 

= J /( “ )Iog u^ du du 


/(2)+/(3)+...+/(n) + JL f /(«)log du . 

Z7rt J 1— 


Finally, 


27rt = 2^i //(“)Pog(n-u)-log(l — 


w)} du. 


C' 


S r Y f° rm by the line (8 ’ n) taken twice in °PP08ite 
tr, ’ ! SUlgUlaritieS ^ u = 1 and u = n being avoided fn the 
usual way by semicircles whose radius is made to tend to zero The 
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value of i3{log(n— u)— log(l— u)} is 0 on (8,1), — ni on (1 ,n), m on 
(n, 1), and 0 on (1,8), and so 


n 


i J f(u)log hH du = ~J f(u) du > 


n 


(13.15.7) S(»)-G(l) =/(2)+/(3) + ...+/(*)- jf(u)du, 


n 


(13.15.8) G(n) ==/(l)+/(2)+...+/(n)— J f(u) du —C = $(n), 

1 

the series being summable (B*), and C = /( 1)—S(l).being the Euler- 
Maclaurin constant of f(x) for a = l.j- 

It remains to justify our provisional assumptions. For this it is 
sufficient to prove (a) that, if 0 < t 0 < t v the integral 

j.iw >fM(> I) fc (—-U 

2 tti J n—u\e w — 1 wj \ n—u) 
c 

converges uniformly in some region including the stretch ( t 0 , tj of the 
real axis in the plane of t ; and (6) that the double integral 


K = J |/(«)||itt| J 


-l 


W 


t e w —l 


— l 


dt 


= f \M\ 
J In— 


-i 


1 


1 


du I e , 

u\ I \e w —\ w 


dt 


c c 

is convergent. It is plain, first, that the conditions will be satisfied if 


(13.15.9) 


1 

1 

e w —1 

w 


<H, 


1 

1 

e w — 1 

w 


< H(l+t), 


respectively, for all relevant values of t and u. For then / and K are 
majorized by multiples of 

(13.15.10) f-!£%«!, f f (1+^* - 2 f jMjl*.!. 

J \n — u\ J \n—u\ J J \n—u\ 

c c c 

respectively. It is also plainly sufficient to consider the upper half of C. 
(a) Suppose that t = re ie > where 

0 < r x < r < r 2 , \B\ ^ a. 

The first condition (13.15.9) is certainly satisfied if one or other of the 
conditions 

\w\ < A < 2tt, p = <Rw ^ > 0 


(13.15.11) 

f The formulae agree with (13.6.3)-( 13.6.5) for a — 1, k = cc, since then i*(l) 
and if(n)-\-Sje(n) becomes ©(n). 
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is satisfied for some A and £ and all t and u in question. If u = S+iy, 
where y = (n— 8)tan<£ > 0, then 0 < <f> < \tt and 


w — 


t 


re 


id 


n—h—iy (n— S)( 1 — itan^) n—S 


rcos< f’ e ue^y 


»\ = 

n —8 


rcos</> /Q , .. 

V = -—^cos {0+</>). 


n —8 


If <j> ^ \tt —2a, cos cj> ^ sin 2a, and 


\w\ < —~ sin 2a = A. 
n —8 

If 0 < <f> < J7T—2a, cos(0+<£) > sin a, cos cf> > sin 2a, and 

y 

p > —^ sin a sin 2a = $. 

If we choose a so that A < 2 t r, then one or other of (13.15.11) is satisfied 
for all relevant t and u. 

(b) In this case t is real and positive, and the second condition 
(13.15.9) is satisfied if one or other of 

(13.15.12) \w\ ^ A < 2 n, Mw > $/t (£ > 0) 

is true for the relevant t and u. 

Now either (i) t ^ A|n— u\, where 0 < A < 2 tt, in which case \w\ ^ A, 
or (ii) t > \\n—u\, in which case 


<R w = 9?/- L \ = 

\n—S—iyJ | n—u 


-8) A 2 (n—8) _ $ 

t t 


2 


We have thus proved 

Theorem 246. If f(z) is regular , and 0([z|-*), where s > 0, in the half 
plane x = > 5, where 8 < 1, then the Euler-Maclaurin series of 

f(z) is summable (B*), to the sum (13.15.3): in particular 

c = -• f ’(i)+i/(i)-§/'(i ) +o+§r( 1 ) +o-... (B*). 

.I, 1 ?: 1 *- A f l dl ‘ 1 ° nal remarks - (D We have opposed that /(.-) satisfice 

^ u <13 - le l0) ^ C ° nwr 8 pnt - If suppose only that 

1/(2) | = 0(|z| e ), for some c, then 

l "“> 1 |.u 


/ 


n—w|* r 


htty be o~ eent f ° r " > i(C+1) ’ “ nd W ° Sha " Sti “ be able to P ro ' e summa 

- 0+0+ "+»* W R ^-"‘">+°+ra . . . 
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We can then pass to S(n) by adding on a finite number of terms, and the 
substance of our conclusions will be unaffected. Thus, if f(u) = u~ 8 , where 
— 1 < s < 0, or f(u) = logw, we can take r = 1. 

(2) We have used the (B*) method, which involves the notion of the analytic 
continuation of a(t). If (as actually happens in the most important cases) a{t) is 
regular for W > 0, then the positive axis of t is included in the Borel polygon 
of a(t), and the series for q(£) is summable (B). In this case we may say that 
S(n) is summable (B 2 ), i.e. by a repeated application of Borel’s integral definition. 

Suppose, for example, that /(z) satisfies (13.15.4) uniformly in any sector 
issuing from 8 and excluding the negative axis. Then it is not difficult to show, 
by a modification of the analysis of §13.15, that a(t) is regular for 9fc > 0, so 
that S(n) is summable (B 2 ). We can also combine this remark with the 
generalization indicated under (1). In particular, the series 

(13.16.1) l + fi + O-A’+O + l?-.... 

(13.16.2) 1 -O+° + (T-4+0-O + - 


are summable (B 2 ), to sums y and £log2-jr respectively. 

It is easy to verify these assertions directly. For example, for (13.16.1), 


a( ‘) = -2+fr‘- 



1 

t 




the series being convergent for 0 < t < 2rr and summable (B) for all positive l; 
and J e~ l a(t) converges to y, by (13.13.5). 

13.17. The 91 definition of the sum of a divergent series. The formulae 
(13.10.11) give examples of the *91* summability of divergent series of positive 
terms. We can use such equations, as did Euler and Ramanujan, to define the 
sums of series, such as 1 —1 + 1 —...» of the more usual type; but the definitions 
which result have a narrow range and demand great caution in their application. 
Thus it is natural, after (13.10.11), to write 

(13.17.1) 2 + 4 + 6 + ... = 2(l + 2 + 3 + ...) = 2(-^) = ~b 

(13.17.2) 1 + 3 + 5 + ... = 2 + 4 + 6 + ... —(1 + 1 + 1 + ...) = + i = b 

(13.17.3) 1 + 2 + 3 + 4 + ... = (1 + 3+...) +(2+ 4+...) = = b 

(13.17.4) 1-2 + 3-4 + ... = (1 + 3 + ...) —(2+4 + ...) = $ + * = b 

The last of these equations contradicts (1.2.17); and the sum to be assigned 
naturally to 1 + 2 + 3 + ..., by Euler’s principle of § 1.3, is either co, ‘the value of 

(l —x)~ 2 for x = 1 ’, or — -jV» the value of £(s) = 2 n ~* f° r 8 = ~~ ** 

The -£ and l in (13.17.1) and (13.17.2) are in fact the C of f(x) = 2x and 

f(x) = 2x- 1 (with a = 0). But the 1 + 3 + ... and 2 + 4 + ...in(13.17.3)and(13.17.4) 

cannot be interpreted similarly. They must be regarded rather as 1+ 0 + 3 + 0+ — 

and 0 + 2 + 0 + 4 + ...; and then there is no f(x), of a sufficiently regular type, which 
assumes the appropriate values. Actually, if we wish our results to be consistent, 
we must interpret 1 + 0 + 3 + 0 + ... and 0 + 2 + 0 + 4 + ... as the values, when 

8 = —1, Of 

1 ~* + 3“* + ... = (1-2 -')£(*), 2-* + 4~* +... = 2-*£(«). 

These values are (—1)( —iV) = i 3 ? and 2( — jV) = — an( * iVif — i) * s 12 or ^ 
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The sum of log 1— Iog2 + log3 —according to these principles, will be the 
value of 

1-* log 1-2-* log 2+ 3-® log 3-... = (2 1-9 — l)£'(s) —2 1- ®log2.£(s) 

for 8 = 0, in agreement with the (A, A) sum of § 4.7, with A n = log(rt-f-1). Thus 
we obtain 

(13.17.5) log 1 — log 2 -f log 3 —... = £'(0)-2 log 2.£(0) = -£logfn-. 

It is easily verified that this is also the (C, 1) sum of the series. For here 

. 1.3...(2p — 1) . 2p! .. .. , ... 

= 108 • 2."4. : .2y • • = log 2+ 

« 2 P -1 = « 2 p + log2 p = ^logp-ilog7T + log2 + o(l), 

and so —------ —>• — l log &r. 

n+ 1 


NOTES ON CHAPTER XIII 

§13.1. This chapter does not profess to contain a systematic study of the 
Euler-Maclaurin formula and its generalizations, such as will be found in books 
on the calculus of finite differences. We concentrate our attention on those 
aspects of the formula most closely connected with the subject-matter of earlier 
chapters. We have naturally made considerable use of the principal text-books, 
in particular 

Jordan, Calculus of finite differences (Budapest, 1939); 

Milne-Thomson, The calculus of finite differences (London, 1933); 

Norlund, Vorlesungen iiber Differenzrechnung (Berlin, 1924); 

Steffensen, Interpolation (Baltimore, 1927); 

Whittaker and Robinson, The calculus of observations (London, 1924); 

and of the shorter accounts in Bromwich, Ford, and Lindelof. The only part 
of the chapter with any particular novelty of substance is §§13.15-16, on the 
summability of the series. 

We have not attempted to give detailed references for the many special 
formulae which occur, particularly those connected with the zeta and gamma 
functions. 

§ 13.2. The notations of different writers vary considerably. Our B n and <j> n {x) 
are those used by Bromwich and by Whittaker and Robinson, and our Z? n (;r) 
that of Norlund. But Norlund writes 

so that his for m > 0, is 0, and his B im is our (-l)*»-»R m ; and he is 

followed by Jordan and Milne-Thomson. This notation has the advantage that 
B n ( 0) = B n . 

§13.5. The formula was found independently by Euler, Comm. Petropol. 6 
(1732-3, published in 1738), 68-97, Opera (1), 15, 42-72, and Maclaurin, Treatise 
of fluxions (1742), 672. See Cantor’s History , vol. 3, 663, and Enzykl. d. Math. 
Wiss., IA3 (§38) and IE (§11). The first serious discussion of the remainder 
was that of Poisson, Mimoires de VInstitut , 6 (1823), 571-602, and the first quite 
rigorous one that of Jacobi, JM , 12 (1834), 263-72 {Werke, 6, 64-75). 
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§ 13.6. The nature of Ramanujan’s work on divergent series has to be inferred 
from passages in his letters and note-books. 

§ 13.8. Poisson, l.c. under § 13.5. 

§ 13.9. Fourier, l.c. under § 2.8. 

§§13.10-11. A good many of the formulae here and in § 13.13 will be found in 
Bromwich, Appendix III. 

The most direct and elementary method for the analytic continuation of £(*) 
is that set out in Landau, Handbuch, 270-2: the ideas underlying the argument 
are similar to those used here, but it is arranged inductively. The methods of 
Riemann, of which Landau also gives an account, are more elegant and more 
familiar. 

For the last method of calculation of C in § 13.11 see Bromwich, MM, 36 (1907), 
81-5. 

§ 13.12. For details see Milne-Thomson, ch. 8, or Norlund, ch. 3. 

§ 13.14. The argument is substantially that of Ford and Lindelof. 

§§13.15-16. The main results of these sections seem to be new. There is a 
paper by Barnes, QJM, 35 (1904), 175-88, in which he considers the summability 
of the series (in the more general form of § 13.12) by methods of the Borel type; 
but the analysis is unconvincing. 

It is easily verified that the series is convergent if f(x) is an integral function 
of order 1 and type less than 2tt. 

§ 13.17. For the (C, 1) sum of log 1 — log 2d-log 3 —... see Bromwich (ed. 1), 351. 



APPENDIX I 

On the evaluation of certain definite integrals by means 

of divergent series 


1. In §1.2 we gave a number of examples of the use of divergent 
series in formal calculations, mainly of the values of definite integrals. 
We show here how these and similar calculations may be justified. 

We observe first that all the ordinary theorems concerning the con¬ 
tinuity, integration, or differentiation of the sums of convergent series 
have analogues for any linear method of summation T defined by 
(3.1.3) or (3.1.4). We state the theorems for the method (3.1.3), and 
we confine ourselves to the most obvious analogues of classical tests, 
in which the functions concerned are continuous and the series uni¬ 
formly convergent. In what follows 2 a n i x ) is summable (T) to s(x), 

i.e. <?„(#) = 2 a m ( x ) “► s ( x ) (T). 

m=0 

Theorem 247. If (i) a n (x) is continuous in <a,6>, for each n;f 

(“) *m( x ) = 2 c m,n 8 n( x ) is uniformly convergent in (a,by, for each m\ 

(in) 2 a n( x ) i s uniformly summable. in <a, 6> to sum s(x); 
then s(x) is continuous in (a, by. 

-^ or t m {x) is continuous for each m, by (ii), and the conclusion follows 
from (iii). If T is row-finite, as, for example, when it is (C,fc), then 
condition (ii) may be omitted. 

Theorem 248. Under the same conditions 

f b 

2 J a n( x )dx = J s{x)dx (T). 

a a 

Por the left-hand side is, by definition, 


r b b 

2 Vn J s n (x) dx = lim J 2 c tJhn s n (x) dx = lim f t m (x) dx, 

a m a m J 

and the conclusion again follows from (iii). 


Theorem 249. If (i) a' n (x) is continuous in (a, 6>,J for each n 

(n) 2 c m,n s n( x ) is, for each m, uniformly convergent in (a, by; 

(iii) 2 a n( x ) i s uniformly summable in (a, by ; 

(iv) , 2 «»(*) i* summable in <a, by, to s{x ); 

then S ’W exist3 in ti* interval a <x<b, and is continuous, and 

2 = s'(x) (T). 


81083 <a3 Twit°h f t h ght ,' hand or Mt ~ h r d co “ y only) at the 

tervai. J With the gloss corresponding to that on Theorem 247. 
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This is a trivial corollary of Theorems 247 and 248. For f(x), the sum 
°f 2 a n( x )> continuous in <a, 6), and 


8[x)-3(a) = 2 {«„(*) -a»} = £ / a n (y) dy = J £ <( 2 /) cty = J f(y) dy, 

(ia a 

all sums being taken in the T sense. It follows that s'(a) = f(x) in the 
interval a < x < b. 


2. We pass to the problems (1), (2), (3), (5), and (6) of §1.2.f If we 
use the C definitions, then the transformations in (1) and (2) are covered 
by Theorems 247 and 249, all the differentiated series being uniformly 
summable (C, / ), for sufficiently large l, in appropriate intervals: alterna¬ 
tively, we may use the A definition. The first integration in (3) is covered 
by Theorem 248. 

The argument in (5) needs more consideration. We suppose that 
0 < <f> < 7r. Then 


cosmO—cos?n(b _\-^sinn<i n/ n .. ~ ,,, 

-t:-= 2 > —— fcosnoicosmd— cosra<£) = > a n (L, 1), 

cos#—cos</> ^ sin^ 

the sums being over (l,oo), and 0 < 6 < 7r, 9 =£ <£. The series i® 
uniformly summable in e> and <<£-f-e,7r>, and so 




cosmd —cos m(j> 
cos 6 —cos <f> 



The right-hand side tends to the integral (1.2.26) when c -> 0, and it 
is therefore sufficient to prove that 



exists for each 
prove that 


e and tends to 0 with e. 



A fortiori , it is sufficient to 


| For (4), seo the notes on Ch. I. 
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has these properties. Now it is easily verified that 
<f>fe 

sin(mH-n)e 


771 + 71 


cos(?7i+ n)<f >— 


f a n dB = 2 S ^( sin(m - n >‘cos(m- n) f + s ± 

J sm<fi ( m~n ^ 1 

<f>-c 

0 , , sin ne\ 

— 2 COS 77l<p COS 7 Kp - [, 

71 I 

, sin (771 — n)e . , t . . , , 

where-is to be interpreted as € when m — n\ and m is fixed. 

m —71 

It is therefore sufficient to show that the series 

A = \ sinn<j)Cos{n—m)<f) ^ l ^ n ~~ m ^ € J 

' _ 71 — 771 


n=m +1 
00 


B= ^ sin7i<ftcos(77i+7i)<ft Sin ( m ~^ n ^ > 


-TTi+l 


CO 


C — —2 cos rruf> ^ sin ruj> cos 71 ^ 


+ 

sin 7ie 
n 


are convergent (as is obvious), and that their sum tends to 0 with e.t 
But 


CO 


A = 2 sin(m-{-&)<£ cos hj) 

k~ 1 


sin ke 


00 


CO 

B — S' sin(fr— 771 )^ cos , 

k**i * 

sin 


= -C, 


A-\-B =: 2 cos 71k/) ^ sin cos A:<£ 

and so 4 + 5+C = 0 . 1 

Passing to (6) of § 1.2, we select the formula (1.2.28). Since 

sin20+sin40+sin60+... = Jcotfl (C, 1) 
uniformly in (e, Jw), we have 

N , . *_* \it 


J+'+ft) J •*na»*«w = ij 0 cot e ae. 


w 

and it is enough to prove that 

N 


^2( 1 -+l) / ® 8 >n 2n0 i0 -> 0 


V 

when e -> 0; a fortiori, to prove that 

CO * 

2 f 0sin2n0 -+• 0. 

1 0 

ooUIondto £ . 1 T^ t<5d n he t T rmS “° rresp0ndin « ton = >' 2 .. from A, and added those 

orresponding to n = 0, -1 . ... - OT+ 1 to B. Obviously those all tend to 


zero. 
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But the series here is 


[App. I 


2 4 ^ 2 (sin 2m ~ 2we cos 2ne) = i 2 io 8( 2 sin e), 


and plainly tends to 0. 

Many other integrals may be evaluated similarly. We may mention 


J sin 9 Z-i (2n-f-1) 3 


1 


7T 


[WJn-d) 

J | sinfl 


^ 1 


dd = Qrr — 


rv 


o 


co 


0sec 9 d9 = 


= - 4 2 


<-i) n 

(2»+l)*’ 


J 


9 sin 9 

cos (f >—cos 6 


dd = 27rlog(2 cos $</>). 


o w o 

The last two integrals are principal values, and 0 < <f> < tt. 

3. The formulae of § 2 may be derived, in much more general forms, 
from the theory of the ‘conjugate series’ of Fourier series. If 

f(9) ~ \a Q + J (a n cos nO-\-b n sin n6) = \A o (0)+ 2 A n<&)> 


then the conjugate series is 

2 (^« cos n9 — a n sin n6) — 2 -# n (0)- 

It is familiar that 

7 T 

(3.1) 2 B n (d) = i. J f(t)cot\(t—6)dt 

— 7T 

under appropriate conditions, the integral being a principal value at 
t = 9. For example, the series converges to this value if the integral 
exists and f(t) is of bounded variation in an interval round t = 9. But 
(3.1) is the result of writing 

£cot \(t—9) = sin(£—0)-fsin2(<—0)+..., 

and integrating term by term after multiplication by f(t). In particular 


TT 

L J f(t )cot \tdt = '£ b n 

— 7r 


Formulae with divergent integrals 

4. We now consider the formulae of §1.5. There are theorems for 
divergent integrals corresponding to those of §1, which we need not 
state formally. We can verify at once that the integrals (1.5.8) and 
(1.5.9) are summable (A) to the values stated, and uniformly in any 
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interval of positive values. They are also summable (C,k) for 

sufficiently large k, since it is easy to prove that 

j x k e~ aix dx = (c J) 

for k > — 1, a > 0, l > k. In fact, if we integrate 


/( 


z k e~ ai: dz 


round the rectangle {0,X,X-ico, -too), with suitable indentations at 
0 and X, we obtain 


x 

/( 


x k e~ aix dx = e-J(*+i)w< 


/( 


+ e mi>m e -aixx-* j tf(X—iy)*e-vdy. 

The first term on the right tends to 

e -HM)ni j yk e -avdy = 

and the second to 0, when X -> oo. 

We now prove two theorems concerning the formulae (1.5.10) and 
(1.5.11). 

Theorem 250. If (i) F(x) = £ a n z", (ii) m > 0 , p > -1, 

(iii) 2 nl a n x n has a radius of convergence R > m -1 , 

(iv) J e~< T + mi > x xf i F(x)dx is convergent for r > 0, then 

(4.1) J x*e~ mix F(x)dx = £ r(7i+ / x+l)e-l< n +M+D^ 7 7i-n- / i-i a . Mj 

the integral being an A integral. We may replace condition (iii) by either 
oj the more general conditions 

W 2> ! Ki™- n <oo, 

) 2 71 ! ^na n (im)~ n is convergent . 

Theorem 251 . If (i) j,( x ) = 0(e'*) for every e > 0, so that 

iW T ) = f e~ TX (j)(x) dx 
is convergent for t > 0 , J 

(|i) ^(r) is regular for |r| < m, 

(iii) 2 71 • a n xTi has a radius of convergence R > m -1 , 

(iv) J e~ TX tf > ( x )F{x) dx is convergent for r > 0, then 

(4 ' 2) / dx = 2 a n J x n <j>(x) dx , 

2 xn t <dl the integrals being A integrals . 


a a 
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If = x*e~ mix , then </r(r) = r(fi+l)( r+wwj-f*- 1 , and conditions (i) 
and (ii) are satisfied. Thus Theorem 251 includes the main clause of 
Theorem 250. 

Proof of Theorem 250. The equations 
(4.3) x(t) = J e~ TX <f>(x)F(x)dx = J e~ {T+mi)x x^F(x)dx 

= 2 a„ J e -ir+m{)x x n+ t i fa — ^ r(n-\-fi-\-l)a n (T-\-mi)~ n ~^ 1 

are certainly true if 

J e-"^; l a nl^ n+M ^ = 2 r ( 7l +^+l)|a n l T ' ,, " /1 ~ 1 < co > 

and therefore for t > m\ and the final series in (4.3) is uniformly con¬ 
vergent in any interval 0 ^ r ^ r 0 . Hence x(r) is an analytic function 
of r regular for r > 0, and 

X( T )^2 r(n-f/x+l )a n (mi)- n -r- 1 = 2 r(7i+M+l)€- i(n+ # i+1)wl 'o n m- n -/ 1 -i 

when r-> 0. This is (4.1). It is plain that the proof is equally valid 
under condition (in'). 

As regards (in"), we have 

2 r(n+,x+l)a n (T+mi )- n - f ‘- 1 = 2 I>+/x+ l)a n (mi)- n -^z”^. 


where 


mi 


z == 


r-j-rai 


: = *+«/> 


X = 


m 


1 —x = 


y = 


rm 


t 2 -{-771 2 5 r 2 -f-W& 2 ?7i 2 ’ * T 2 -f-77i 2 771 

when r -> 0. Thus 1—.r ~ y 2 , and 2 1 along a path having contact 


of the first order with the unit circle. It is known | that if/(z) = 2 c n 2 ” 
and 2 ^ nc n i s convergent, then f{z) -> 2 c n when 2 -> 1 along such a 
path, and our conclusion follows. 

Proof of Theorem 251. We have \<f>(x)\ < He‘ x for any positive <r and 
an appropriate H\ and so 


J e~ TI \<fi(x)\ 2 \a n \x*dx s? H 2 \a n \ f e^-'»x n 


dx 


= H 2 ^• ! l®nl( 7 " €) —n—1 <00 

if T _ € > jj-i. It follows that 

(4.4) J e~ rx <j>(x)F(x)dx = 2 a n J* e- TX <f>(x)x n dx = 2 (— l) n «»^ n) ( T ) 
if r > m. 

t See Hardy and Littlewood, PLMS (2), 11 (1912), 411-78 (475, Th. 48). 
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T ^ ^en l l ) i u ) is regular inside a circle with centre u = r and 
radius V(m 2 -f r 2 ); and so, by Cauchy’s inequality, 

|#”>(r) | < n\M( v ) 

{V( m2 + r2 )~ y} n 

for any tj > 0 and a corresponding Thus 

I KII^’WI < M( V ) y —— . 

^ {V( m +T 2 ) — 1 ?} n 

Since m > i?- 1 , we can choose ^ so that V(ro 2 -j-r 2 )—9 > .R-i through¬ 
out any interval 0 < T < r 0 of r; and so the series on the right of ( 4 . 4 .) 
is uniformly convergent in this interval. It follows that 

x (r) = j e^*<f>(x)F(x)dx 
is regular for <R T > 0 , and that 

/ «-"*(*) F(x) dx -> 2 (-1 )"a„ f">(0) = 2 Um J «-«*(*)*» rfx 

when r -> 0 . This is ( 4 . 2 ). 

5. Examples . (i) To illustrate Theorem 250, we take 

■**(*) = 

(so that = 1 ), and /* = 0 . We obtain 

J </ 0 (a:)cosma: dz = O-j-O-j-O-f... = 0 , 


f «/ 0 (a:)sin dx = -I 4 - 1 


11 1.31 


m r 2m 3 + 2.4?7i 5 '- J{m?~ f) 

f . Both equations are false for m < 1, the values of the 
integrals being (1— m 2 )“* and O.f 

(li) We may illustrate Theorem 251 by the integral 

1(c) = J J<x(x)J a+1 (cx) dx, 

where c > 0 , a > - 1 . We observe first that 


-f- ... = 


(5.1) 

for r 

(5.2) 


/ e-^+ijr ( X ) dx = 2 -+VI>+j) 

J Vir(r 2 -|-1 )*■+! 

0 , v> —l;t from which it follows that 


/ * v+1+im J,(x) dx= 0 


(A) 


t Watson, 380. 


t Ibid., 386, 
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for m = 0,1, 2,.... On the other hand 


j x v -'J v (x) dx = 2 -- 1 I» (A) 


(5.3) 

for v > 0 .| 

If c < 1 , we take 

F(x) = ^ _a_ 1 t/ a+ 1 (ca:) = a 0 +a 2 a: 2 +..., <j>(x) = z a+ 1 «/ a (a:). 

Then R = I/c > 1 , and ip(r) is regular for |r| < 1 , by ( 5 . 1 ). The 
conditions of Theorem 251 are satisfied, and 

1(c) = 0+0+0+... = 0, 
by (5.2). If, on the other hand, c > 1 , we take 

F(x) = x~*J a (x) = ao+ a 2 * 2 +..., 4>( x ) = ^J a+l (cx). 

Then R = 1 , and ^(r) = J e -TX a: a t / a+ 1 (ca;) da; 

is regular for |t| < c.{ The conditions of the theorem are again satisfied, 
and 

1(c) = a 0 J x a J a+1 (cx) dx +0+0+... = _ J x a J a+1 (x) dx = c-*" 1 , 

by (5.3). Thus 7(c) = 0 if c < 1 and 7(c) = c _oc_1 if c > l.§ 

6 . We conclude this appendix by considering some integrals which 
combine some of the features of those of §§ 2 and 4. 

From tana: = 2(sin2a:—sin 4a:+sin 6 a:—...), 

sec a: = 2(cosa:—cos 3a:+cos 5x— ...), 
we deduce formally 

( 6 . 1 ) jf(x)t&nx dx = 2(v 2 — v 4 +v 6 —...)> 


where 


J/(a;)sec x dx = 2(u x —u 2 -\-u b —...), 
u n = J /(a:)cos nx dx> v n = J /(a:)sin nx dx 


The integrals on the left in ( 6 . 1 ) will usually be principal values at +r, 
| 7 r,... (and may require additional conventions); those on the right may 
be convergent or divergent. Thus, if A > 0, 

( 6 . 2 ) J e-^tan x dx = 2 (+^-jdp (2 + ---)> 


/ 


e _Ax see a: dx 


= 2 ( 


2 2 +A 2 4 2 +A 2 

A A 
1 2 +A 2 3 2 +A 2 


+ 



t Watson, 391. The integral is convergent if 0 < v < f. 

X ^'(r) is an integral of the type (5.1). 

§ Watson, 406. Our theorems do not yield the value of 7(c) in the limiting case c— 1. 
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in this case each u n or v n is convergent, and the integrals on the left 
may be defined as limits of integrals over (0, X) when X -> oo in a way 
which avoids the poles appropriately. Or again 

(6.3) f cos Ax tan x dx = 2 /— -1_ 1 \ 

J \2 2 —A 2 4 2 -A 2 + ’7’ 


if A ^ 2 n; and 
(6.4) 


J sin Ax tan x dx = 0, 

J* cosAxsecxdx = 0 


f sinAxsecxdx = — 2 !—-_ - _l \ 

J \1 2 —A 2 3 2 —A 2 

if A ^ 271+1. In this case the u n and v n are A integrals, and the 

integrals on the left require an A convention in addition to the con¬ 
ventions necessitated by the poles. 

We consider these formulae a little more closely. We begin by 
proving J 

Theorem 252. If /(*j is positive and lends steadilxj to 0 when x -* co 
/ {x) is continuous , and 

J? Nn 

J /(*) tan x dx = lim J /(x)tan x dx, 

where the integral on the right is a principal value at §77 . is con¬ 

vergent, then 

I/(*)tan xdx = 2 (J /(*)sin2* dx - f fornix dx 

We need two preliminary remarks. 

(а) It follows by partial integration! that 

Nit 

J f(x)tanxdx= 4 J f'(z)logcos-x dx. 

verge/celS 0 ' '° 6 * °* * " " e0eSSary and Suffioient for 

J /'(*)log cos 2 x dx < 00 . 

"> *“* k “<“ * * »..v 

(б) Since 


I f(x )sin 2 tix dx = _ L f 

J 2nl 


•12Z t "» “aiSlS'S “SJSi" 
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the series v 2 — will be convergent if it is summable (A), 
therefore sufficient to prove that 

2(v 2 r 2 —v 4 r 4 -f...) £ J /'(a;)logcos 2 a; dx 

(assumed finite) when r -> 1 . Now 


It is 


QO 

'(v 2 r 2 —V 4 r 4 +...) = 2 2 (—l) M "V 2n J /(a;)sii 

i ^ 

« r 2n C 

2 J |/'(a:) |(1 —cos 2na;) dx < 2 ^ - f 


00 


when r < 1. Hence 

2(v 2 r 2 —v 4 r 4 +...) = — J /'(a:) ^ 

= ~lj f'W° 

and it is sufficient to prove that 

J(r) = - f (1+r2)2 


(— l)n~l r 2n 


n 

(1+r 2 ) 2 


(1 — cos 2nx) dx 


l-}- 2 r 2 cos 2 x+r 4 


Ax ; 


v '~ fo l + 2r 2 cos2aH-r 4 
when r -> 1 . But it is easily verified that 

(1 _ l _ r 2)2 

0 < log { ^ } 


dx 


\ 


< log 


1 


cos 2 a; 


l-j- 2 r 2 cos 2 x+r* 

for 0 < r < 1, cos 2 a; ^ 0. It follows that J{r) converges uniformly for 
0 < r < 1, and that J(r) -+ J(l). This proves Theorem 252. The con¬ 
ditions are satisfied if f(x) = e~* r , when we obtain the first equation 

(e. 2 ). 

The proof of the second formula is similar. 

To prove (6.3) we observe first that 

J e~ 8X log cos 2 a; dx 

converges, and represents a regular function of s, for 515 >• 0. The 
same is true of 

J e~ sx tana; dx = — 2 $ J e- sx logcos -x dx t 

where the integral on the left is defined as under (a). Putting s — CT-f-tA, 
and making a -> 0, we obtain (6.3). The formulae (6.4) may be proved 

similarly. 
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The Fourier kernels of certain methods of summation 

1. It is familiar that the summability of a Fourier series 

■^ 0 + 2 (® n cosn0+6 H sinn0) 

by a method T with 

T m = 1 C m ,n *„ [or T(X) = 2 C u (x)*„]t 

depends on the properties of the ‘ kernel * 


km = y 


sin(w-J-£)£ 


[' - 2 


** n 2 sin it 

In particular, if T is a ‘regular X-method\ in the sense of Hardy and 
Rogosinski,f i.e. if it is regular and 

2 n \ c m,n I < [or 2 n\c n (x)\ < oo] 

for each m [or *], then a necessary and sufficient condition for summa¬ 
bility, to sum c, is that 

8 j 

/ ffcWKiW dt->0 | or j g c (t)K(Xy t) dt -> oj, 

where fcffl = Uffl+t)+f($-t)-2c} t 

for any 8 > 0.§ 

Further, if we call the conditions 

t 

(U) Sc{t) °> < I2 > / 9cM du = o((), (1.3) f | g c (u)\ du = o(t) 

0 0 

K< 4. and L c , respectively, then there are three fundamental theorems 
concerning regular ^-methods, due in essentials to Lebesgue || 

A. If 


(1.4) 


n 

/ \K m (t) | dt<H, 


'J 

Wtyto'c' ind * Pendent ° fm ‘ then *« is a sufficient condition for 


summa- 


t We use r for the * of § 3.1, t being needed for other purposes. 

» SZZZ2S- 5 " — “*»— 

T (6 - 6 - 8 > 18 * 

tinuous parameter x are trivial. w I % The variations for the con- 
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B. If 

U-5) \ t\K' m (t)\ dt < H, 

0 

then l c is a sufficient condition . 

If \H-nSf) I ^ K-nSf)* K*n(t) w absolutely continuous , except perhaps 
at the origin, and 


(1.6) J t\K%(t)\ dt < H , |Z*( W )! < ff, 

0 

then L c is a sufficient condition. 

It is plain that k c implies L c and that L c implies l c \ on the other hand, 
(1.5) implies (1.6) and (1.6) implies (1.4). The condition L c , and a for¬ 
tiori l c , is satisfied, with c = /(0), for almost all 9; so that a method of 
summation which satisfies (1.6), and a fortioi'i one which satisfies (1.5), 
is ‘Fourier-effective’, i.e. sums any Fourier series almost everywhere 
to its generating function. 

When T is (C, 0), (C, 1), A, then K m (t), or K(r, t),j is 



sin(m-t- \)t 
2 sin U ’ 

4 * 



1 fsin J(m-f-lM 2 
2(m-f-l)( sin \t j 


P(r,t) 


1—r 2 

2(1—2r cos2+r 2 )’ 


The last kernel satisfies (1.5); the second satisfies (1.6), and a fortiori 
(1.4), but not (1.5); while the first does not satisfy even (1.4). Thus 
the A and (C, 1) methods are Fourier-effective. On the other hand, 
classical convergence is not.f 

We consider here the kernels of the methods (C, k), (A, 2), (VP), B, 

(E,tf). 


2. The (C, k) kernel. We prove 

Theorem 253. The (C ,k) kernel satisfies the conditions of C, and a 
fortiori that of A , for every positive k. It satisfies that of B if k > 1, but 
not if 0 < k < 1. 

It is a corollary that the (C, k) method is Fourier-effective for every 
positive k. We write 

£-f-cos£-f-cos 2t-\-... = Co+Cj-f-Ca-l-... = 2 c n» 

f It is convenient to use r hero instead of x. 

* HR. 70 (Theorem 79). 



2 J CERTAIN METHODS OF SUMMATION 

and denote by C k the Wa. sum-function of J c n .f Then 
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Plainly we may suppose m > 2. 

(1) We estimate JST w (0 for 0 <«< 1/m and 1/m < * < If 0 < t < 1/m, 

then c m = 0(1), C m = 0(m), C * = 0(ro* +1 ), and = 0(m), uniformly 
in so that, for an appropriate H , 

l-^ml < Km = Hm (0<t^l/m). 

When t > 1/m, we use the formulae 


2 


1 -u 2 


C U m = — 

m 2 1 — 2wcos^4-w 2 ’ 


( 2 . 2 ) 


2 “ m =5 

t* __l r 

m ~4ni] 


1-w 2 1 

2 1 — 2ucost+u 2 ( 1 — w )*+i’ 

1— w 2 efo. 


2w cos J-J-w 2 (1 —u) k +hi m+ 1 ’ 


where C is a srnaU circle round the origin. We may deform C into a 
acet C, formed by the circle |«-1| = p, where p < |l_ e *|, and the 
Ime (l+p,oo) described twice in opposite directions, provided we allow 
for the residues at the poles u = e±«. Calculating the residues, we find 

/o o\ _ 


Kjt) = Cl(m)+W(m), 


(2.3) 

----- ' ' ■ \ t 9 

(2.4) = r(fc+l)r(m+ l) sin{(ro+££+£)<-ifo,) 

r(m+i:+l) (2 sin \t) k + l ’ 


/ 


It is plain that Cl 

(2'G) O(m) = 0{m~ k t~ k - 1 ) 

uniformly, and we have to estimate W{m). 

We take p = £m -\ Then, for a positive H, 

\l—ue±«\ = \u—t™\ > Ht 

(since t > »-*) on the circular part of C v and a fortiori on the recti- 

near parts Also |«| 1 is bounded on the circular part. Hence the 

circular part contributes 


utes 

corresponds to the .d* of Ch. V. 


t C* 
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and the rectilinear parts contribute 


00 


O I m~ k 


''Pm-* f u")-°{?fahT)( 1 + $L) 


-m+li / ] 

= o' 


mt 2 r 


It now follows from (2.3)-(2.6) that 

(2.7) K m {t) = 0(m- k t- k - l ) + 0(7n-H-*), 

(2.8) \K m (t)\ < K*(t) = (m-* < * < w ), 

with an H which we may suppose the same as in (2.1). The K* defined 
by (2.1) and (2.8) is absolutely continuous, Hl*( it) = 0(1), and 


3&+1 

2k 


H. 


f tlK%l dt = \H\(k+l)m~ k J l~ k -'dt + 2 m~ x j r 2 <fc} < 

o 1 l/m 1/m ’ 

This proves the first clause of Theorem 253. 

(2) We now suppose k > 1 and estimate K^(t). Since K' m ^derived 
from 0—sin/—2sin2/—... as K m is from \ -f- cos t -j-cos 2t -f-...■* we have 
K' m (t) = 0(m 2 ) and 

l/m . 1/m v 

(2.9) | t\K' m (t)\ dt = Olm 2 J tdt\ = 0 ( 1 ). 

0 ' o * 

When t > l/m, K' m = Q'-j -W\ where Q' and W' are the derivatives of 
and W with respect to t. Thus, first, 

Q.'(m) = 0(m~ k .m. t~ k - 1 )-\-0(m- k t~ k - 2 ) = 0(m 1 ~ k t~ k ~ 1 ). 

Next, 


W'(m) = - 


r(&+i)r(ra-i-i) i 


r(m-|-A:-f-l) 27 ri 


_L f _il 

2t rij (1- 


— u 2 )usint 


du 


2u cos t+u 2 ) 2 (1 —u) k+1 u m+1 


Hence, if we treat W'(m) as we treated W(m) under (1), we obtain two 
terms, of which the first is 


and the second is 


Olm 


-k 


t 


* t*m~ k 




1 + im~ l 


It foliows that 

W'(m) = 0(m-H- 3 ), K' m (t) = 0(m 1 - k t- k - 1 )+0(m- 1 t-*), 

(2.10) f t\K’ m \ dt = o/ra 1- * [ t~ k dt \-\-0 (m -1 J t~ 2 dt) = 0(1), 

l/m V l/m ^ V l/m 7 

since A; > 1. This, with (2.9), shows that satisfies (1.5). 
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The argument fails when k < I, since then the first term in (2.10) 
is not 0(1), and in fact the (C, 1) method does not satisfy (1.5).f When 
k <0, the method is not regular, and (since summability then implies 
convergence) is not Fourier-effective. Kogbetliantz [ABN (3), 40 
(1923), 259-323 (276)] has proved that if — 1 < k ^ 1 then 

*m(0 = 0{m) 

and K m {t) = Q(m)+ 0(m-H- z ) 

uniformly for 0 < t < tt. The proof may be carried out on the lines 
of that of Theorem 253. 

3. The (A, 2) and (VP) kernels. For the (A, 2) method 

K(r,t) = J-j-r cos J-f-r 4 cos 2f-f-r 9 cos 3£-f-_ 

r = ( v > 0) 

then, for 0 < t < tt, 

co I co 

(3.1) K = £-f- e“( n ^)*cos nt = ——- ^ e-Wnm-tfiiTfn* 

i 2 Tjy/n Z* 

1 


— 00 




2^V7T 

uniformly in t. For summability to c, it is necessary and sufficient that 

a 


/ 


when v 0. The kernel K mimics 

1 


L = 


2iyV7 T 




and its derivatives mimic those of L. Also 

^ . co 

/ t\L'(t )I dt = o|l | C.-.e^V = 0^-3 J = 0(1) 

Thus tlie (A, 2) method satisfies (1.6). It is easily verified that it 
satisfies 


(3.2) 


TT 


j t?\K<*\t)\ dt = 0(1) 


for every p. It follows that, like the A method, it will sum derived 
senes of Fourier senes at points where the generating function has a 
denvative, or generalized derivative, of appropriate order.} 

t See HR, 62. 

t Soo UR, 68-0, or Zygraund, ch. 10 (where there is a much fuller account). 
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We shall prove in Appendix V that the (A, k) method is Fourier- 
effective for every positive k. 

It is interesting to find a row-finite method which has similar 
properties, and do la Vallee-Poussin’s provides an example. In this case 

ir 1 . m m(m— 1) 

hJ,) ^ 2 + mTl C ° S * + (m+ l)(m+2 ) C ° S *+ - = 

where A m = 2^-* g ~ IJ(mrr). 

Since cos x < e-l* 2 for 0 < x ^ 

TT , 77 

| t\K-m(l)\ dt = olm* j t sin £f(cos-JO 2 ™- 1 dt 

o ' o 


= O^nf J t 2 e-w' dlj = 0 ( 1 ). 


Thus K m (t) satisfies (1.5), and it may be verified that it satisfies (3.2) 
for general p. 

4. The B and E kernels. Since a n and b n tend to 0, it is im¬ 
material which form of Borel’s definition we choose. Taking the 
exponential definition, we have 

x n sin(tt-{- %)t 




g —x(l— cost) 

sin (x sin ^-f it); 


2 sin \t 2 sin \t 

and we may replace this, with trivial error, by 

t~i e -xo— cos/) gin s i n t). 

The kernel does not satisfy (1.4). For e -x(1-c08/ ) > H for 0 < t < x - * 

sin(xsinf)| > //|sinx£|-}-0(x£ 3 ). 


and 

It follows that 


-i 




00 


J \K\dt > H Ji +0(x-i) >H J i^-^1 du - 

0 0 o 

when x -> oo. In fact the method is not Fourier-effective, and does not 
sum all Fourier series at points of continuity. 

The (E,g) kernel behaves similarly. We suppose <7=1, since it is 
only in this case that the formula for K m (t) is simple. Then 


Km(t) 


- ~ i (:) 

n = 0 v ' 


m\ sin(7i-f-^)f _ (cos \i) m gin m+\ t 


2 sin \t 2 sin \t 2 


It is easily verified that f | K m (t)\ dt is not bounded 
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On Riemann and Abel summability 

1. We prove here three theorems which we have referred to in Clis. 
IV and XII, and which may be stated shortly as follows. 

Theorem 254: (R, 2) -► (A). 

Theorem 255: (R, 1) -> (R, 2). 

Theorem 256: (R 2 ) (A). 


They assert relations of complete inclusion between methods of summa¬ 
tion. thus Theorem 254 says that, if a series is summable (R, 2), then 
it is summable (A) to the same sum. 

There are different proofs of all the theorems. We follow that of 

Kuttner, who first proved Theorem 254 in full generality. The method 

of proof, by ‘formal multiplication’ of trigonometrical series, was 

devised by Rajchmann and developed by Zygmund. It is unlik e any 

method which we have used so far, but depends on theorems which 
we proved in Ch. X. 


We defined the ‘Laurent 
directions, in Ch. X. Here we 
We write 


product’ of two series, infinite in both 
are concerned with trigonometrical series. 


A = I *”■*, 

and define C by 

° = I c p eP<*, 
If a m and 6„ are even, and 


B = %b„ 

c p = 2 

m+n=p 


— 2 U m = (Xn, & n -j-6_ n 




n 


Pn> 


then c p also is even, Cp+C ^ = 2c p = Yp , say, and 

cos *+...)(*/?„+& cos*+...) = iy 0+yi cos^ + ..., 
where V = 4 y „ R 

Yp 2 m+r=p m * n * 

This is the formal rule for the multiplication of cosine series, t In our 

vSe“ °^’e d U T ^ ^ ^ a11 be Cutely con- 

ofTcolJ - P ", Sme S6rieS 13 ^ a cosine ^rie S , and that 

series: * ^ not be — 
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Theorem 193 shows that, if a n = o(l), J \n\\b n \ < oo, and 

I b n e»<* = B(x), 


then 


Z C n e nix — B(x) 2 a„ e n,j: 0 

— A r 


uniformly in x.~\ Translating this into the language of cosine series, 
we obtain 

Theorem 257. If 

a n = o( 1), 2>| p n \ < co, +Zp n cosnx = B(x), 

and 

Yp ~ 2 2 ^nriftn = 

7714-71=77 

+ i( a p+l^l + a p+2^2 _ h***4 Q! l^j)+l4 a 2^+2~h*")»t 

N / N \ 

then 2 Y 0 ~h 2 y n cosnx—B(x)fa 0 + 2 a n cos nxj -> 0 

uniformly in x. 

There are, of course, corresponding theorems for a cosine and a sine 
series or for two sine series. 

2. We require a preliminary lemma. 

Theorem 258. If 2 c n ( 1 — cos nx) is convergent for all x of an interval 
(a,/8), then 2 is convergent. 

We use the formula 

s 

(2.1) \tt (1 — cos na;)sin n — - dx = p— a-f (cos7ia-f-cosn/?)(? 

J p—oc 

(X 

where 

7 rH 


n’ 


2(n 2 -H 2 )’ 




(2.2) g, t = — W = 

Plainly. 

(2.3) 0 < Q n < 7rIIn~ 2 ( n 2 > 2# 2 ). 

Since c„ sin 2 J tix-> 0 in a set of positive measure, c n -> 0 and 
2 7i " 2 | C nl <°°*§ 

We suppose 2 c n divergent and deduce a contradiction. If 2 c n * s 
divergent, then there is a positive 8 such that 


(2.4) 


>s 

H- 

f See the remark concerning uniformity on p. 235. 
X Remembering that a_^ = <x m , /?_„ = 0„. 

§ See, e.g., HE. 84. 
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for pairs /z, v tending to infinity. We can therefore find /x x and v 1 so 
that 


(2.5) 


and then 
0 


H\ n>#h , |io n j>S, 

Ml 


< 


(ft—oQS . 
’ 


£ Vl 

JttJ 2 c n(l—^cosrax)sin7r^p^:dx 


CL 


> (/?-<*) 


Mi I Mi 

by (2.1)—(2.5). It follows that 


“ |^ c n{ft—a+(cosw a +cosnft)Q n }| 
l c n\-*t\*n\Qn > (ft-«)S-2^Vi%! > J(ft_ a )8, 


^ 7l 2 
Mi 


( 2 . 6 ) 


*1 


2 c /» (1—cos nx) 

Mi 


\ • X —al 

> sin 77-——I y c rt ( 1 — cos nx) 

' Mi 


>- 
7 T 


at a point of (a, ft), and so throughout an interval (o^ftj interior to 

(a,ft). 

We can now choose a second pair /x 2 , m 2 , with /x 2 > y lf for which (2.4) 
and (2.5) are true, and deduce that (2.6), with v l9 a , ft replaced by 
M 2 . ** «i, fti, is true throughout an (a 2 ,ft 2 ) interior to (a^ftj; and we 
can repeat the argument indefinitely. We thus determine a sequence 
of pairs fi k , v ki tending to infinity with k, and a corresponding sequence 
of intervals (a*, ft*), each included in its predecessor, such that 

(2.7) Iv.n _,1 . 8 


2C W (1 — C0S71X)| > _ 
M* I 7T 


throughout (a*, ft*). There is at least one x common to all these intervals 

and our series diverges for this x; a contradiction which proves the 
theorem. 

3. We now prove Theorem 254. This is the most important of our 
theorems, and we write out the proof in full, then indicating shortly 
the points of difference in the proofs of Theorems 255 and 256 

We are given that 2 a n = , (R, 2), and we may suppose (altering two 
terms ot the senes if necessary) that a 0 = 0, a = 0. Then 

= 2 n~ 2 a n sin 2 \nh 

converges for smah h, and F(h) = o(A *) ; and we have to prove that 

^atthet The P roof faUs “to two parts: we prove first 

m ln tW ° P articu!ar cases involves its truth 
m general, and then prove the particular cases. It is the first stage of 
the proof which depends on Theorem 257. 
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Since 2 n~ 2 a n is convergent, by Theorem 258, we may write our 
series as 


(3.1) £o=o+ 2 a n cos 

where 


(3.2) oc n = — \n 2 a n (n > 0), = — 2 Z a n = 2 n ~ 2 °n- 1 

This series converges to F{h) for small h. The two particular cases 
considered in the proof are those in which (A) the series (3.1) is a Fourier 
series, (B) the series (3.1) converges uniformly to 0 in an interval of 
h including the origin. 

4. We begin by proving that the theorem, if true in cases (A) and 
(5), is true generally. 

We suppose that (3.1) is convergent and its sum bounded for \h\ < 8, 
choose a positive rj less than £8, and suppose that A(/i) is any function 
satisfying the conditions (i) A(&) is even and periodic, and has three 
continuous derivatives, (ii) A (h) = 1 for \h\ < rj , (iii) A(A) = 0 for 

2 7) < \k\ < 77. If 

(4.1) A(7i) — £0 O + 2 Pn cos nh > 

then 0 n = 0(n~ 3 ) and 2 n \P n \ < 00 • Also = °(1)- It follows from 
Theorem 257 that if 

(4.2) l7o+Ir» cosn/i 
is the formal product of (3.1) and (4.1), then 

N , N x 

(4.3) £y 0 + 2 y tl cosnh — *M{£ a o+ 2 a„cos7i/iJ -> 0 

uniformly in h. Since (3.1) converges to F(h) for \h\ < 2 rj <8, and 
A(^) = 0 for 2tj < \h\ < 7 r, it follows from (4.3) that (4.2) converges 
for all h, and to a sum F*(h) defined by 

F*(h) = F(h) {\h\ < r,), A (h)F(h) ( V < \h\ < 2rj), 0 (2tj < \h\ < 7r). 

Since F*(h) is bounded, (4.2) is the Fourier series of F*(h )4 
If y H = - \n~ 2 c n (n > 0), y 0 = - 2 Z Vn = Z 
then (4.2) is related to 2 c « 85 (3.1) is to 2 a »- Since 

F*(h) = F(h) = o(h 2 ) 

for small h , 2 c n i s summable (R, 2) to 0. From this, and our assump¬ 
tion of the theorem in case (A), it follows that 2 c n * s summable (A) 

to 0. 

•}■ The notation is different from that of § 1. 

J See, e.g., HR, 89. 
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On the other hand, since X{h) = I for \h\ < ,, it follows from (4.3) 
that 

£(Vo“-<*o)“f 2 (Yn a n) COS 7lk> 

converges uniformly to 0 for \h\ < v> and that £ (c n ~a n ) is summable 
(R, 2) to 0. From this, and our assumption of the truth of the theorem 
in case ( B ), it follows that £ (c n —a n ) is summable (A) to 0. Finally, 
since a n = c„—(c n —a n ), 2 a n & summable (A) to 0. 

5. It remains to prove the theorem in the two special cases. 

{A). In this case (3.1) is the Fourier series of a function Since 

it converges to F{h) for small h, <f>{h) = F(k) for almost all such h, and 

we may suppose that this is true for all such h. Hence 6(h) ~ o(h 2 ) 
Now v '* 

-K)H- 2 oc n cosnhr n = JL f-L~ r *_-A/m ja 

2ir J 1 —2rcos(0—A)-fr 2 ^ ' 

for r <1, the limits of integration being and n. Differentiating 
twice with respect to A, and then putting h = 0, we obtain 

2 a„ r" = -2 2 ’*‘ = -11 d8, 

where J 


(5.1) P = 1 2r cos0-fr 2 , Q = (l+r 2 )co S 0-2r(l+sm 2 0). 

Now IQ/ < ffja-rp+ff’}, P > 

for appropriate tf 8> and #0) = o (0*). Hence 


(/ -) = »(/ 


when r -> 1. This proves the theorem in case (A). 

6. Passing to case (B), we start from the formulae 


r n 


I 


—r 2 i „2 

cosnfldfl = 1 r 


/ 


/ 


2 f V * ~ d0, 


27TTO 2 

= _L(.lr r2 ) 

7771 

where P and Q are defined as in (5.1). It foUows that 

l-cos ne)Q 


Q_ 

ps 


So. rn - _ni—r a ) ^a n r 
Z ” ~ {1 ~ cosni 

Now, by hypothesis, 

i a 0+ 2 “n COS J10 = i V V a » onsw fl __ 1 V a n ,, 

„„„ 2Zo, 3 2Z^ 00sne =2 2,^(l-cosn?) 


b b 
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converges uniformly to 0 for small 0, say for 10|< £, so that the contribu¬ 
tion of the integral over (—£, £) is 0. It is thus sufficient to prove that 


( 6 . 1 ) 


7T 



(1— COS 710) 


o_ 

p 3 



for any fixed positive £ (and a fortiori to prove it bounded). First, 



is plainly bounded. Secondly, Q/P 3 and its derivatives of the first two 
orders are uniformly bounded in (£,7t), and 


J n = J cos nd 

t 

by two partial integrations; and a n — o(n 2 ). Hence 


Q_ 

P 3 


dd = - 


sin nj Q(l) 
n P*(t) 


+0 (^)’ 


( 6 . 2 ) 




a H sinnC Q(C) 

n z P 3 (£) 




Since ^fn~ 2 a n cos n6 converges uniformly for |0| ^ 2 n~ z a n sinn{ 

is convergent. Hence (6.2), and so (6.1), is bounded, and this completes 
the proof of the theorem. 

7. We need only say a few words about Theorems 255 and 256. 
In each case the first stage of the proof is like that of the proof of 
Theorem 254. In Theorem 255 our data concern the series 2 n ~ 1<l n s ^ n 
and we must use the form assumed by Theorem 257 when A is a sine 
and B a cosine series. In this case the second part of the proof is 
trivial. If 


(7.1) 2 n~ 1 a n sinnh — F(h) = o(h), 
and the series is a Fourier series, then 

h 

(7.2) ^ ~2 (1—cosnh) = j F(t) dt = o(h 2 ), 

71 o 

because a Fourier series can be integrated term by term; and if (7.1) 
converges uniformly to 0 for small h , then (7.2) is 0 for small h. 

In Theorem 256 we are given (again taking 5 = 0) that 

2 sin 2 Jrc/i 


(7.3) 
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converges to F(h) = o(h) for small h, and have to prove that ^ a n r n 0, 
i.e. that (1-r) 0. We write (7.3) in the form (3.1), with 

“» — -i n ~ Zs n (n > 0), « 0 = 2 n~ 2 s n , 

and argue as in the proof of Theorem 254. The argument proceeds 

much as in §§4-6, except that is now o{6) instead of o(d 2 ), and that 
the conclusion is 

instead of o(l). 

8. We add in conclusion that Kuttnerf has proved stronger theorems, 
viz. that (R, 2) —*■ (C, 2-f-S) and (R, 1) —> (C, 1-f-S) for every positive 8. 
There are also theorems bearing in the opposite direction. Thus Hardy 
and LittlewoodJ proved that (C, -8) -► (R, 1), and Bosanquet, Paley, 
and Verblunsky§ have proved theorems which include both this and 
(C, I—i8) -> (R, 2). The special cases (C, 0) (R, 2) and (C, —1)-> (R, 1) 

are familiar, the first (due to Riemann) being the regularity theorem 
for (R, 2) summability, and the second a theorem of Fatou generalized 
by Hardy and Littlewood,|| who proved that J a n = s (R, 1) whenever 
Z a n converges to s and a n > —H/n. 

f PLMS (2), 38 (1935), 273-83. 
t PLMS (2), 28 (1928), 301-11 (305). 

vi^r k n y q l; d ™. <2) ' 31 (,930) - 144 - Mi pa,ey ’ P0PS - 26 

|| JLMS, 1 (1920), 19-25. 
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On Lambert and Ingham summability 

1. We shall say that 2 a n * s summable (L) to s, or that 


s n ~ a l+ a 24- 5 (L) 

if 


( 1 . 1 ) 




nye~ nv 

l'_ e -ny 


5 


when y -> -f 0.f If the series in (1.1) converges for y > 0, then 

»+i 

n 

= y J «(0?(y0 dt 

where 

* w = -|(i5p)’ s(<) = 

and we can also write (1.1) in the form 

(1.2) 

We saw in § 12.9(7) that g(t) is W. Hence, as a corollary of Theorem 
233, we obtain (A) if J ® n * s summable (L) to s, and s n is bounded and 
slowly oscillating, or real, bounded, and slowly decreasing , then 2 a » 
converges to 8. It is this theorem, with a n = n _1 /x(n), which is used in 
the proof of the prime number theorem sketched in the note on § 12.11. 
The proposition (A) is sufficient for the application, and this is enough 
to show the interest of Lambert summability; but (A) is imperfect as 
it stands, and we do not state it as a formal theorem. Actually, as we 
shall see in a moment, the condition ‘ s n is bounded’ is unnecessary, 
being a consequence of the other hypotheses. 

2. There are two theorems of inclusion connecting the ‘Lambert 
method with more familiar methods. 

Theorem 259. If 2 = 8 (C, k ), for some k , then J a n = s f^)- 

•j- The phrase was introduced by Ananda Rau, PLMS (2), 19 (1919), 1—20. It is 
convenient to begin the series with Oj, and 2 stand for £ throughout this appendix. 
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Thus (C, k) (L). 

In particular, (L) is regular. The proof is straightforward,')' and we 

do not write it out in detail. It depends on a ‘convergence factor* 

theorem. If v Tx 

2X = s(C ,ic)- 

fn(y) is continuous, and /JO) = 1 , for each n; n k f n (y) -* 0 when y > 0 
and n -» co; and £ n*|A*+i/Jy)| < H, where H is independent of y; 
then 2 a n f n (y) -> s when j->0. In particular this is true if 

f„(y) =f(ny), f( 0) = 1, f(t) = o{t- k ) 

for large t and every k, and 


J «*|/<* +I >(«)| dt 


< 00 


for every k. Here we take/(/) = 1 — e -<). 

The second theorem is more difficult. 

Theorem 260. If^a n = s (L), then J a n = 5 (A).J 
Thus (C,&)(L)(A). 

It is plain that Theorem 260 enables us to deduce a Tauberian theorem 
concerning summability (L) from any one concerning summability (A). 
In particular, after Theorem 106, we have 

Theorem 261. // J a n = 5 (L), and s n is slowly oscillating , or real 
and slowly decreasing , then J a n converges to s. 

This is (A) of § 1 , relieved of the superfluous condition that 5 is 
bounded. M 

Theorem 260, though a pure Abelian theorem, lies deeper than (A), 

•j • ^ ■_ ^ prime number theorem 

and indeed of rather more. Thus, though (A) is a corollary of Theorem 

261, and the prime number theorem one of (A), we cannot base the 

proof of the prime number theorem on Theorem 261. We shall assume 
that, if 


(2.1) 

then 

( 2 . 2 ) 


arw-yeW 

n 

n<x 


2^” 1 |^(n)| < 00 . 


t The theorem ia proved by Hardy, PLMS (2) 13 lee a * 

SSSir “ i "‘ * 1 ™* Kssss; 

J Hardy and Littlewood, PLMS (2), 10 (10X0), 21-0. 
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This is true if, as is known, 

(2.3) N(x) = 0{(log:r)“ 2 }.j- 

We suppose 5=0, and write, for y > 0, 


( 2 - 4 ) f(y) = 2 a n e- n », g(y) = Y ^ye 

i— e~ v 

Then 

(2.5) J 2 e-” 1 ™ = y J 2 wa„ e-”” 1 "' = -y J,f'(my), 


m n 


the inversion being justified by absolute convergence. Hence 

-f(y) = 2 = - 2 ^Wt 

« my v m 


00 

/(y) = - J /'(<) * = 2 




/i(m) f g(mt) _ V M™) f S( u ) 


=1 


Jr 




my 


(m + lh/ 


= 2^(») f = 2 + 1 =S,+S s 

J u m^v~\ m>v~l 


my 


say. Now g(u) = 0(1), and g(u) = o(l) for small u. Hence 

( im+iyv x 

I '*(”>! / | ="(2^) 

m^y-i > 

{m+l)y v / x 

my 1 WtT* ' 

and /(y) -> 0. 

3. Theorems 259 and 260 are Abelian theorems stating relations of 
pure inclusion. It is natural to ask when summability (L) can be in¬ 
ferred from summability (A), and theorems of this kind have a Tauberian 
character. The Tauberian condition will be an additional condition on 


/(y)- 

f Actually N(x) = 0{(log x)~ k } for every k: see Landau, Handbuch, 570, 593-7. 

It is obvious that (2.3) asserts more than (o) N(x) = o(l), and so (as we shall see in 
§ 6) more than the prime number theorem, but it is a little less obvious that (2.2) carries 
these corollaries. It is, however, easily verified that (a) is a corollary, not only of (2.2), 
but of either of the weaker hypotheses. 

(6) 2 n~ l N(n) is convergent, (c) 2 -^( n ) = °( x )» 

n<x 

the second of which follows from the first by Theorem 26. In fact (c) is N(n) -*■ 0 (C, 1), 
and N(n), being the partial sum of a series whose terms are 0(n _1 ), is slowly oscillating. 

Hence, by Theorem 68, N(n) -*■ 0. . . 

J By one of the inversion formulae of Mobius: see, for example. Hardy an rig 

237. 
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Theorem 262.f If ^a n = s (A ),f(y) is defined by (2.4), and 
(3-1) /%) > -Hy-\ 

then ]?a n =z s (L). 

We suppose 5 = 0. We have 


by (2.5). Hence 


f(y) = - / f'(t) dt, g(y) =- y | f (my)< 

V m =1 


(m + l)y 


Jl/ 

(3.2) S(y)=f(y)- g{ y) = 2 I {f'(my)-f'(t)}dl = 2ujy), 

say. Also my 

(m + l)v 

S'/ (y) = yZ(f'(my)-f{( m +l)y}) = 2 / (/'(my)-/'{(m+lW),/i, 

(3.3) m * 


T(y) 'M-tfy) = 2 / (/'{(«+i)y}-/'(<)) * = 2 My). 

tfli/ 

say. Now/(y) -► o and/"(y) > ~H/y\ and so yf(y) 0, by Theorem 
that HenC6 ’ m ° rder t0 Pr ° Ve that 9{V) “*■ °> H is sul ®cient to prove 


(3.4) Iim S(y) ^ 0, 
We write 
(3.6) 


(3.5) Urn T(y) > 0. 


S{?/) = Ur + , J, +1 K (y) = 

and choose M so that H/M < e . If my ^ t ^ (m+l)y then 

f(my)-f'(t) - -( t-my)f’( T ), 
where t lies between the same limits. It follows that 


and so that 
(3.7) 


f(my)~f(t) < Hm~*y-\ 


s z(y) < 2 < f/in- 1 

m>M 


€. 


Aleo y/'(y) -> 0 with y, and u m (y) = o(y.y-1) = o(l) for each » 
^(y) -»■ 0 when M is fixed; and this and (3.7) give 


Thus 


c. 


Iim S(y) 

Since c is arbitrary, this is (3.4). 

t Hardy and Littlewood, PLMS (2), 41 (1936), 257-70 (258-00). 
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To prove (3.5), we argue similarly with T(y) and v m (y). In this case, 
when my < t < (ra+l)y, we have 


f’{(m+l)y}-f'(t) = {(m+1 )y-t}f"(r) > -Hm~*y-\ 

and the rest of the proof follows the same course. 

If a n > —I7/n, then 

f”(y) = 2 n 2 a n e~ n » > ~H £ ne~ nv > ~Hy~ 2 , 

so that the condition of Theorem 262 is certainly satisfied. 

A second theorem in this direction is 


Theorem 263. | If 2 a n = 5 (A) and |/'(y)| < (/>{y), where <j>{y) is a 
positive and decreasing function integrable down to 0, then 2 a n = s (L). 


Ingham's method 


4. Ingham J has defined a method of summation which is related to 
his proof of the prime number theorem (§12.11) much as the Lambert 
method is related to Wiener’s. We shall say that 2 a n is summable (I) 
to 8 if 



when x -> oo. The method is not regular, but its relations to the Cesaro 
methods are interesting. In particular Ingham has proved that 


(C, —S) 



(C,S) 


for every positive 8. Here we prove only 


Theorem 264. If 2 a„ = s (I), then 2 a n ~ 8 (C, *)•§ 
Theorem 266. 7/2 a n = <5 (I), then a n = o(loglogn). 


We take 5=0 and write 


(4.2) b n = na n , B(x) = £ 6 „, J^z) = xt(x) = o(.r). 

n<x 

Then we have 

(4.3) F(x) = 2 b n T 1=1 2 bn = 2 5 (£)- 

n^x m^x/n m<x n<x/m \" 1 '/ 

t Ananda Rau, l.c. (Theorem 22). His condition (ii) is superfluous, being a corollary 
of (i). The short proof given by Hardy and Littlewood, l.c. 259, is fallacious. 

J L.o. under § 12.9. (See Corrigenda, p. 386.) 

§ We shall soe in § 6 that (C, -1) -► (I) is a corollary of ‘Axer’s theorem’. 
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and so, by another of the Mobius formulae! 


B(x) = 2 

n^x ' n ' 


Now 


x 


nt^x 


/( 




1 ^ n<u \ / / n ^ x j 

xln 


r w\ du 

•M 1 /||2 


5 *»$ 


n<x 1 1 — , 
where N(x) is defined as in § 2: we make the same assumption about 

A T ('** \ An 4-la Tl 11 _ I 1 l 


N(x) as there. It follows that 


\^? du = l\ F fa) N W dw = z(f 


After (4.2), this is 

VX 


Vx X 

+ 

I 

1 Vx 



a: 




Vi 


= o 



Vi 

f I-&MI 


w 


dw 


+ 0 (rm'J,. ( „. 


1 ' 

Thus A®(x) = o(x), by (4.4), i.e. = 0 (C, 1). 

This proves Theorem 264, and we can now transfer Tauberian 
theorems for summability (C) to summability (I). In particular we 

Theorem 266. // 2 a„ = s (I), and s n is slmvly oscillating, or real and 
slowly decreasing , then J a n converges to s. 

To prove Theorem 265, we write F{x) in the form 

F(X) = 2 l„ = y y 1 = y a 

’»■>«* ,4 4 " 0 t/"' 


f Hardy and Wright, 236. 
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say. Since F(x) = o(x), = o(q). Hence, using the most familiar of 

the Mobius formulae,f 

qd q = b a = ^ #*(§)& = °(ld) = o{ a (q)}, 

dH W v 7 

where o(q) is the sum of the divisors of q. But o(q) = O(gloglogg),{ 
and so a q = ofloglogg). 


The deduction of the prime number theorem from (12.11.4) 

5. We have taken it for granted, in § 12.11 and elsewhere, that the 
prime number theorem can be deduced from (12.11.4) by elementary 
reasoning. This was proved by Landau in 1911,§ but the proof is not 
given in any book. The deduction depends on an important elementary 
theorem which we shall call ‘Axer’s theorem \|| 

Theorem 267. If (a) %(x) is of bounded variation in every finite 
interval 1 ^ x ^ X, 

( b ) 2 a n = o(x), 

n^x 

and either of the pairs of conditions 


(cl) X (x) = 0( 1), (d 1) Y\a n \ = 0(x), 


n^x 


(C 2) *(*) = 0(x«) (0 < a < 1), (d 2) a n = 0(1), 


is satisfied, then 


2 = o{x) • 
n^x ' ' 


We suppose 0 < 8 < 1, and write 


( 6 . 1 ) 


S(x) = 2 *.43 = 2 + 2 = 

\ n J n^8x 8x<n<x 


say. Then, if A 0 = 0, a 1 +a 2 -j- ...-}-a n = A n , we have 

^ w [xl 

S 2 _ 

8x<n<x ' ' n=[8x]+l 

lx)-l 


^ / \ / 1 
= 2 (An ~ An ~ l)x \f) = ( An ~ An ~ 1 


= ~Asx)X^ 


X 


t) +A “ X (&) + X (n+1 


Now 


M+V —‘U-l 

2k3-(4i)l’ K 1 


[8x] + l 


£«*]+!/* 



], 


t Hardy and Wright, 235. $ Ibid. 264. 

§ TF*S, 120 (1911), 973-88. For the converse inference see Landau, Handbuch, 588-90. 

|| The actual theorem proved by Axer [PMF, 21 (1910), 65-95] is Theorem 267, with 
x(x) = x — [x] and a n subject to (6) and (d 1). It is the second form of the theorem, 
with conditions (c 2) and (d 2), which is most important here. The arrangement and 
proof are Ingham’s. (But see Corrigenda, p. 386.) 
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are, after (a), all less than functions of 8 only. Thus 

(6.2) \S 2 \ < o(x)P(S), 

where P(8) depends only on 8. 

If conditions (cl) and (d 1) are satisfied, then 

W <#2 Kl 

n^Sx 

for a fixed H. If conditions (c 2) and {d 2) are satisfied, then 

1-5,1 < H ^ (£f < H&lSx)'-* = 

«<8x ' 

In. either case we can choose 8(e) so that I5J < ex; and then, after (6.2), 

choose x 0 = x 0 (8, e) = x 0 (e) so that |£ 2 | < ex for x > x 0 . It follows 
that S(x) = o(x). 

6 . The prime number theorem is equivalent to ^(x) 

( 6 . 1 ) 


x, where 


iW*) — 2 A ( w ) = 2 

P m ^x 


n«x 


and 

for IRs >!.■)* Thus if 


V A ( n ) _ CM 


Z, 


n 


6 


cw 


then 


Cl = 2y 1, c n = A(w)—1 (n > 1), 

C ( x ) = 2 c n = 2 {A(»)-l}+2y = *//(x) —[x]-f-2y, 

n^x 


and the prime number theorem is equivalent to C(x) = o(x). Also 


where 

( 6 . 2 ) 

(6.3) 


H M = ^{-CM-CM+WM} = FMOM. 
F(S)== lk = Z%’ a n = f*(n). 


0 (s) = -£»-£*(«)+ 2 y{(-s) = y 

*—4 n 9 


so that 6 n — log n d(n )-|- 2y, where d(n) is the number of divisors of 
*4 Thus, assuming (12.11.4), we have 

(6.4) A(x) = 2 = 2 /*(") = M{x) = o(x), 

n^,x n^x 

B (z) = 2 = 2 log re— 2 <*(»)+2y 2 1. 

n<» n<x n^x nsfx 

t See Hardy and Wright, 252, 344 et seq. 


f Ibid., 249. 
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The first sum in B(x) is xlogx-x+0(logx); the second is 

* log x+ (2y — 1 )x+ 0(*lx), 

by a famihar result in the theory of ‘Dirichlet’s divisor problem’;-}- and 
the third is £+0(1). It follows that 


(6-5) B(x) = O('Jx). 

Now from H(s) = F(s)G(s), i.e. £ c n n~ s 
follows thafc 


I a H n -1 b n n~\ it 


C(X) = „|/“ = \ a ”‘ 6 « = 2 a m I b n=J «**(-). 

n^x mn^x ms$x ns$x/m *—• \ml 

m^x ' ' 


Here (1) B(x) is of bounded variation in any finite interval (1,Z); 
(2) A(x) = o(x) } by (6.4); (3) B(x) = 0(Vz), by (6.5); and (4) a m = 0(1). 
Thus the conditions (a), (6), (c2), and (d 2) of Theorem 267 are satisfied, 
and so C(x) = o(x). Thus the prime number theorem is a corollary of 
(6.4), and a fortiori of the convergence of J 


Here we have used the second form of Theorem 267. As an example of the 
use of Axer’s theorem in its original form, we prove the implication (C, — 1) —>• (I). 
Rather more generally, we prove 


Theorem 268. If 2 a n converges to s, and na n > — H, then 2 o n is summable 
(I) to s. 


For then (taking 5 = 0) 

(6.6) 2 na n = o(x), 2 n l°n| = 2 na n —2 2 = 0(z)> 

n^x n^x n<x n^x 

and therefore, by Theorem 267, 

(6 - 7) 2 na -(Ml 

n<x 

^ = ^ °n + °( 1 ) = °( 1 )* 

Z -4 x Ini n ^ x 

n^x 

As a further example, if a n = n _1 /x(n), then the first of (6.6) is (6.4) and the 
second is trivial, and (6.7) follows, by Theorem 267. Also 

2 ^ (n) H £/(") = *• 

n<x 

since the inner sum is 1 when q = 1 and 0 otherwise. It follows from (6.7) that 



hM 

n 

n^x 

i.e. that 2 converges to 0. Thus this is an elementary consequence of 




(6.4). 

t Hardy and Wright, 262. 

% .Sec the footnote to p. 374. On the other hand, the prime number theorem implies 
£ n~ l fx(n) — 0, Landau, Handbuch , 591-3. 
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Two theorems of M. L. Cartwright f 

1. If 2 a n = 5 (A,p), i.e. if 

(U) 2> n 

when i/ -> 0, and 0 < q < p, then £a n = s (A ,q), i.e. 

(1.2) 2 a n e~ vn * a, 

provided only that the series (1.2) converges for y > 0. We prove this 
here, in a more complete form and with a companion theorem in the 
opposite direction. 

If V — re - tQ and (1.1) holds uniformly in the angle 

( X - 3 ) ~br < «i ^ 0 < <x 2 < £tt, 

then we shall say that 

(l- 4 ) 2 a n — s (A,p,a 1)a2 ). 

We shall prove 

Theorem 269. If 

(!- 6 ) P > 0, q = kp, 0<k<l, 

(1.4) is true, and 2 a n e~ vnt is convergent for y > 0, then 

(I - e > = S 
for 


(1-7) — Jn-+*(j7r+ ai ) < A < Pi < br-lcUrn—ctz). 

Theorem 270. If 

f 1 * 8 ) V > 0, q = kp, k > 1, 

(1-9) J l 


-i), 


and (1.4) is true , *Aera (1.6) is true under the conditions (1.7). 

Some preliminary remarks are desirable. 

(1) In Theorem 269, 0 < q < p, and the theorem includes that oited 
at the beginning of the seotion. The convergence of 2 ® n e -vn *, for 
y > 0, must be taken as a hypothesis. In Theorem 270, q > p. The 
convergence of £ a n for y > 0, implied in (1.1), carries with it 
a 0 2 a n e vn t so that no hypothesis concerning this is needed. 

different)*’ Carfcwrighfc ’ PLMS < 2 h 31 ( 193 °). 81 ~ 9 « (where the method of proof is 
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(2) It is plain that the range prescribed by (1.7) always lies 

inside (— \n> far). If k < 1 then 


— ^TT + lcfa + OLi) — O'! = — (1— 1c)(\TT + 0C X ) < 0, 

so that — ^Tr+^^Tr-f-aj) < oq; and similarly in— k(frr —ot 2 ) > a 2 . 
Thus (p lt p 2 ) may extend beyond (a 1 ,a 2 ) at each end: the angle of 
summability in the conclusion is greater than that in the hypothesis. 
We may suppose oq = a 2> in which case the hypothesis asserts (1.1) 
along one line only. 

If k > 1 then —^r+^(ih 7 ‘ - b a i) > a i an d i 77 —^(J 77 —<* 2 ) < a 2 , 80 
that (Pi,p 2 ) lies inside (cq,a 2 ) at both ends, and the angle of summa¬ 
bility in the conclusion is smaller than that in the hypothesis. The 
hypothesis (1.9) is equivalent to 


— ^TT+k^TT+OC-)) < %7T — k(l,7T—(X 2 ), 

and is essential to the conclusion. All this is in harmony with the 
general principle stated in §4.12. If q <P then the (A ,q) method is 
less powerful than the (A,p) method, and therefore less likely to be 
‘applicable’, but, if applicable, it is more effective. 

2. We need a lemma concerning the Fourier transform of e~^. 


Theorem 271. If 


co 


k > 0, 


7T 

2k 


= A, 


x = re iQ 


F(x) = J e~**cosatf 


dt 


for positive x, then (1) the analytic function F(x) defined by the integral is 

regular for |0| < A, (2) F(x) = 0(1) for small x, and (3) F(x) = 

for large x, each of (2) and (3) holding uniformly in any angle 

\e\ < a—€ < a. 

If A; > 1, then F(x) is an integral function and (1) and (2) are trivial. 
If k = 1, then F(x) = (1+ x 2 )~\ the integral converging for |3(z)| < I. 
If k < 1, then the integral for F(x) is convergent only for real x. But in 

any case we have 

F(x) = - J e-W x t cos t dt, 

first for positive x and then for cos&0 > 0, i.e. for \6\ < A. Also 





e -«/r)*cos*(A-e) fa 


for \d\ ^ A—€, so that (2) is true for k > 0. 
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xF 2 {x), 


Next, for positive x, 

xF(x) = x j e~*coaxt dt = k j e-^t^amxt dt 

= ^ J e-'V'-V*' dt— J dt = aj^a:)- 

say. Still supposing that x is positive, we have 

xF x (x) = j e-Wxty-'e* dt; 

and we may take the integral along the line t = pe**, where <f> is 
small and positive. The integral is then absolutely and uniformly con¬ 
vergent for x in any angle |0| < A —-<£—77 < A— <f>, and represents xF x (#) 
throughout \Q\ < A—<£; and 

co 

x^'F^x) -» t f t ic-i e u dt = Eiiii) eik ni 

J 2i 

0 

when a; tends to infinity, uniformly in | 0 | < A-^-tj. Similarly, using 
a path of integration below the real axis, we see that 

2ix k + 1 F 2 (x) r(l-\-k)e- ihri , 

uniformly in the same angle, and ( 3 ) follows. 

3. Passing to the proof of Theorems 269 and 270, we have 

(3.1) e-»"* = ? J F(t)cos(yWn»t) dt = i J F(l)e ir ‘ dt + - J F(t)e~^‘dt, 

if y > 0 and r = yVKnP. If t = pe*#, 0 < ^ < w and - w < fa < 0, 
then ar g(—iYt) and ar g{iYt) lie between — \n and \n for 0 < <j> ^ fa 
and <j> 2 5 ^ <f> ^ o respectively. If also 

( 3 * 2 ) l^il < A—c, J^al < A—e, 

then it follows from Theorem 271 and Cauchy’s theorem that we may 
replace (3.1) by 

(3.3) € -vn« i J F{t)e ir ‘ dt + i f F(t)e~ iY < dt , 

c\ c t 

where C x and C 2 are the radii <f> = ^ and <f> = <f> 2 . It also follows that 

(3.3) , proved at present only for y > 0, is true for complex y = re<» 
and <f> v <f> 2 satisfying (3.2), and 

*» - Q n 
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(instead of 0 < & it, -t, < fa < 0). A fortiori it is true if 


(3.5) 


Q 

a l ^ + ^ + ^ a 2 


Q 

a l ^ i 7r +^ + ^2 ^ “2. 


and ft and ft satisfy (3.2). 

Let us assume provisionally that, when ft < 6 < ft, we can choose 
ft = ft(0) and ft = ft(0) so as to satisfy (3.2) and (3.5). Let 
r = expfKatj-j-agJi}, and take 8 > 0. Then 

(3.6) 

2a„e-v»'-arn> = i Jf £ «» e~"'“F(t)dt = Xl+X „ 

C| Cl 

say, where z 1 = 8r~iy^ k t, z 2 = Sr-f- iy^t, 

provided that we can justify the summations under the integral sign. 

If % = Sr-j-ft, then argft lies in (a^acg), and z x lies in the angle 
D(8) whose vertex is at Sr and whose sides make angles a 2 and with 
the positive real axis. Thus, if 8,y are fixed, £ a n e ~ n * Xl converges 
uniformly on arg t = ft; and 

/ I Fit) | dt 

Cl 

is convergent. It follows that the term-by-term integration in xi is 
legitimate, and that in may be justified similarly. 

Next, f p (z) = 2 a n e ~ nPz tey by hypothesis, uniformly continuous in 
D(0), and therefore, by Theorem 31, 

My) = 2 °n e ~ vn ’ = lim 2 e~ yn '~ frrn ' 

8-*o 

= l \M-iy Vk t)F(t) dt +\ J f P (iy vk t)F(t) dt, 

Cl c, 

if the series 2 a n e~ vnt is convergent (a hypothesis needed only when 
q < p, k < 1, as we pointed out in § 1). 

Finally, f p { — iy^ k t) and f p (iy^ k t) tend uniformly to s , when y -> 0 in 
the angle ft ^ 0 ^ ft and |£| is bounded, and are uniformly bounded 
in the angle, for all \t\; and 


f \F(t)\dt, J IF(t)ldt 


Ci Ci 

are bounded and uniformly convergent for ft, ft satisfying (3.2) 


GO 


Hence f q (y) - M + 

'Ci c, 

uniformly in ft < 6 < ft. 


f)F(t)dt = * J F(t) dt — s 

v. / n 
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It remains to justify our provisional assumption that </> ± and </> 2 can 
be chosen so as to satisfy (3.2) and (3.5), and for this purpose we may 
take e = 0. Considering the inequalities for <j> v we have to show that 
</>i = ^i(0) can be chosen so that 




This is certainly possible if 





e 

k 





IT — 


0 

k* 


i e * —Jw-f fljftflr+aq) < 6 < J7r+&(£n-f-a 2 ), 

and a fortiori if ft < 0 < ft. Thus <f> v and similarly <f> 2 , can be chosen. 

4. It may be useful to add a short statement of the principal 
properties of F(x): Theorem 271 contains only the minimum necessary 
for the proof of Theorems 269 and 270. If k > 1 then 


(4.1) 



(~l) m 

(2m)! 




is an integral function. It has an asymptotic expansion 

F+1 )sin \mkn x~ mk ~ x 


vaUd in the sectors |argz| < A and |arg(-x)| < A. This series vanishes 
identically when k ~ 2, 4, 6 ,..., and in this case F(x) is exponentially 
small for large * in the sectors, and all its zeros are real. In any case 
it is exponentially large in the remaining sectors. The exponential 
approximations may be found by the saddle-point method. 

When k < 1 the integral for F(x) converges only for real x; but the 
series (4.2) is convergent, and F(x) = *-*<?(*-*), where Q{w) is integral. 

In this case the series (4.1), now divergent, represents Fix) asympto¬ 
tically for small x with |arga;| < A. 

When 0 <c k ^ 2, F(x) > 0 for positive x. 

Fuller information, and references, will be found in P61ya MM 52 

185 ~ 8; Wright » JLMS > 10 (1935), 286-93; and PTJRS , 238 
(1940), 423-61, and 239 (1946), 217-32. 

5. Finally we add a few words concerning the application of the 
(A, 2 ) method to Fourier series. The main theorem is 

Theorem 272. The (A, q) method is Fourier-effective for every q. 
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We need an extension of the ordinary theorem concerning A or 
(A, 1) summability, viz. 


Theorem 273. Iff(t) satisfies l c fort = and —\n < <x x < cx 2 < T) 
then the Fourier series of f(t) is summable (A, l,a 1 ,a 2 ), for t = 0, to c. 
In particular this is true , with c = f(0), for almost all 0. 

We leave the proof, which is similar to the ordinary proof of A 
summability, to the reader.J Theorem 272 is a corollary. We can 
choose a so that 

0 < \n —q(\n— a) < \n 

(as is always possible by taking a near enough to %n). Then the Fourier 
series is summable (A, 1,—«,«), by Theorem 273; and therefore, by 
Theorem 269, summable (A, q, — ft, ft) provided that 


0 < ft < %n—q(\n—a). 
In particular, it is summable (A,g). 


f i.e. (1.2) of Appendix II. 

J It i3 only necessary to show that if 

K(y, t) — £+ £ e-^cosn* — 

y = u-\iv, v = utan*, 

w 


l-c-2r 

2(1— 2«Vco9£ + 
Ixl < Xo < 


then 

where H depends only on %o- 



dt < H, 


See Appendix II. 


CORRIGENDA 

p. 286. The statement that ‘any h of L can be expressed in the form (12.2.1), 
with an r of L' is false, since H{t)fG(t) = R(t) -*■ 0 as |2| -*■ oo whenever r is L 
(Titchmarsh, Fourier transforms , Theorem 1). But in the relevant theorem 
(Theorem 229) h is restricted so that H{t) = 0 for large |<|. 

p. 376. A summation method equivalent to Ingham's method, (I), was given 
earlier by A. Wintner, Eratosthenian averages, Baltimore, 1943. 

p. 378. The extension of ‘Axer’s theorem’ given as Theorem 267, and indeed 
with the more general conditions (c 2), (d 1) in place of the alternatives (c 1), 
(d 1) or (c 2), (d 2), is included in a theorem of E. Landau, RP, 34 (1912), 

121-31, Satz 5. 
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L, L r ( see note on conventions); 

M, 294,297; 

% £>, 91, 214; 

X, X c , X c *, Xr , 43; 

U, 288; 

W, 286, 296; 

W*, 294, 297. 

Commutability, 104. 

Consistency, 65. 

Convergence, 1. 

Convergence preserving transformation 
(see class X c ). 

Convex cover, 55. 

Difference, A, A* - , 97-8 (see also note on 
conventions). 

Dilution of series, 59. 

Dirichlet multiplication, 227, 239. 

Divergence, 1. 

Equi-convergence, 234. 

Equi-summability, 235. 

Equivalence, 66. 

Euler mean, 180. 

Euler-Maclaurin constant, C, 327. 
Euler-Maclaurin series, 341. 

Euler transform, 179. 

Faltung (see resultant). 

Finite order, 211. 

Fourier-effective, 360. 

Fourier multiplication, 240. 

Fourier transform, R ~ r, 285, 287. 

Inclusion, 66. 

Integral transformation, 50. 

Inverse transformation, 105. 

Kernel: 

Fourier, 359; 

Knopp, 55; 

Wienor (see classes W and IV*). 


Laurent multiplication, 240. 

Limitation theorem, 57. 

Linear transformation, T, 42. 

Matrix of transformation T, IT I = (c ) 

Mittag-Leffler star, 77. 

Moment constant, 81, 256. 

Normal Borel summability, 184. 

Normal discontinuities, 257. 

Normal positive transformation, 55. 

Polygon of summability (see Borel poly¬ 
gon). 

Positive transformation, 52, 54. 

Regular Borel summability, 184. 

Regular moment constant, 256. 
Regularity, 10, 43. 

Restricted convergence, 240. 

Resultant, 98. 

Semi-convergent series, 328-9. 

Slowly decreasing, slowly oscillating, 124, 
286. 

Strength, 66. 

Stronger (see strength). 

Summability of integrals, 10-11: (A), 11, 
136; (C, 1), 11; (C, k), 110; (G), 
11; (H, k), 110; (R a ), (R, 2), 301. 

Summability of series, 6-7, 66-7: 

Abel summability, (A), 7; 

Abelian means, (A, A), (A ,k), 71; 

(A, A, a), 76; (A, p, a lt a a ), 381; 
Borel’s exponential method, (B), 80; 
Borel’s integral method, (B')» 83; 
generalized Borel methods, (B', a), 83; 
(B*), 192; (B'; C, k), 237; (B, k), 246; 
(B»), 346; 

Ces&ro means, (C, 1), 7, 94; (C, k), 96-7; 
Circle method, (y, fc)» 218; 

(e, c) method, 214; 

Euler’s (E method, ((£), 7; 

Euler’s E methods, (E, 1), 7 ; (E, q), 178, 
180; (E, q; C, k), 236; 

Hausdorff means (transformations), 
5,(5,^), 249; 

Holder means, (H, k), 94, 252; 

Hutton’s method, (Hu, k), 21-2; 
Ingham’s method, (I), 376; 

Integral function methods, (J), 79-80; 
Lambert summability, (L), 372; 

Le Roy’s method, 79; 

Lindelof’s method, (L), 77 ; 
Mittag-Leffler’s method, (M), 79; 
Moment constant methods, (/x n ), 82; 
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Summability of series ( contd .): 

Norlund means, (N, p n ), 64; harmonic 
means, (N, (n+1)- 1 ), 110; 

(N,_p n ) method, 57; logarithmic means, 

(N, (n+1)- 1 ), 59; 

4> method, 72; 

quasi-Hausdorff transformations,^*, p), 
278; 


Ramanujan’s method, (9?, a), 327 ; 
Rieraann’s methods, (R, 2), 88-9; {R, h), 
89; (R 2 ), 89; 

Riesz’s typical means, (R, A, *), 86; 

arithmetic means, (R, n, k), 113; 
Valiron’s methods, (V, H), 223-4; 
de la Vall6e-Poussin’s method, (VP), 88. 


Tauberian condition, 149. 

Tauberian theorem, 121, 149, 283-5. 
Total regularity, 10, 53, 63. 

Totally monotone sequence, 253. 
Transform of a sequence, 42. 
Transformation 8, 247; 8*, 277. 
Triangular transformation, 53. 

Uniformly distributed sequence, 115. 
Unrestricted convergence, 240. 

Weaker (see strength). 
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Abel summability, 7; Fourier kernel, 88, 
360; inclusion, 108, 365; integrals, 11, 
136; regularity, 10, 73, 108, 151; Tau- 
berian theorems, 148 et seq., 283, 299- 
300, 375-6. 

Abelian means, 71, 76, 381 et seq.; Fourier 
kernel, 363; inclusion, 73-6, 381-5; regu¬ 
larity, 73, 76; Tauberian theorems ( see 
Dirichlet’s series). 

Abel’s theorem on multiplication of series, 
228; on power series, 10, 73, 108, 151. 

Absolute summability: Borel, 184; |C, k\, 
147; |E, q\ y 237. 

Alternating series, 233. 

Alternation round a number, 328. 

Analytic continuation, 186 et seq. 

Asymptotic series, 27-8, 37-8, 191 et seq., 
328. 

Axer’s theorem, 378. 

Axioms of summability, 6; Borel, 183; 
(C, k), 102; (E, g), 180; (H, it), 95. 

Bernoulli’s functions, 320 et seq.; asso¬ 
ciated periodic functions, 321-2; num¬ 
bers, 320 et seq. 

Binomial coefficients (see note on conven¬ 
tions); series, 136 et seq., 201 et seq.; 
generalized series, 39. 

Borel’s methods, 79 et seq., 182 et seq.; 
Abelian theorems, 184 et seq.; equiva¬ 
lence, 183, 216; Euler-Maclaurin series, 
341 et seq.; Fourier kernel, 364; generali¬ 
zations, 83, 192, 237, 246, 346; inclusion, 
183; multiplication, 237; overconver- 
gonce, 206; polygon of summability, 187; 
regularity, 80, 82-3, 182; Tauberian 
theorems, 208 et seq., 312-14. 

Cartwright’s theorems, 381-5. 

Cauchy’s rule, 227; limit theorem, 10; 
theorem on multiplication of series, 228. 

Cesaro means, 7, 96 et seq.; boundedness, 
98; conditions for summability, 122,132- 
5; convergence factors, 128 et seq.; con¬ 
vexity theorems, 127, 300; equivalence, 
103-5,113, 264; Fourier kernel, 88, 360; 
as Hausdorff means, 248-51; inclusion, 
100-1,108-10,270, 372-3, 376-7 ; infinite 
limits, 107; integrals, 110, 135; limita¬ 
tion, 101-2; multiplication, 228 et 
seq.; as Norlund means, 109; regularity, 
10, 101 ; series ind6termin6es, 8; special 


series, 136 et seq.; Tauberian theorems, 
101, 121-7, 299-300. 

Circle method, 218. 

Classes: L, L r (see note on conventions); 

>c- L c- M . a, x, x c , x c r x„ 

U, W, W* (see list of definitions). 
Commutability, 104, 249. 

Consistency, 65, 84. 

Continuity of sum, 349. 

Convergence, 1; convergence factors, 128— 
32, 373; convergence preserving trans¬ 
formation (see class % c ), 43, 256, 260; 
restricted and unrestricted convergence, 
240. 

Convex cover, 55. 

Convexity theorems, 127, 300. 

Differences, 97-8 (see note on conventions). 
Differentiation of divergent series, 349-50. 
Dilution of series, 59-60. 

Dini’s theorem, 47. 

Dirichlet multiplication, 227, 239. 
Dirichlet’s series: Tauberian theorems, 
153, 161; ‘high indices’ theorem, 172-4. 
(See also Abelian means.) 

Divergence, 1. 


(e, c) method, 214 et seq. 
Equi-convergence and sui 


inn 


ability, 234- 


5 . 

Equivalence, 66; (C, k) and (H, k), 103, 264; 
(C, &)and(R, n,k), 113; (R, log (n +1), 1) 

and (N, (n-f l)- 1 ), 87. 

Conditioned equivalence: (B) and (B'), 
183; (B) and (e, *), 216, 219-20; (B, a), 
(B', a), (e, c), (E, q), (y, k), 217-22; (£, /*) 
and (5, p'), 262-3; (N, p n ) and (N, ?„)» 
67; (R 2 ) and (C, k), 301, 305. (See 
also Tauberian theorems.) 

Integrals: (C, k) and (H, k), 112. 
Euler-Maclaurin sum formula, 318 et seq.; 


complex method, 339; constant, 327, 
336; generalization of formula, 335; 
Poisson’s method, 330; series, 341; 
summability of series, 341-5. 
uler’s methods, 7, 178 et seq.; (E ,q) 
mean, 180; (E, q) mean as Hausdorff 
mean, 248; Fourier kernel, 364; inclu¬ 
sion, 179, 183; limitation, 181; multi- 
nlif'fttion. 236-7: regularity, 71, 179; 


transform, 179. 

Euler’s numbers, 3; principle, 8. 
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Exponential sories, 200 et seq.; generalized 
series, 37-8. 

Faltung (see resultant). 

Finite order, 211. 

Fourier-effective, 360, 385-6. 

Fourier’s theorem and formulae, 29 et seq., 
331; kernels, 87-8, 359 et seq.; multi-’ 

plication, 240 et seq.; transforms, 285 et 
seq. 

Hadamard’s gap theorem, 206-7. 
Harmonic means, 110. 

Hausdorff means (transformations), 247 
et seq.; consistency, 262; continuous 
transformations, 275-7; equivalence, 
262-3; inclusion, 262,268-71; inequality, 
273; moment constants, 256 et seq.; 
quasi-Hausdorff transformations, 277-80; 
regularity, 252-6, 260. 

Hausdorff’s theorem, 258-60. 

‘High indices’ theorem, 172-4. 

Holder means, 94 et seq.; equivalence, 
103-5, 264; as Hausdorff means, 250-2; 
inclusion, 95; infinite limits, 107; in¬ 
tegrals, 110; limitation, 95. 

Hutton’s method, 21-2. 

Inclusion, 66; Abelian means, 73-6, 381-5; 
(B) -*• (B'), 183; (B'; C, k) means, 237-8; 
(C, k) means, 100-1; Ces&ro and Haus¬ 
dorff, 268-71; Ces&ro and Norlund, 109- 
i0; Ces&ro and Riemann, 371; (C, A) 

(A), 108; (C, k) —>■ (L) -> (A), 372-1; 
(C» — 1) -> (I) —* (C, 1), 370-7, 380; (e, c) 
methods, 218—20; (E, q) methods, 179; 
(E, q) -» (B), 183; (y, *) methods, 218; 
Hausdorff methods, 262; (H, k) means, 
95, 264; infinite limits, 107; Norlund 
means, 60-70; <N, p n ) 

means, 58; 

(R, iJ-MR, 2) —* (A), 365 et seq.; 
(R*) (A), 365 et seq. 

Incomparability: (B) and (C, k), 213; 
(C, k), and (E, q), 266. 

Infinite limits, 107 (* ee also total regula¬ 
rity.) 

Ingham’s method, 376 et seq. 

Integral function methods, 70-81. 

Integral transformation, 60. 

Integration of divergent series, 349. 

Inverse transformation, 105. 

Kaluza’s theorem, 68-9. 

Karamata’s method, 156 et seq., 165 et 
seq. 

Kemeh Ettopp, 64-8; Wiener ( s « classes 

W and W*), 283 et seq.; Fourier, 87 et 
seq., 359 et seq. 


Knopp’s kernel theorem, 55. 

Kronecker’s theorem, 73. 

Lambert summability, 372 et seq. 
Laurent multiplication, 240 et seq. 

Le Roy’s method, 79. 

Lebesgue-Stieltjes integral, 274. 

Legendre series, 271. 

Limitation theorems: (C, it), 101-2; (E g) 
181; (H, k), 95; (I), 376; (N, p n ), 66; 
(N, p n ), 57. 

Linear transformation, 42. 

Littlewood’s ‘O’ theorem, 154. 
Logarithmic means, 59, 87. 

Matrix of a transformation, 42. 

Mercer’s theorem, 104, 106-7, 263-4. 
Mertens’s theorem, 228; generalizations, 
230, 239; analogues, 238, 241-2. 
Mittag-Leffler’s method, 79; star, 77, 190- 
1 • 

Moment constant, 81 et seq., 256 et seq.; 
moment constant methods, 81 et seq.; 
regular moment constant, 256. 
Multiplication of integrals, 235-0. 
Multiplication of series, 227 et seq.; Borel, 
238; Ceskro, 228 et seq.; Dirichlet, 239; 
Euler, 236-7; formal, 234; Fourier, 240; 
Laurent, 240. 


Norlund means, 64 et seq., 100-10 
(N, p n ) means, 57 et seq. 

Normal Borel summability, 184; normal 
discontinuities, 257; normal positive 
transformation, 55. 

Normalizing conditions, 256. 

Ostrowski’s theorem, 207. 
Overconvergence, 206-7. 

4> method, 72. 

Partial sum, 1. 

Phragm6n-Lindelof theorems, 194. 
Poisson’s definition, 17. 

Polygon of summability, 187. 

Positive transformation, 52 et seq. 

Prime number theorem, 303-4, 378-80. 
Principle of ‘power and delicacy’, 59, 80- 
of repeated limits, 89-91. 

Quasi-Hausdorff transformation, 277-80. 

Ramanujan’s method, 327, 346-7. 

Regular Borel summability, 184; regular 
A-method, 369; regular moment con- 
atant, 256 et seq. 
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Regularity, 10, 43, 49, 57, 61; (A), 10, 73, 
108, 151; (A, A), 73; (A, A, a), 76; (B), 
80,182; (B'),(B',a), 82-3,182; (C, k), 10, 
101; (E, q), 71, 179; (|j, /x), 252 et seq.; 
continuous § transformations, 276; 
integral function methods, 80; moment 
constant methods, 82; (N, p n ), 64; 
(N, p n ) t 57; (£*, /x), 278-9; (R, k), 89; 
(R,), 89; (R, A, *), 86. 

Repeated differentiation, 170 ot seq. 

Restricted convergence, 240. 

Resultant, 98. 

Riemann’s methods, 88-9, 301; inclusion, 
365 et seq.; Tauberian theorems, 301-2, 
305, 312, 314. 

Riemann-Stieltjes integral, 151, 157. 

Riesz’s arithmetic means (see Riesz’s typi¬ 
cal means). 

Riesz’s typical means, 86-7; arithmetic 
means, 112-14; equivalence, 113-14; 
regularity, 86; Tauberian theorem, 124. 

Semi-convergent series, 328-9. 

Slowly decreasing and slowly oscillating, 
124, 286. 

Stieltjes(-Laplace) integrals, 151 et seq.; 
Abelian theorem, 151; Tauberian theo¬ 
rems, 152, 160, 164 et seq. 

Stirling’s theorem, 320, 329, 333-5 (see 
also note on conventions). 

Strength, 66. 

Strong convergence, 288. 

Summability (see list of definitions). 

Summability of special series: E (—1)”, 9, 
13-14, 59, 73, 77, 85; E z n , 80, 83, 222-3; 
E (— 1 ) n n! z n , 26-9, 192; binomial, 130et 
seq.; E n a e niff , 139-41; E n~ b e^ ina , 141- 
5; E n -1-ic , 59, 139-40, 163-4. 


‘Tails’, 215. 

Tauberian condition, 149, 285. 

Tauberian theorems, 121, 149, 283-6; (A), 
148 et seq., 283, 299-300, 375-6; Borel, 
208 et seq., 312-14; (C, k), 101, 121— 
7, 299-300; (e, c), 215, 221; (E, q), 
208, 215, 221; (y, *), 221; (I), 377; 
integrals, 126, 135; Lambert, 373; 
(R, 2), 302, 314; (R,), 301, 306, 312; 
(R, A, 1), 124; (V,Zf), 224. 

Tauber’s first theorem, 149; second theo¬ 
rem, 150. 

Toeplitz’s theorem, 43 et seq. 

Total regularity, 10, 53, 63. 

Totally monotone sequences, 253. 

Transform of a sequence, 42. 

Transformation 8, 247; 8*, 277. 

Triangular transformation, 53. 

Uniform summability, 84, 184etseq., 349- 
50. 

Uniformly distributed sequences, 115 et 
seq. 

Unrestricted convergence, 240. 

Valiron’s methods, 223-4. 

de la Vall6e-Poussin’s method, 88; Fourier 
kernel, 364. 

Vijayaraghavan’s theorem, 305-12. 

Wiener’s Tauberian theorems, 283 et seq.; 
conditions W and W*, 285-6, 294 et 
seq.; ‘key theorem’, 286, 296; second 
theorem, 294, 297. 

Zeta-function, 23 et seq., 332-3. 
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